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While modern machine learning has enabled flexible, high-dimensional model-
ing, reliable causal inference remains constrained by assumptions that are often
unreliable in the settings where we most want answers: observational studies
with unmeasured confounding, quasi-experiments with weak instruments and
imperfect compliance, and structured systems with dependence across space,
time, or networks. This dissertation develops machine learning methods for re-
liable causal inference under unreliable assumptions: methods that remain in-
formative when identification is fragile, nuisance components must be learned
flexibly, or the data-generating process departs from idealized models. Across
settings, the recurring technical themes are orthogonalization and debiasing,
sharp characterization of uncertainty (often through partial identification), and
the careful use of structure to recover credible causal information.

We start in Part I with observational settings where average-effect esti-
mands can miss important distributional features and where unobserved con-
founding can undermine causal identification. Chapter 2 introduces a model-
agnostic, debiased pseudo-outcome approach for learning rich causal func-
tionals beyond averages, including conditional distributional treatment effects.
Building on this machinery, Chapter 3 derives sharp, quasi-oracle bounds

on heterogeneous effects under explicit sensitivity constraints. Chapter 4 ex-



tends partial-identification ideas to sequential decision-making by characteriz-
ing sharp bounds and efficient estimators for off-policy policy value in robust
Markov decision processes.

Next, Part IT addresses causal learning from quasi-experiments, where iden-
tification is driven by imperfect experimental variation and compliance is often
sparse or heterogeneous. Chapter 5 combines weak instrumental variation with
observational data to estimate heterogeneous treatment effects, using observa-
tional structure to model heterogeneity while the instrument anchors identifi-
cation. Chapter 6 then studies adaptive experimentation under noncompliance,
introducing sequential encouragement designs that minimize asymptotic vari-
ance and support robust estimation with anytime-valid inference for safe mon-
itoring and early stopping.

Lastly, Part I1I turns to structured data with spatiotemporal and network de-
pendence, where interference and time-varying confounding are central chal-
lenges. Chapter 7 introduces a neural framework for spatiotemporal causal in-
ference with time-varying confounding. Chapters 8 and 9 further study causal
inference under spatial and network dependence, developing interference-
aware deconfounding methods and partial identification guarantees when ex-
posure mappings may be misspecified.

Taken together, this dissertation advances a unified perspective: causal infer-
ence in modern applications should not rely on idealized assumptions, but in-
stead explicitly confront their limitations. By combining machine learning with
orthogonal estimation, adaptive design, and partial identification, this work
provides principled tools for reliable cause-and-effect analysis in observational,

quasi-experimental, and structured domains.
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CHAPTER 1
INTRODUCTION

Modern machine learning excels at prediction. With enough data and com-
putation, we can forecast outcomes and detect patterns with remarkable accu-
racy. Yet many scientific and policy questions are fundamentally causal: not
what is likely to happen, but what would happen under alternative actions.
Answering such counterfactual questions is especially difficult in the settings
where they matter most, because the assumptions needed for causal identifica-
tion are often only approximately satisfied in practice. In observational studies,
important confounders may be unmeasured. In quasi-experiments, instruments
may be weak and compliance imperfect. In structured scientific systems—such
as spatial, temporal, or networked environments—interference and dependence

violate assumptions that underlie much of classical causal methodology.

This dissertation studies how to perform causal inference in such regimes.
It develops machine learning methods for reliable causal inference under unreliable
assumptions. Here, reliability has two complementary meanings: when point
identification is plausible, methods should remain statistically efficient while al-
lowing flexible nuisance estimation; when point identification is not plausible,
methods should characterize explicitly what can still be learned, ideally through
sharp bounds or other estimands that make the remaining uncertainty explicit.
Across these settings, a common methodological strategy emerges. The meth-
ods developed here combine orthogonal estimation, uncertainty-aware causal
estimands, and structure-aware learning to produce credible causal conclusions

even when classical assumptions hold only approximately.

Three settings, one perspective. The dissertation is organized around three

settings in which causal inference must contend with unreliable assumptions.



¢ Part I studies observational data, where hidden confounding can under-
mine point identification and where average effects may fail to capture the

causal quantities most relevant for decision-making.

¢ Part II studies quasi-experimental data, where identification is anchored
by exogenous variation induced by an instrumental variable, but that vari-

ation may be weak, heterogeneous, or mediated by imperfect compliance.

e Part III studies structured scientific data, where treatments, outcomes, and
confounders evolve over space, time, or networks, making interference
and dependence central features of the problem rather than secondary

complications.

Although these settings differ, they are linked by a common perspective: flexible
machine learning should be paired with inference procedures that remain valid

under imperfect assumptions. We now summarize each part in turn.

1.1 Causal Inference from Observational Data: Beyond Aver-

age Effects and Toward Confounding Robustness

A central goal of causal inference is to understand the effect of an intervention
from data: for example, how a treatment changes an outcome on average, how
that effect varies across individuals, or how it changes the distribution of possi-
ble outcomes. The gold standard for answering such questions is a randomized
controlled trial, because randomization severs the link between treatment as-
signment and the many other factors that may also affect outcomes. In many
important settings, however, such experiments are infeasible, costly, or unethi-
cal. We cannot randomly assign people to smoke in order to study lung cancer,

withhold educational resources simply to measure their long-term effects, or re-



run large-scale public policies under controlled experimental conditions. As a
result, researchers often rely on observational data: data that are passively gen-
erated by clinical practice, policy decisions, user behavior, or other real-world

processes rather than by controlled randomization.

Observational data create two distinct challenges. First, even when the as-
sumptions needed for identification are considered plausible, the causal quanti-
ties of practical interest often extend beyond average treatment effects. Many
decisions depend not only on mean shifts, but also on how an intervention
changes risk, tail behavior, or the dispersion of outcomes. A treatment with
a favorable average effect may still increase the probability of severe adverse
outcomes; conversely, an intervention with modest average benefit may create
substantial gains in the upper tail. Chapter 2 addresses this problem by devel-
oping a model-agnostic approach to learning causal functionals beyond aver-
ages, including conditional distributional treatment effects. Methodologically,
the chapter shows how debiased pseudo-outcomes and orthogonal estimation
can be used to separate the target causal functional from the nuisance estimation
problem, so that flexible machine learning methods can be used while preserv-

ing valid inference.

Second, observational data may be confounded by important variables that
are unmeasured. This is the problem of unobserved confounding: treatment as-
signment and outcomes may both depend on latent factors that are not recorded
in the data. For example, if one studies the effect of a health intervention using
medical records, patients who receive the intervention may systematically differ
from those who do not in motivation, baseline health, or physician judgment,
even after conditioning on observed covariates. In such settings, the causal ef-

fect is generally no longer point identified, meaning that the observed data do not



determine a unique causal estimand without stronger assumptions. Because un-
observed confounding cannot in general be tested away from the data, a reliable

analysis should not proceed as if point identification still held.

Chapter 3 addresses this challenge through partial identification. Rather
than forcing a single potentially misleading estimate, it derives sharp, quasi-
oracle bounds on heterogeneous treatment effects under explicit sensitivity con-
straints. These bounds characterize exactly what can still be learned once hid-
den confounding is allowed, and sharpness is essential: the intervals should be
no wider than the assumptions and data require. In practice, such bounds can
still support meaningful conclusions. They may exclude qualitatively impor-
tant possibilities, reveal whether an effect is robust to moderate confounding,
or show that a substantive conclusion depends on assumptions stronger than

the data alone can justify.

Chapter 4 extends this perspective to sequential decision-making. There,
the target is not a one-step treatment effect but the value of a policy evaluated
from observational data, possibly under distribution shift or latent confound-
ing. The chapter develops sharp bounds and efficient estimators for off-policy
policy value in robust Markov decision processes, showing how the logic of par-

tial identification and orthogonal estimation carries over to dynamic settings.

Taken together, the chapters in this part develop an observational perspec-
tive on reliable causal inference: when working with observational data, the
relevant causal questions often extend beyond averages alone to distributional
risks, heterogeneity, and tail behavior; when the assumptions needed for point
identification are not credible, one should represent explicitly what remains

learnable rather than conceal uncertainty behind a point estimate.



1.2 Causal Inference from Quasi-Experiments: Weak Instru-

ments and Imperfect Compliance

Part II studies causal learning from quasi-experiments, where direct random-
ization of the treatment is infeasible, but some externally induced variation in
treatment uptake is still available. In such settings, researchers often turn to
instrumental variables: variables that shift treatment uptake without directly af-
fecting the outcome except through treatment. These often take the form of
randomized encouragements, recommendations, interface changes, or eligibil-
ity rules rather than direct treatment assignment. For example, a platform may
randomize which recommendation or interface a user sees, a clinician may en-
courage a patient to take a medication, or a policy may alter eligibility or access
without controlling individual uptake. Such instrumental variables can restore
point identification even in the presence of hidden confounding, making them
an appealing alternative when observational assumptions are too strong and

direct randomized experiments are unavailable.

Their usefulness, however, depends on how strongly they actually shift
treatment uptake. When compliance is perfect, the problem effectively reduces
to a randomized trial. When compliance is absent, the instrument carries es-
sentially no identifying information. The practically important regime lies in
between: compliance is positive but weak, heterogeneous across subpopula-
tions, and sometimes effectively zero for the groups one most wants to study.
In these settings, standard instrumental-variable methods can become unstable,

statistically inefficient, or simply uninformative.

Chapter 5 addresses this problem by combining weak instrumental-variable

data with potentially biased observational data. The key idea is to exploit the



complementary strengths of the two sources: observational data are used to
learn how treatment effects vary across covariates, while instrumental varia-
tion is used to correct for confounding where compliance provides identifying
power. This makes it possible to estimate heterogeneous treatment effects even
when compliance is sparse, highly uneven across subpopulations, or effectively

absent in parts of the covariate space.

Chapter 6 then studies adaptive experimentation under noncompliance. In
many ongoing experiments, assignment does not guarantee treatment uptake,
but the assignment itself can still be randomized and updated over time. This
chapter develops sequential encouragement designs that allocate instrumental
variation where it is most informative, together with a multiply robust treat-
ment effect estimator and anytime-valid inference procedures for safe moni-
toring and early stopping. More broadly, it provides a framework for online
causal learning under imperfect compliance, where both assignment and infer-

ence must adapt sequentially as data accrue.

Taken together, the chapters in this part develop a quasi-experimental per-
spective on reliable causal inference: when direct experimentation is not fully
available, instrumental variables can still support point identification, but only
if design and estimation are tailored to the weakness, heterogeneity, and imper-

fect compliance that arise in practice.

1.3 Causal Inference in Structured Data: Spatiotemporal and

Network Dependence

Part III turns to structured scientific data, where treatments, outcomes, and con-

founders evolve over space, time, or networks. Such settings arise naturally in



environmental health, climate and Earth systems, epidemiology, and social net-
works, where interventions are embedded in systems with strong dependence
across units and over time. In these problems, the main challenge is not merely
that the data are high-dimensional, but that the causal structure itself is shaped

by spatial, temporal, or relational interactions.

This creates several difficulties for causal inference. Treatments applied at
one location may affect outcomes elsewhere through spillovers or transport.
Covariates may evolve over time in response to past interventions and, in turn,
influence future treatment assignment, creating time-varying confounding. In
network settings, even the mechanism by which neighbors’ treatments affect a
unit’s outcome may be uncertain, so that the causal estimand itself depends on
assumptions about exposure and interference. As a result, dependence is not a

nuisance to be removed, but a defining feature of the causal problem.

Chapter 7 addresses these challenges in spatiotemporal settings with time-
varying confounding. It develops a neural framework that combines represen-
tation learning with iterative G-computation in order to estimate intervention
effects from structured observational data. The chapter shows how causal ad-
justment and modern spatiotemporal learning architectures can be integrated so

that flexible prediction does not come at the expense of causal interpretability.

Chapter 8 then studies spatial causal interference in the presence of latent
confounding. A key insight of this chapter is that interference can sometimes be
informative rather than purely problematic: the way neighboring treatments af-
fect outcomes can itself reveal otherwise hidden spatial confounding structure.
Building on this idea, the chapter develops a deconfounding approach that uses

interference patterns to recover credible causal information from spatial data.

Finally, Chapter 9 considers network settings in which the exposure map-



ping is itself uncertain or misspecified. Rather than committing to a single pos-
sibly incorrect representation of how neighbors’ treatments matter, the chapter
develops a partial identification framework that quantifies what remains learn-
able when the mechanism of interference is only approximately known. This
extends the uncertainty-aware perspective of earlier parts of the dissertation to

structured network settings.

Taken together, the chapters in this part develop a structure-aware perspec-
tive on causal inference: when data are spatial, temporal, or networked, reliable
estimation requires methods that model dependence explicitly while preserving

clear causal interpretation and honest uncertainty quantification.

1.4 Reading guide

The dissertation is organized so that each part can be read independently. Read-
ers primarily interested in observational causal inference can begin with Part I;
those interested in quasi-experimental methods and noncompliance can begin
with Part II; and those interested in spatiotemporal or networked data can begin
with Part III. Each chapter includes its own problem setup, assumptions, and

estimands, so the dissertation may be read selectively as well as sequentially.



Part 1

Causal Inference from
Observational Data: Beyond
Average Effects and Toward

Confounding Robustness



CHAPTER 2
ROBUST AND AGNOSTIC LEARNING OF CONDITIONAL
DISTRIBUTIONAL TREATMENT EFFECTS

This chapter is based on Kallus and Oprescu [2023b].

The conditional average treatment effect (CATE) is the best measure of in-
dividual causal effects given baseline covariates. However, the CATE only cap-
tures the (conditional) average, and can overlook risks and tail events, which
are important to treatment choice. In aggregate analyses, this is usually ad-
dressed by measuring the distributional treatment effect (DTE), such as differ-
ences in quantiles or tail expectations between treatment groups. Hypothet-
ically, one can similarly fit conditional quantile regressions in each treatment
group and take their difference, but this would not be robust to misspecifica-
tion or provide agnostic best-in-class predictions. We provide a new robust
and model-agnostic methodology for learning the conditional DTE (CDTE) for
a class of problems that includes conditional quantile treatment effects, con-
ditional super-quantile treatment effects, and conditional treatment effects on
coherent risk measures given by f-divergences. Our method is based on con-
structing a special pseudo-outcome and regressing it on covariates using any
regression learner. Our method is model-agnostic in that it can provide the best
projection of CDTE onto the regression model class. Our method is robust in
that even if we learn these nuisances nonparametrically at very slow rates, we
can still learn CDTE:s at rates that depend on the class complexity and even con-
duct inferences on linear projections of CDTEs. We investigate the behavior of
our proposal in simulations, as well as in a case study of 401(k) eligibility effects

on wealth.
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2.1 Introduction

Measuring treatment-effect heterogeneity along observed covariates is an im-
portant tool for interpreting the results of A/B tests on online platforms, pro-
gram evaluations in social science whether experimental or observational, and
clinical trials in medicine. These analyses can help diagnose how the treatment
works, understand for whom it does and does not work, and assess fairness
[Heckman et al., 1997, Crump et al., 2008, Kent et al., 2010, Kallus, 2023]. On the
other hand, measuring distributional treatment effects (DTEs) such as quantile
treatment effects (QTEs) is an important tool for understanding the impact of
interventions beyond the mean, especially when outcomes are naturally very
skewed, like income or platform usage [Bitler et al., 2006, Firpo, 2007, Belloni
et al., 2017a, Kallus et al., 2024].

Motivated by the need to assess both heterogeneity and distributional impact,
in this chapter we study flexible, agnostic, and robust machine learning tools
to estimate conditional DTE (CDTE) functions. Recent advances in causal ma-
chine learning have offered new methods for assessing effect heterogeneity by
learning conditional average treatment effects (CATEs) [Imai and Ratkovic, 2013,
Athey and Imbens, 2016, Wager and Athey, 2018a, Kiinzel et al., 2019, Kennedy,
2023a, Nie and Wager, 2021]. These works have highlighted the importance of
learning CATEs directly, rather than learning conditional-average outcomes by
treatment arm and taking their difference (also known as the plug-in approach).
One issue with the plug-in approach is that it can wash out the effect signal (not
robust): e.g., many variables strongly predict baselines but only a few modulate
the effect. Another issue is that it fails to give best-in-class predictions (not ag-
nostic): e.g., taking the difference of the best linear predictions of outcome by

arm does not yield the best linear prediction of treatment effect.
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We tackle the same challenges for CDTEs. We consider CDTEs for a very
rich class of distributional metrics that includes quantiles, super-quantiles, and
other coherent risk measures. Given any distributional metric in our class, we
construct a pseudo-outcome that combines an initial guess for the CDTE along
with a debiasing term. Our algorithm is then to regress this pseudo-outcome
on covariates, using any given blackbox learner. In the case of the CATE, our
method recovers the DR-Learner [Kennedy, 2023a]. We show that this proce-
dure is robust in the sense that the blackbox regression mimics having used
the pseudo-outcome with the true CDTE as the “initial guess”, thus removing
any bias or noise from fitting the baselines. We further show that our method
is model-agnostic in the sense that, if the blackbox is not a universal approxi-
mator, we still get the best approximation to the CDTE function offered by the
blackbox. Lastly, we show that our estimating procedure allows for valid statis-
tical inference on the best linear projection of CDTE, thus enabling interpretable
analyses of distributional effect heterogeneity. We demonstrate in a compre-
hensive simulation study that we obtain uniformly better performance than the
plug-in approach for several types of CDTEs. Finally, we apply our method on

a real-world study of 401(k) eligibility and its impact on financial wealth.

2.2 Related Work

2.21 Learning Conditional Average Treatment Effects

CATE estimation is a central problem in causal learning and finds uses in both
the analysis of causal interventions and decision support for personalization.
Going beyond fully-parametric models, early advances relied on semiparamet-
ric models that imposed structure on the CATE function [Robins et al., 1992,
Van der Laan and Robins, 2003, Vansteelandt and Joffe, 2014]. Recently there
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has been a surge of interest in leveraging machine learning for CATE estima-
tion. These flexible methods either employ specific machine learning models
such as Bayesian regression trees [Hill, 2011, Hahn et al., 2020], random forests
(RFs) [Wager and Athey, 2018a, Oprescu et al., 2019], neural networks [Johans-
son et al., 2016, Atan et al., 2018, Shi et al., 2019], or allow for arbitrary black-
box meta-learners [Kiinzel et al., 2019, Nie and Wager, 2021] by leveraging effi-
cient influence functions [Robins et al., 2017, Kennedy, 2023a, Curth et al., 2020]
and Neyman orthogonality [Chernozhukov et al., 2018a, Foster and Syrgkanis,
2023a]. This work is closest to the works on efficient influence functions and
blackbox meta-learners, and we add to this literature by considering distribu-

tional statistics beyond averages.

2.2.2 Double Machine Learning and Orthogonal Statistical Learning

Another vein of related literature is learning with nuisances. Both our work
and the above methods based on regressing efficient influence functions may be
phrased within the wider framework of orthogonal statistical learning [Foster
and Syrgkanis, 2023a], which extends double machine learning (DML) [Cher-
nozhukov et al., 2018a] from estimation to minimizing loss functions involving
unknown nuisances subject to Neyman orthogonality [Neyman, 1959]. Neyman
orthogonal losses arise naturally from efficient influence functions [Ichimura
and Newey, 2022], a fact that has been leveraged by Foster and Syrgkanis
[2023a], Kennedy [2023a], Curth et al. [2020], Athey and Wager [2021] to tackle
both CATE and policy learning. These methods have learning rates that adapt
to the complexity of the target rather than that of the nuisances, but they largely
focus on conditional averages. Our work builds on this line of research and is
most similar to [Kennedy, 2023a] in that we propose nuisance agnostic CDTE

estimators with guarantees beyond those given by Neyman orthogonality.
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2.2.3 Distributional Treatment Effects

The literature on DTEs can be split into two categories: (i) estimating cumu-
lative distribution functions of potential outcomes and (ii) directly estimating
distributional parameters of interest. In the first category, the main approach is
to model conditional counterfactual distributions using distribution regression
[Chernozhukov et al., 2013, 2020] or fully flexible approaches such as neural
networks [Ge et al., 2020, Zhou et al., 2022] and mean kernel embeddings [Park
et al., 2021]. Since these methods rely on plug-in estimation, they can be slow
and biased when concerned with a particular DTE. The second category focuses
on estimating a particular DTE. Existing orthogonal/efficient methods focus on
unconditional DTEs [Firpo, 2007, Belloni et al., 2017a, Kallus et al., 2024]. Ex-
isting methods that tackle CDTEs rely on plug-in estimation [Park et al., 2021]
or parametric methods [Hohberg et al., 2020]. Our work bridges the gap by

proposing robust, agnostic, and flexible CDTE learning.

2.3 Background and Setup

We consider either an experimental or observational dataset with two treat-
ments, denoted by 0 and 1. Each unit in the dataset is a draw from a pop-
ulation of baseline covariates X € X, treatment indicator A € {0,1}, and ob-
served outcome Y € R. The dataset consists of n such independent draws,
Zi = (Xi, ALY ~Z = (X,AY), i =1,...,n. We define the propensity score as
e*(X) = P(A=1]X). We assume throughout that e*(X) € (0,1) almost surely,

known as overlap.

Each unit is additionally associated with two unobserved potential out-
comes, Y(0), Y(1) € R, representing the potential outcome we would observe if

(possibly counter to fact) each treatment were applied. We assume we observe
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the potential outcome corresponding to the treatment indicator, Y = Y(A), which
also encapsulates an assumption of no interference between unit treatments. We
assume unconfoundedness (ignorability) throughout: Y(a) .. A | X. For exper-
imental data this is ensured by design via random assignment of A (often with
covariate-agnostic assignment, A L X). For observational data, this is an as-
sumption that all potential sources of confounding are captured in X. For our
purposes, the only difference between the two cases is whether the propensity
score €*(X) is known. We are interested in the differences between the condi-
tional distributions of Y (1) and Y(0), given X. In the next section, we describe

specific metrics for these differences.

Notation Given a distribution F, we define Eg[f(Z)] = f f(z)dF(z). We let E,
denote the empirical expectation Enf(2) = %Zi”:l f(Zj). For a parameter f, we
reserve f* to represent its true value and f a value learned from the data. We let
I1f|l := Ee[f(2)?]*/? be the L, norm of f. We use D to denote directional deriva-
tives: DnF(h)|p=n = (% F(h’+a)|a=0, whenever this exists. If his a vector of functions,
DhF(h) = (Dn,F(h), ..., DpF(h)) and Dy F(h)lhwv= 2ZF((h},.... 0 + &, ..., h}))lazo. We
let conv(S) denote the convex hull of S. For two numbers a,b, we take a < b to
mean & < Cb for some universal constant C and a < b to mean cb < a < Cb for

some constants ¢ and C. Finally, we let 1, n denote the set of integers {1, ..., n}.

2.4 Conditional Distributional Treatment Effects

CDTEs are functions mapping X to a difference in some statistic of the condi-
tional distributions of Y(1) and Y(0), given X = x. Examples of such statistics
are the mean, yielding the CATE, and the 7-quantile, yielding the CQTE. In this
chapter, we handle a very wide range of CDTEs given by statistics defined by
moment equations [Chamberlain, 1992, Ai and Chen, 2003].
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Definition 2.1 (Moment Statistics). Given p : R™?2 — R™?! we define a statistic
of a distribution F on R as «*(F) for («*(F), h*(F)) € R x R™ any solution (if it

exists) to the moment equation
EF [p(Y’ K, h)] =0. (21)

Definition 2.2 (CDTEs). Let Fyu)x and Fy(yx denote the conditional distribu-
tions of Y(1) and Y(0) given X, respectively. Fix a statistic «*(F) given by Defini-

tion 2.1. The corresponding CDTE is given by:

CDTE(X) = K*(Fy(l)p() - K*(Fy(o)‘x). (22)

For brevity, we will define the following functions (scalar-valued and R™-

valued, respectively)
K;(X) = K*(Fy(a)p(), h;(X) = h*(Fy(a)p(), a= 0, 1.

We also assume these functions exist in that at least one solution to Eq. (2.1)
exists for Fyyx (see Remark 2.8 regarding multiplicity). In the examples below,
we give specific names for « or h (e.g., q(F; 7) for the 7-quantile of F), in which

case we use analogous abbreviations (e.g., 0a(X; 7)).

Note that with unconfoundedness and overlap, Fy)x is the same as Fyx a-a,
the conditional distribution of Y given X and A = a. Therefore, «}, h;, and the
CDTE are all identifiable from the data. That is, despite being defined in terms of
potential outcomes, the CDTE depends only on the distribution of observed data
(X,A,Y) and not on the unobserved data (X, Y(0), Y(1)), under our assumptions.

The question we address in this chapter is how to learn CDTEs from data.

We next review some important examples of CDTEs that fit into our frame-
work. First note that CATE fits into this setup by setting p(y,x) = y — x with
m = 01in Eq. (2.1) (no h’s). The power of our framework is that it captures many

CDTEs of interest beyond averages.
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2.4.1 Example 1: Conditional Quantile Treatment Effects

Our first example is the conditional quantile treatment effect (CQTE). The
quantile at level 7 € (0,1) of the distribution F is defined as q(F;7) = inf{y :
F(y) > 7} (where F is the cumulative distribution function). Whenever F has a

positive derivative at q(F; 7), it is given by Definition 2.1 with m = 0 (no h’s) and

p(y.q) =7 -1y <ql. (2.3)

The corresponding CDTE is called the CQTE at level 7.

Non-conditional QTEs are an important tool for quantifying the effects of
treatments throughout the outcome distribution [Firpo, 2007, Belloni et al.,
2017a, Kallus et al., 2024]. This is especially important when we suspect that

the outcome distribution might be skewed or heavy-tailed (e.g., income).

CQTEs offer an opportunity to assess such effects at the individual level.
In particular, the CQTE can capture the potential increase in an individual’s
chance to have very poor outcomes due to treatment, even if the average effects
are good or neutral. That is, if A = 1 denotes an intervention, then CQTEs
answer the prediction question: given an individual’s covariates, how would

intervening affect the 10%-worst possible outcomes.

A related quantity is the difference between the 7 and 1 -7 conditional quan-
tiles across treatments: w(X; 1) = q(Fy@x; 7) — 4(Fvx; 1 — 7). This quantity can

bound the (unobservable) individual treatment effect:
Pw(X;1) <Y(1)-Y(0) <w(X;1-7)|X) >1-4r.

For the sake of brevity and uniform treatment, we focus on CDTEs (i.e., using the
same statistic for both potential outcome distributions), but our results readily

extend to quantities like this as well.
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2.4.2 Example 2: Conditional Super-Quantile Treatment Effects

Our next example is the conditional super-quantile treatment effect (CSQTE).
Given 7 € (0, 1), the super-quantile (also known as conditional value-at-risk or

tail expectation) at level 7 of a distribution F is defined as
: 1 *
u(Fin) = infype - [ @-FO) dy 24
= infg Be[B + (1 — 7) "t max{y — 3, 0}].
The corresponding CDTE is called the CSQTE at level 7.

Note that a S realizing the above infimization is the quantile at level 7, q(F; 7).
Therefore, given positive density at the quantile, the super-quantile is given in

Definition 2.1 by setting m = 1 and

pO-p.0) = (A=) Iy 2 o] - 7= 1y < qf). (2.5)
The super-quantile u(F; 7) is the largest-possible subpopulation average among
all subpopulations comprising a 1 — 7 fraction of the population of values de-
scribed by F. When F(q(F; 7)) = 7, this is the average of values above the T quan-
tile. If we are interested in the left tail (average below a quantile), we can simply
consider the negative CSQTE in the negative outcomes. Unlike the quantile, the

super-quantile is a coherent risk measure [Artzner et al., 1999].

In particular, while the CQTE captures the impact on the outcomes at a sin-
gle probability level, they can fail to provide a full picture of the risk profile as
they are indifferent to anything beyond the threshold of the quantile. In con-
trast, the CSQTE captures effects beyond quantile breakpoint and quantifies
the impact on the average, say, 10%-worst (o1, best) outcomes. Crucially, since
super-quantiles are a coherent risk measure, making individual decisions based
on CSQTE:s (e.g., intervene when the CSQTE is positive) is rational with respect

to the coherent-risk axioms.
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2.4.3 Example 3: Conditional f-Risk Treatment Effects

Our third example is a whole class of coherent risk measures. Coherent risk
measures quantify how bad/good a random loss/reward is while satisfying
certain axioms (monotonicity, sub-additivity, homogeneity, and translational in-
variance). A key result is that coherent risk measures are equivalent to distri-
butionally robust optimization [Ruszczyriski and Shapiro, 2006]. In this section,
we focus on the conditional f-risk treatment effect (CfRTE), a family of coher-

ent risk measures generated by f-divergences.

Given a convex f : R —» R with f(1) = 0, we define the conditional f-risk at

level § > 0 as:

R'(F;6)=  sup  Eg[Y]
G<F,Df(G|IF)<s

where D(G||F) = E¢[f(dG/dF)]. For example, the f-divergence for f(x) = x log x
is the Kullback-Leibler divergence, and the f-risk is known as entropic value-
at-risk (EVaR) which upper bounds the super-quantile at level 1 — e™ [Ahmadi-
Javid, 2012]. The f-risk admits a dual formulation given by the following con-

vex optimization problem [Rockafellar, 1974]:
fre- sy .
R'(F;0) = ﬁZIOrHGR Er [m(Y,B, 4;0)],
M(y, 3, 4;8) = 3B+ A+ Bf* (B71(y - 2)),

where f*(x*) = sup,.z Xx* — f(X) is the convex conjugate of f. Therefore, under

appropriate regularity, R'(F; ¢) is given by Definition 2.1 with

_ o _pf O Lo O .
o(y,R,8,1) ={m(y,B,1;6) - R’, aﬂm(Z,,B,/l,(S), a/lm(Z,,B,/l,(S)). (2.6)

The corresponding CDTE is called the CfRTE at level 6. Frequently employed

in actuarial science and finance, coherent risk measures are a fundamental tool
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Figure 2.1: Comparison of quantiles, super-quantiles, and EVaRs for a right-
truncated (Y < 6) Lognormal(u = 0, o = 0.5) at different risk levels 7 € (0, 1).
Note: Level 7 corresponds to § = —log(1 — 1) for EVaR.

for assessing risk. CfRTE can therefore be used to perform risk-benefit analyses

on the treatment effect profiles of affected groups.

Remark 2.3. A natural question is which risk measure to use in practice. Ulti-
mately, the appropriate risk measure (and level) will be application-dependent
and it is up to the practitioner to select a measure that best reflects the desired
risk profile. For illustration purposes, in Figure 2.1 we show how our three ex-
amples (quantiles, super-quantiles and EVaRs) compare for a heavy-tailed dis-

tribution.

2.5 Pseudo-Outcome Regression For CDTEs

In this section, we propose an algorithm for learning CDTEs from data. As a first

step, consider the following naive, but straightforward estimation procedure:
CDTEM#(X) =% (X) —%o(X). (2.7)

where k3(-) are estimates for k,(-) (see Section 2.5.2 regarding how these may

be constructed). This estimator is known as a “plug-in” estimator or, in the
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context of CATE learning, a “T-learner” [Kiinzel et al., 2019]. Unfortunately,
this approach has several drawbacks. One concern is that the treatment ef-
fect signal can be easily masked by noise in the baseline predictors. In par-
ticular, while many variables may strongly predict baseline response, only a
few strongly modulate effect. The effect function may often be simpler, sparser,
and/or smoother than each baseline function. Therefore, the plug-in estimator
can suffer from excessive bias inherent in fitting baseline estimators in high-
dimensions or using flexible models. If, on the other hand, we seek to use a
simple model such as a linear fit, we will find that differencing the best linear
predictors of baseline outcomes does not yield the best linear predictor of effect.
For these reasons, it is imperative to learn CDTEs in a direct, model-agnostic,

and robust way.

To address the short-comings of the plug-in estimator, we consider the plug-
in prediction on each data point CDTEPIUgin(Xi), debias it using the observed
action and outcome A;, Y;, and finally regress the debiased prediction on X again.

Our first task is to propose a debiased pseudo-outcome for CDTE learning.

Definition 2.4 (CDTE Pseudo-Outcome). Fix a statistic in Definition 2.1. Let

vi = (k;, h;) and

@;(X) = (J;(X));*,  where J;(X) = D, {E[o(Y.,va) | X,A = a]}

provided that (J;(X))™* exists. Here, (J;(X));* denotes the first row of the in-
verse Jacobian. Given some €, «,v serving as stand-ins for e*, %, v*, we define
the CDTE pseudo-outcome by

A —e(X)

MQA(X)T/)(Y, va(X)). (2.8)

l/’(za €, a, V) :Kl(x) - KO(X) -

We refer to €*,a*,v* as nuisance functions, as they are unknown functions

needed to construct our pseudo-outcome. One initial motivation for Eq. (2.8)
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is that, by iterated expectations, we have E[¢(Z, e*,a",v*) | X] = CDTE(X). That
is, if we had plugged in the true nuisances, then our pseudo-outcome is an unbi-
ased regression target for the CDTE. This is, however, not so surprising because
if we plug in v = v*, the last term in Eq. (2.8) just has zero conditional expecta-
tion, given X, so we are left with «;(X) - k;(X). The reason why Eq. (2.8) is special
is that, as we will show, if we make small errors in the nuisances, the impact on
the conditional expectation of our pseudo-outcome is even smaller, leading to
robustness guarantees. This is in contrast to the plug-in approach, where errors

in %, (X) propagate directly to CDTE™™#™, which is just their difference.

The origin of Eq. (2.8) is that y(Z,e*,a*,v") is in fact the efficient influence
function for the estimand E[CDTE(X)] (for a review of influence functions see
Kennedy [2024], Ichimura and Newey [2022]). In particular, if our statistic is
simply the mean (p(y, «) = y—«) then y(Z, e*, a*, v*) reduces to the familiar doubly-
robust influence function, E[Y | X,A = 1] - E[Y | X, A = 0] + 5oy (Y — ELY |
X, A]) that produces the CATE when regressed on X (as studied by Kennedy
[2023a]). As we never use the fact that ¥(Z,e*, a*,v*) is the efficient influence
function, we do not prove this or impose the necessary regularity conditions for
this to actually hold precisely. Instead, we simply use a perturbation argument

to essentially guess the form of Eq. (2.8), given which we directly prove our

robustness and inference guarantees.

2,51 The CDTE Learning Algorithm

We now describe our algorithm, which is summarized in Algorithm 2.1. We
tirst split the data into K even folds. We then construct a pseudo-outcome for
each data point by plugging in estimates of the nuisances into Eq. (2.8). The
nuisances at a point are fit on data excluding the fold that the data point belongs

to. This ensures that the data point and the nuisance estimates are independent
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Algorithm 2.1 CDTE Learner

Input: Data {(Xi,A;,Yi) : 1 € 1,n}, folds K > 2, nuisance estimators, regression

learner

1: fork € 1,K do

2 Use data {(X;, Ai,Yj) : 1 # k=1 (mod K)} to

3 construct nuisance estimates 8, ¢, 3K

4: fori =k -1 (mod K) do

5 Set ¥ = Y(Zi, 80, W, pK)

6 end for

7: end for

8: return CDTE(X) = ﬁE?n[Zl X =X]

without splitting the data into two and instead only using parts of it for each
task. Finally, we regress the pseudo-outcome on X using a given regressor. We
use Eq[W | X = X] to denote the function learned by the given regression method
when regressing W on X given n data points (X;,W;), i € 1,n. This notation
affords us significant generality. For example, the regression method may be
to minimize the sum of squared errors over some function class (e.g., linear or

neural nets) or it may be given by local polynomial regression or RFs.

2.5.2 Nuisance Estimation

Algorithm 2.1 requires nuisance estimators as inputs. Exactly how these nui-
sances are estimated may depend on the particular scenario. Let us first discuss
the propensity e*(x). If it is known, as in experimental settings, we may simply
set it as our estimate. Otherwise, we can estimate it using probabilistic classifi-

cation (e.g., logistic regression or neural nets with softmax output).

Next, we discuss v;(X). Most generally, since it is defined by solving the con-
ditional moment restriction E[p(Y, v;(X)) | X] = 0, this nuisance may be learned
by employing methods made for solving such models [Ai and Chen, 2003, Chen
and Pouzo, 2009, Bennett et al., 2019, Bennett and Kallus, 2023, Athey et al., 2019,

Khosravi et al., 2022, Dikkala et al., 2020]. However, in some specific examples,
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more direct methods may be applicable. For both CQTE and CSQTE, v;(x) in-
cludes a conditional quantile function, which can be learned using any quantile
regression method, whether minimizing the check loss [Koenker and Bassett Jr,
1978] or using forests [Meinshausen and Ridgeway, 2006]. For CSQTE, we addi-
tionally need to fit the conditional super-quantile. Per Eq. (2.5), that nuisance is
given by the regression E[(1 —7)"YI[Y > q.(X; 7)] | X, A = a]. Therefore, one pos-
sibility is to split the training data (being all data excluding the k™ fold) into two
halves, fit a conditional quantile estimate qg"> (X; 7) on one, set w;j = (1-7)7LYI[Y; >
4% (Xi; 7)] on the other, and return 2¥(x; 7) = E(l_l/k)n/g[w | X = X,A = a]. Inpartic-
ular, a given X-regression method can simply be applied once to A = 0 and once
to A = 1. Appendix A of Dorn et al. [2025a] provides guarantees for this pro-
cedure when the regression learner minimizes squared error over a class with

bracketing entropy and Olma [2021] when using local linear regression.

Lastly, we discuss a;;(X). In some cases, it is a known function that need not
be estimated. For CfRTE, it is equal to (-1,0,0). In other cases, it is given di-
rectly by other nuisances. For CSQTE, it is equal to (-1, (1-7)1g;(X; 7)) so we can
simply re-use the estimate we constructed for v;. In yet other cases, it is another
nuisance that must be estimated. For CQTE, it is equal to 1/ fyx=xa=a(ds(X; 7)),
the reciprocal of the density of Y | X = X,A = a at the conditional quantile.
One way to fit this suggested by Leqi and Kennedy [2021] is to split the train-
ing data into two halves, fit a conditional quantile estimate 4% (x; 7) on one, set
wi = K((Yi = q¥(Xi; 7))/bn) /by on the other, where K(u) is a kernel function such

as the standard normal density, and return &gk)(x) = E(l_l/k)n plo| X =xA=a)l

24



2.6 Guarantees for Learning

In this section, we study the finite sample error rates for Algorithm 2.1 with ar-
bitrary first- and second-stage estimators. For this and the next section, let us
tix some CDTE with pseudo-outcome as in Definition 2.4 and estimation proce-

dures input to Algorithm 2.1. We require the following boundedness conditions.

Assumption 2.5 (Boundedness). For a nuisance realization set E, there exist ¢; >
0,c, > 0,c3 > 0,¢c, > 0,¢5 > 0 and matrices G,H e {0, 1}™Dx(M+1D) gych that

V(e,a,va) € B, I, j,l € L, m+ 1, v, € conv{(v;, va)},

o e"(X),e(X) € [c1, 1 —¢ci]

Dy, Elpi(Y, va) | X, A = al,,5,

< Czeij

Va,j

¢ |DVa,|D Elpi(Y,va)IX = X, A = a]l,,,

< C3Hj|

Va,j

det(D,, (E[o(Y, va) | X = X, A =al}|, ) > Cs

loi(Y, va)l < Cs

The first condition in Assumption 2.5 ensures that both treatments and con-
trols can be observed for any X with some fixed probability. This is guaranteed
in a randomized trial if €*(X) is a constant and otherwise is a standard assump-
tion in observational studies. The other conditions encode the cross-term struc-
ture of the derivatives of our moments. In most examples, the requirement of
p being bounded amounts to requiring Y to be bounded. Similar boundedness
assumptions are often made in debiased machine learning for ATE and CATE

to control remainder terms.

We can then prove the following conditional Neyman orthogonality for our

pseudo-outcomes, which is the key step for learning guarantees.
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Theorem 2.6 (Conditional Neyman Orthogonality). Suppose Assumption 2.5

holds and let (e, @, v,) € E. Then,
||E [W(Z,e,a,v) —y(Z, e a",v") | X]” s &(e, a,v),

1
e, a,v) = > (Ika = ill e — € (2.9)
a=0

m+1 m+1

+ 0 Gijllaai = il vaj = v

i=1 j=1
m+1 m+1

#0 ) Hijlvas = vaill v = va i),

i=1 j=1

where the < absorbs the dependence on Cy, Cy, Cs, Ca.

The result shows that whether we use the pseudo-outcome with oracle nui-
sances or estimated nuisances as a regression target, the difference is bounded
by a quadratic form in the nuisance errors, wherein G, H govern which pairwise
error products appear. Thus, even if nuisances are estimated slowly, the impact

is marginal, as the error is squared.

We will show that, up to the error term & = 3K, §(@®, a®, 1), our estimate
CDTE produced by Algorithm 2.1 behaves as if the regression step were applied
to the oracle pseudo-outcome, CDTE(X) = En[w(Z, e, a*,v*) | X = x]. In particu-
lar, if &€ is smaller than the regression error ||(f—D\TJ E - CDTE||, then CDTE has the
same leading behavior as CDTE. The exact form of this guarantee depends on

the choice of last-stage regression method.

The significance is that Algorithm 2.1 will behave like regressing an unbiased
observation of CDTE on X, even though we used estimated nuisances. First, this
means we can learn CDTE at rates that match the complexity of that function.
Second, this implies that we can directly approximate CDTE and get model-

agnostic best-in-class guarantees. For example, if we use linear regression, we
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would get the best linear approximation for CDTE at a rate of n"*/2. This is espe-
cially important if we seek an interpretable model. In the next section, we show

this also enables inference.

Remark 2.7. As shown in Appendix A.2, in many examples, Eq. (2.9) will contain
only a few of the product terms, because many G, H entries are 0 and /or @(x, V) =
a*(X,v). This enables us to trade off slower rates in one nuisance for faster rates

in another while maintaining the same rate for &.

Remark 2.8. We never explicitly assume that the conditional moment restrictions
identify v;(X) uniquely, only that they exist. While uniqueness is not necessary,
the right-hand side of Eq. (2.9) will not vanish unless () converges to a single,
non-random limit point v;(x). This is certainly possible even under solution mul-
tiplicity [Imbens et al., 2021, Kallus and Mao, 2022]. At the same time, usually
v;(X) will be unique under very mild assumptions such as having continuous

distributions.

First, we consider an empirical risk minimization algorithm (nonparametric

least squares): given a class ¥ c [X — R],
Ea[W | X = -] € argmin Eo(W — (X)) (2.10)
fer

Theorem 2.9. Suppose Assumption 2.5 holds almost surely for (%, a®,7®) € = with
k € I,K. Let Eq[- | X = X] be as in Eq. (2.10) and suppose F is convex, closed and has
bracketing entropy logNp(7,€) < € " with 0 < r < 2 and that |[f(x)| < csVf e F,x €
X. Then,

ICDTE - CDTE|| < Op(n"/®™) + &. (2.11)

The rate Op(n~Y?) is generally the rate for regressing a known target using

nonparametric least squares over # with such bracketing entropy. For example,
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if ¥ is Holder functions of smoothness $ in d-dimensional inputs then it satisfies
the entropy condition with r = d/8 [van der Vaart and Wellner, 1996, cor. 2.7.2]
and n#/@+9) is the optimal rate for regression in such a class [Stone, 1982]. Thus,
if & = Op(n"Y®M), our regression behaves as though we supplied it with the

oracle nuisances.

Obtaining such a rate for & is generally lax because it is quadratic in nuisance-
estimation errors. For example, if nuisances are estimated at the much slower
rate Op(n~/4+2M), the condition is ensured. The special structure in Theorem 2.6
further permits some trade-off between the rates of different nuisances. In Ap-
pendix A.2, we give the pseudo-outcome for each of the examples in Section

2.10 and instantiate Theorem 2.6 to exactly characterize the trade-offs.

Going beyond empirical risk minimizers, leveraging Theorem 2.6 and invok-
ing a result of Kennedy [2023a] ! we can characterize the behavior when using

a last-stage regression method satisfying certain stability properties.

Theorem 2.10. Suppose Assumption 2.5 holds almost surely for (0,40, 7¥) € =
with k € 1, K, and that, for any targets Y and W, E,[Y | X = x] + ¢ = Eo[Y +¢ | X = X]
and |[Ea[W | X] = E[W | X]Il < I[Ea[Y | X] = E[Y | X]Il whenever E[Y | X = x] = E[W |
X = X]. Then,

ICDTE - CDTE|| < |[ICDTE — CDTE|| + &. (2.12)

2.7 Guarantees for Inference

We next study how Algorithm 2.1 can be used for inference on the best linear
projection of CDTE:
¥" € argmin || CDTE -y ¢(:)I,

yeRP

The result appears as Theorem 1 in v2 of the arxiv preprint.
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for a given ¢ : X — RP. In particular, ¢ may be subset just some of the features.
Linear projections offer an interpretable view into distributional-effect hetero-
geneity. In the previous section, we showed Algorithm 2.1 can perform well at
learning linear projections. Next, we show that we can further conduct inference

on the coefficients, which can facilitate interpretation and credible conclusions.

Theorem 2.11 (Asymptotic Normality of Linear Projections). Suppose Assump-
tion 2.5 holds and almost surely (8®,a®,9®) € = for k € 1,K. Lety be the coefficient
vector returned by Algorithm 2.1 when using ordinary least squares (OLS) on ¢(X) as
the regression blackbox for the final stage. Furthermore, assume |[€® — e*|| = 0p(1),

K * * - K * - K * -
RS = k3llE® — el = op(n2), Il — agyll = o), IM] = vysll = 0p(nH),

Viel m+1, kel K. Then,% satisfies

V(& = y") ~»» N(0,Z7), (2.13)

where X* is the asymptotic covariance matrix for the linear regression of y(Z,€*, a*,v*)

on ¢(X).

Theorem 2.11 implies that we can just use out-of-the-box OLS with the built-
in OLS inference as the final stage regression in Algorithm 2.1. The inference
results would remain valid, provided nuisances are estimated slowly but not
too slowly. In particular, we should generally use robust (aka sandwich or
Huber-White) standard errors, as we do not expect the projection to have ho-

moskedastic errors.

2.8 Empirical Results

In this section, we demonstrate our method and theoretical results by applying
Algorithm 2.1 to learn CSQTEs (Section 2.4.2). We first benchmark its perfor-

mance in simulated data and then illustrate its use in a study of 401(k) eligi-
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Figure 2.2: Mean squared error (MSE) and 95% confidence interval coverage
for different conditional super-quantile treatment effect (CSQTE) learners in
the synthetic experiment. Shaded regions show plus/minus one standard er-
ror over 100 simulations.

bility and its effect on wealth accumulation. We provide additional results for
CQTEs and CfRTEs in Appendix A.3. Replication code is publicly available at

https://github.com/CausalML/CDTE.

2.8.1 Simulation Study

We sample from the following data generating process:

X ~ Unif([0,1]*°), A ~ Bernoulli(c(6Xo — 3)),

Y | X, A ~ Lognormal(X, + AX;,0.2),

where o is the logistic sigmoid. The coefficients in the expression for A are
chosen such that the true propensity lies in the range [0.05,0.95]. We seek to
measure CSQTE at level 7 = 0.75, i.e., the conditional average of values above
the 0.75 conditional quantile. For this DGP, the true CSQTE at 7 = 0.75 is given

by p1(X; 1) — o(X; 7) = 1.29(e”0**t — %), which is heterogeneous in X.

We estimate e(X) using logistic regression and g,(X; 7) using a quantile ran-

dom forest (QRF) [Meinshausen and Ridgeway, 2006]. We consider three op-
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tions for estimating u,(X; 7). First, we consider a flexible learner we term the
superquantile RF (SQRF). SQRF uses a RF to calculate weights (like QRF) and
then computes Eq. (2.4), replacing the expectation by the weighted average over
the data. Second, we consider doing the same using a Gaussian kernel for calcu-
lating weights, choosing the bandwidth by Silverman’s rule [Silverman, 2018].
We refer to this as the slow learner because it suffers badly from the curse of
dimension. Third, we consider estimating u,(X; 7) using ordinary least squares
for the regression 1%TE[YJI[Y > 0a(X; 7)] | X = x] using the estimated quantile Q.
We term this estimator a misspecified learner since it is unlikely to fully capture
the complexity of the superquantile (which is an exponential function of the
features). For the final stage of Algorithm 2.1, we use either an ordinary least
squares model (CSQTE+OLS) or a RF (CSQTE+RF). We set K = 5 as the number
of folds required by Algorithm 2.1. All forests use scikit-1learn [Pedregosa
et al., 2011] defaults except for the minimum leaf size which is set to n/20 to

control overfitting.

We compare the out-of-sample mean squared error (MSE) of the CSQTE esti-
mator with that of the naive plug-in estimator from Eq. 2.7. To account for pos-
sible smoothing by the last stage regressor, we also construct Plugin+OLS and
Plugin+RF given by running an additional OLS/RF model on the cross-fitted
plug-in predictions. And, when the second stage algorithm is OLS, we check
whether the 95%-confidence interval OLS returns for the X; coefficient contains
the coefficient from the true projection. The results are shown in Figure 2.2.
We run 100 simulations for each n = 100, 200, ..., 12800 and evaluate MSE over
a fixed set of 500 random X values. Our CSQTE learner provides uniformly
strong MSE performance, and the results show this is not just a consequence of

the second-stage regression. For inference, we achieve good coverage whereas
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Figure 2.3: Estimated effect of 401(k) eligibility on financial wealth in the 401(k)
application, measured for the bottom 25%, top 25%, and average of the condi-
tional outcome distribution. The left panel shows the distribution of estimated
CSQTEs and CATEs when using a random forest last stage. The right panel re-
ports OLS projections of the CSQTE and CATE on income, age, and education.
7**” indicates statistical significance at level 0.05 (p-value < 0.05).

plug-in approaches yield little to no coverage. These findings confirm our theo-
retical results: the quadratic dependence on nuisance errors enables oracle rates
when the nuisances are estimated slowly or are misspecified (Theorem 2.6, The-
orem 2.9), and we can obtain valid inference when projecting onto linear spaces

(Theorem 2.11).

2.8.2 Impact of 401(k) Eligibility on Financial Wealth

We apply the CSQTE estimator to study the impact of 401(k) eligibility on net
financial assets. We use the dataset from Chernozhukov and Hansen [2004],
which is based on the 1991 Survey of Income and Program Participation. The
data contains 9,915 observations with 9 covariates such as age, income, educa-
tion, family size, marital status, IRA participation, etc. While the eligibility for
401(k) (the treatment A) is not assigned at random, [Poterba et al., 1994, Cher-
nozhukov and Hansen, 2004] argue that unconfoundedness can be assumed
conditional on the observed covariates. The outcome of interest (Y) is the net

financial assets of an individual, defined as the sum of 401(k) balance, bank ac-
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counts and interest-earning assets minus non-mortgage debt.

We apply the CSQTE estimator to understand effect heterogeneity beyond
the conditional mean. Specifically, we estimate treatment effects on the bot-
tom and top 25% of financial asset holders, conditional on covariates. We an-
alyze the results alongside CATE estimates given by a DR-Learner [Kennedy,
2023a] as implemented by Battocchi et al. [2019]. For nuisance estimation, we
use RF models with hyperparameters as in Chernozhukov et al. [2018a]. The
superquantile model is SQRF described above, the quantile model is QRF, the
outcome learner for CATE is an RF regression, and the propensity model is an

RF classifier.

We consider two options for second-stage regressions. First, we consider us-
ing an RF model using all 9 covariates. We train the three estimators (CATE and
upper/lower CSQTEs), and plot the distribution of predicted conditional effects
on the 9,915 observations in Figure 2.3. We observe that 401(k) eligibility has a
much higher financial impact on the high end of the conditional net worth dis-
tributions as compared to those on the lower end. While the CATE distribution
reassuringly lies in between the bottom 25% and top 25% distributions, it fails

to capture this disparity in effects.

To understand the heterogeneity in CSQTEs and CATEs, we use an OLS pro-
jection in the final stage. We choose the top three features that the RF last stage
picked up as most important (see Figure A.3 in Appendix A.3): income, age and
education. The resulting coefficients and 95% confidence intervals are depicted
in Figure 2.3. For the bottom 25%, income and education are the main (statisti-
cally significant) drivers of the average effects. The positive income coefficient
suggests that 401(k) eligibility provides more gains to those who potentially

have the funds to invest. Likewise, the negative education coefficient means
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that the effects are higher among less educated earners. We hypothesize that
higher educated earners might have a more comprehensive financial education
and would save and invest regardless of 401(k) eligibility, whereas 401(k) avail-
ability provides lower educated earners a default investment option. For the top
25% asset holders, higher age and education rather than income have the largest
impact on 401(k) eligibility returns. This group also displays more variability as
none of the coefficients are statistically significant. The CATEs provide middle-
of-the-road estimates that miss out on trends at the two ends of the spectrum.
Thus, CSQTEs are a powerful tool for uncovering different behaviours across

the conditional distribution that a simple average would obscure.

2.9 Conclusion

We provide new tools to assess distributional effect heterogeneity through ag-
nostic and robust learning of CDTEs in a generic framework that includes quan-
tiles, super-quantiles, and f-risk measures. These tools can be used to ana-
lyze treatments as well as to support personalized decisions that take risk into
account. We provide strong guarantees for both learning and inference, and
demonstrate our methods in both synthetic and real data. We further discuss

some limitations of our work in Appendix A 4.
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CHAPTER 3
B-LEARNER: QUASI-ORACLE BOUNDS ON HETEROGENEOUS
CAUSAL EFFECTS UNDER HIDDEN CONFOUNDING

This chapter is based on Oprescu et al. [2023].

Estimating heterogeneous treatment effects from observational data is a cru-
cial task across many fields, helping policy and decision-makers take better ac-
tions. There has been recent progress on robust and efficient methods for es-
timating the conditional average treatment effect (CATE) function, but these
methods often do not take into account the risk of hidden confounding, which
could arbitrarily and unknowingly bias any causal estimate based on obser-
vational data. We propose a meta-learner called the B-Learner, which can ef-
ticiently learn sharp bounds on the CATE function under limits on the level
of hidden confounding. We derive the B-Learner by adapting recent results
for sharp and valid bounds of the average treatment effect [Dorn et al., 2025a]
into the framework given by Kallus and Oprescu [2023a] for robust and model-
agnostic learning of conditional distributional treatment effects. The B-Learner
can use any function estimator such as random forests and deep neural net-
works, and we prove its estimates are valid, sharp, efficient, and have a quasi-
oracle property with respect to the constituent estimators under more general
conditions than existing methods. Semi-synthetic experimental comparisons
validate the theoretical findings, and we use real-world data to demonstrate

how the method might be used in practice.

3.1 Introduction

Using data to estimate the causal effect of actions is a fundamental task in

medicine, economics, education research, and more. For instance, we might

35



wish to use patient data to estimate which patients react well to a certain medi-
cation and which patients should avoid it. In many cases, due to economic and
ethical considerations, the data available for these tasks is observational data, i.e.
data that was not collected as part of a randomized experiment. Using such data
carries the risk of unobserved confounding: correlations between the observed in-
terventions and outcomes that are not accounted for in the available data. For
example, patients with more social support might tend to receive certain inter-
ventions over others. If the level of a patient’s social support is not recorded in
the data, the estimated effect of the intervention will be biased due to not ob-
serving the confounder of social support. Unobserved confounding cannot be
detected from data, and its presence can lead to arbitrary and unknown bias in
causal effect estimates. Such bias can in turn lead to unreliable decisions and

potentially harmful interventions.

In this work we are concerned with estimating causal effects on an individ-
ual level in the presence of a limited degree of unobserved confounding. Specif-
ically, we give a method for effectively learning upper and lower bounds on
the conditional average treatment effect (CATE) function that allows for flexible
nuisance estimation and high-dimensional conditioning sets like patient medi-
cal records. The degree of allowed hidden confounding can be set by domain
knowledge; alternatively, we can estimate what degree of hidden confounding
is needed to significantly change our understanding of the CATE for any partic-

ular instance or sub-population.

We pursue the desirable treatment effect bound properties of validity, sharp-
ness, efficiency, and robustness. A bound is called valid if it contains the true
value of the causal estimand. A sharp bound is a valid bound that contains only

those values of the causal estimand that could emerge from a plausible data
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generation process that could have produced the observed data [Ho and Rosen,
2017]. Therefore, sharp bounds are the smallest possible bounds accounting for
both observational data and domain knowledge (in the form of the degree of
hidden confounding), a property which is important for precise decision mak-
ing under hidden confounding. In contrast, a valid bound could in principle
contain extraneous values, leading to overly cautious decision making. Efficient
bounds converge to their target values using as little data as possible. Typically,
efficiency at best corresponds to quasi-oracle performance, where only slowly-
consistent first-stage estimates are needed to achieve the same error bounds as
we would obtain with access to oracle knowledge [Nie and Wager, 2021]. Fi-
nally, a robust bound will be insensitive (within limits) to biases in the con-

stituent estimators. We formalize these properties in Section 3.3.

In this chapter, we present the B-Learner, for “bound-learner”, a scalable and
flexible meta-learner for estimating bounds on the CATE function. The B-Learner
uses a partially double-robust, Neyman-orthogonal estimating equation for the
valid CATE bound characterization of Dorn et al. [2025a]. For unconfounded
CATE estimation, there are several well-known meta-learners such as the X-
Learner [Kiinzel et al., 2019], DR-Learner [Kennedy, 2023a], and R-Learner [Nie
and Wager, 2021]. These methods allow the user to combine essentially arbi-
trary learning procedures—including random forests, linear models, and deep
neural networks—to estimate the CATE function efficiently. In addition to this
tlexibility, some of these methods enjoy desirable rate and quasi-oracle proper-
ties. The B-Learner offers analogous flexibility, rate, and quasi-oracle guarantees
for CATE bounds estimation, together with novel guarantees on bound validity
and sharpness under appropriate assumptions. We study CATE bounds under

Tan’s marginal sensitivity model (MSM) [Tan, 2006], which quantifies the de-
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gree of unobserved confounding through odds ratios. These properties of Tan’s

MSM allow the B-Learner to achieve validity under notably weak assumptions.

We evaluate the B-Learner using synthetic and semi-synthetic experiments.
In the synthetic experiments, the B-Learner displays quasi-oracle efficiency, re-
quiring only a moderate amount of data for it to perform near-identically with
estimated and oracle first-stage nuisances. The B-Learner also performs at least
comparably to existing methods with analogous nuisances and can perform bet-
ter with a well-tailored choice of second-stage regression function. In semi-
synthetic experiments, we find the B-Learner is at least as effective as existing
state-of-the-art models on a previously proposed benchmark. Finally, we illus-
trate the use of the B-Learner using real data to estimate the effect of 401(k)

eligibility on financial wealth.

3.2 Related Work

To the best of our knowledge, existing methods for CATE sensitivity analysis
do not simultaneously achieve all four of the properties targeted by our pro-
posed B-Learner: validity, sharpness, efficiency, and flexibility. In particular,
Kallus et al. [2019], Jesson et al. [2021], and Yin et al. [2022] provide methods
that achieve validity and, to some extent, rate guarantees. These approaches
begin with estimators that perform well under unconfoundedness and then op-
timize estimated CATE or average treatment effect (ATE) bounds subject to a
subset of the constraints implied by Tan’s MSM. Because they do not enforce all
implications of the MSM, the resulting bounds are generally not sharp except
in knife-edge cases. They also do not explicitly exploit Neyman orthogonality,
and therefore do not obtain the same rate guarantees available under uncon-

foundedness. Finally, these methods are tailored to specific learners, rather than
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offering the flexibility of a meta-learner.

Related work has also studied bounds under alternative sensitivity mod-
els. Yadlowsky et al. [2022] exploit Neyman orthogonality to obtain rate guar-
antees for CATE estimation and root-n guarantees for ATE estimation under
Rosenbaum [2002]'s model, and show that the resulting bounds are sharp un-
der certain outcome-symmetry conditions. Chernozhukov et al. [2022a] develop
a method with root-n consistency for average potential outcomes, treatment ef-
fects, and derivative bounds under limits on variance and covariance, and show
that their bounds are sharp provided they do not violate implications of the ob-

served data distribution.

More broadly, there is a rich literature on sensitivity analysis for ATEs, rang-
ing from early work such as Cornfield et al. [1959] and Rosenbaum and Rubin
[1983] to more recent developments such as Colnet et al. [2022]. A full review of

that literature is beyond the scope of this chapter.

3.3 Background and Setup

We work in an observational data setting using the Neyman-Rubin potential
outcomes framework. We assume data is drawn from an unobservable distri-
bution Pgy over (X, A,Y(1),Y(0),U), where A € {0, 1} is a binary treatment, X is
a set of baseline covariates in RY, Y(1) and Y (0) are the real-valued treated and
untreated potential outcomes, respectively, and U € R¥ is an unobserved con-
founder. However, we face the fundamental problem of causal inference and
only observe n draws from the coarsened distribution P over the observed vari-

ables Z = (X, A,Y), where we assume that Y = Y(A), i.e. (causal) consistency.
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We are interested in the conditional average treatment effect (CATE):
7(x) = Epq [Y(1)-Y(0) | X =x].

The average treatment effect (ATE) is E[7(X)]. When the (untestable) uncon-
foundedness assumption holds, formally A 1L Y(1),Y(0) | X, then the CATE is
equivalent to the difference in expected observed potential outcomes: 7(X) =
Ep[Y | X = X,A = 1] - Ep[Y | X = X, A = 0]. With the additional assumption of
positivity, the CATE can be estimated with standard tools. However, the uncon-
foundedness assumption is untestable and often unrealistic, as we often have at
least some degree of confounding unaccounted for by the observed covariates
X. Therefore, we will assume unconfoundedness only holds with the addition
of an unobserved U € R¥ for some k, such that A 1L Y(1),Y(0) | X, U. In this case,
it is possible to bound 7(x) pointwise, for example, by assuming that unobserved

confounding induces only a limited divergence between P and Pgy.

We proceed under Tan’s Marginal Sensitivity Model (MSM) [Tan, 2006]:

Assumption 3.1. Let e(x,u) = Pgu(A = 1| X = Xx,U = u) and e(x) = P(A =
1| X = X) be the full and observed propensity scores, respectively. We assume
e(x),e(x,u) € (0,1) and that there exists A > 1 such that the following holds

almost surely under Pgy:

At <
~ 1-—e(x,u)

e(x, u) e(x)
E

-e(x) ~

The MSM imposes a bound on ratio between the full odds of treatment
e(x,u)/(1—e(x, u)) and the observed odds of treatment e(x)/(1—e(x)). (The MSM is
sometimes equivalently described using the log odds ratio bound log(A).) When
A =1, Assumption 3.1 is equivalent to the classic assumption of unconfound-
edness with respect to the observed X. As A grows away from 1, greater un-

observed confounding is allowed under the MSM and we can generally only
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estimate bounds on the CATE. In this chapter, our goal is to characterize these

bounds, which describe a notion of “causal” uncertainty in the CATE estimate.

Remark 3.2. The sensitivity parameter A is a user-defined hyper-parameter as it
specifies how much confounding to allow for. Choosing a suitable A is an ongo-
ing area of study. Hsu and Small [2013] propose a procedure where we assess
A values that correspond to dropping observed covariates and using domain
knowledge to judge whether we omitted variables as important as these. In-
versely, as our intervals increase with A, we can seek the A where a conclusion
or decision would be overturned and judge whether the implied confounding

is plausible. Ultimately, choosing A is domain-specific.

Notation We now define the main notation, with a more detailed notation ta-
ble available in Appendix B.1. To unify the analysis for upper (largest plausible
CATE) and lower (smallest plausible CATE) bounds, we employ the conven-
tion that +, — indicators symbolize upper and lower bounds, respectively. For
nuisance functions (e.g. quantiles), these signs also encode the dependence on
@ = A/(A + 1) (and A) which we otherwise generally suppress in the remain-
der of the chapter. We define the conditional outcome quantile and shorthand

quantile notation:

ge(x,a) = Inf{g : F(8 | x,a) > c}

gy (x. @) = q,(x,a), a“(x, @) = q;_,(x. a).

The + and ¥ symbols signal that an equation should be read twice, once with
+ = +,¥ = — and once with + = —,F = + (see example in Appendix B.1, Ta-
ble B.1). For conciseness and clarity, we focus our main discussion on CATE
upper bounds. In Appendix B.2, we provide a similar analysis of CATE lower

bounds.
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3.3.1 Properties of bound estimates

Our goal is to estimate the identified set: the set of CATEs that can be obtained
in the unobserved distribution Pg, generating the observed distribution P and

satisfying the requirements of Assumption 3.1.

Definition 3.3. The identified set of estimands under Assumption 3.1 is the set
of estimands that can be obtained for a distribution Q over (X, A, Y (1), Y(0),U)

such that the distribution of (X, A, Y) under Q matches the observed distribution

Pand A™! < 8&23&3328 1:()8() < A almost surely. Let M(A) be the set of distri-
butions Q that the observed data Z = (X,Y,A) and Assumption 3.1 cannot rule
out. Then, the sharp (upper) bounds on the identified set of conditional average
potential outcomes and CATEs for a given point X are given by:
Y*(x,a) = sup Eg[Y(a)| X =x]
QeM(A)

(X)) = sup Eo[Y(1)-Y(0)| X = xX].
QeM(A)

Lower bounds follow symmetrically by replacing the suprema with infima. We
note that the requirements of Assumption 3.1 decouple across x and are con-
vex, so finding the identified set reduces to finding pointwise bounds. As we
will see in Section 3.3.2, the CATE upper bounds 7%(x) depend only on the ob-
served distribution of data Z and the sensitivity parameter A. We can therefore
ask what good properties we might want estimates 7%(x) to have. We suggest
four desirable properties for bound estimation, of which the last two are closely

linked:

Valid Estimates If 79(X) < 7*(x) — 0p(1), then our estimated bounds fail to
cover the identified set and rule out plausible CATEs even asymptotically,

which would be undesirable. Conversely, bound characterizations 7 satisfying
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(a) CATE bounds for different values of A (b) Sharp and valid bounds

Figure 3.1: Example of a CATE function under hidden confounding, with true
odds ratio A* given by log(A*) = 1.0. The true 7(X) is the unobserved CATE in
the full distribution, Ep,,[Y(1) — Y(0) | X = x]. The confounded 7(X) is the biased
estimand under assumed uncondoundedness, Ep[Y | X = X,A = 1] = Ep[Y | X =
X, A = 0]. Panel (3.1a) shows sharp CATE bounds for different values of A; panel
(3.1b) illustrates the difference between valid and sharp bounds.

77(X) = 7*(x) are called “valid” in the partial identification literature, since As-
sumption 3.1 implies 77(x) > E[Y(1) — Y(0) | X = x] Ho and Rosen [2017]. Valid
bounds (illustrated in Figure 3.1) give us some but not all information from our
assumptions: every value they rule out is implausible, but some values they
do not rule out may be implausible as well. We relax the notation and say that

bound estimates T are valid if 7+(x) > 7*(X) — 0,(1).

Sharp Estimates If 75(x) > 7(X) + 0p(1), then our estimated bounds would
fail to rule out impossible CATEs asymptotically under our assumptions. Exact
characterizations of the identified sets are called “sharp” in the partial iden-
tification literature Ho and Rosen [2017]. Sharpness is a stronger property
than validity. We use lax notation to say that bound estimates 7 are sharp if

TH(X) = 7(X) + 0,().

Efficient and Robust Estimates We would like our bound estimates to con-
verge to their limits at desirable rates and have multiple chances at sharp or

valid limits. Ideally, we would be able to learn CATE bounds at the same rate as
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we could obtain under unconfoundedness. These properties relate to “double
robust” estimators and may require constructing Neyman-orthogonal charac-

terizations of valid, and ideally sharp, bounds.

3.3.2 Identification and Estimation of Sharp Bounds

In this section, we use results from Dorn et al. [2025a] to show how we can
identify and estimate sharp CATE bounds from the observed data distribution,
P. In order to express the sharp bounds, we introduce the following pseudo-
outcomes from Dorn et al. [2025a] that will correspond to the Conditional Value

at Risk and the unobserved outcome bounds under Assumption 3.1:

Hi(z’ (:_1) = q(X, a) + {y - q(X, a)}t

1-«
Ro(z,q) = Ay + (1 - AHH.(z. Q)

pi(xa,8) = ER.2.8) | X = X, A =al.

We use the shorthand pi(x,a) = pi(x,a,0%) to write the p; function evaluated
at the true conditional quantiles ¢} (which will end up corresponding to sharp
bounds). The quantity CVaR.(x,a) := E[H.(z,q}) | X = X,A = a] is known as
the Conditional Value at Risk [Artzner et al., 1999, Kallus, 2023]. In the dis-
tribution Y | X = X,A = a, CVaR,(x, a) is the expectation above the (1 — @)
quantile, whereas CVaR_(x, @), is the expectation below the @ quantile. Hence,
the pseudo-outcomes H and R correspond to the Conditional Value at Risk and
conditional unobserved potential outcome, respectively.

Let u*(x,a) = E[Y | X = x,A = a] be the conditional outcome regression in
the observed data. Note that we can write the conditional potential outcome
under Q as Eg[Y(@) | X = x] = P[A=a| X = xJug"(x,a) + P[A=1-a| X =
X]JEg[Y(1 —a) | X = x,A = a] since Q must be consistent with the observed

distribution P. Thus, it suffices to bound the conditional unobserved potential
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outcome Eq[Y(1 - a) | X = X, A = a], which leads to the following result in terms
of p1(x,a) = pi(x. 2, .):

Result 3.4 (Sharp bounds, Dorn et al. [2025a]). The conditional average unobserved
potential outcome Eq[Y (1 —a) | X = X, A = a] has sharp upper and lower bounds under
Assumption 3.1 given by p’(X, &) and p* (X, @), respectively. Thus, the sharp bounds on

the conditional average potential outcomes can be written as:

V(% 1) = e (u(x. 1) + (1 - e"())p(x. 1)

Y~(x,0) = (1 —e*(X))u’(x, 0) + e*(X)p" (X, 0).

The sharp CATE upper bound is further given by 7*(X) = Y*(x, 1) — Y7(x,0).

Thus, the bounds are a convex combination of the conditional outcome func-
tion u*(x, @) and the corresponding conditional CVaR terms, all of which can be
estimated from P. As A grows, both the weight on the CVaR term in p* grows
and the CVaR term itself become more extreme. If the wrong putative quantile
q is used instead of the true q*, the CVaR term moves the bound in a conser-
vative yet valid direction. Finally, the difference between sharp conditional av-
erage potential outcome bounds 7*(X) clearly yields valid CATE bounds; those
bounds are shown to be sharp by arguments outside the scope of this chapter
[Dorn and Guo, 2022]. As we will see, this characterization of sharp and valid

bounds alone will be insufficient for quasi-oracle estimation.

Pseudo-outcome Regression for Quasi-Oracle Estimation The expression of
T(X) suggests a plug-in strategy. We can estimate €, u, and p through classi-
fication and regression and obtain bound estimates. However, such plug-in
estimators are known to suffer from excessive bias due to the estimated nui-
sances Kennedy [2023a], Kallus and Oprescu [2023a], especially when the nui-

sance functions are more complex than the CATE bounds. We follow the Kallus
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and Oprescu [2023a] strategy and derive an efficient pseudo-outcome for the
bounds based on the relevant influence function; we then regress that pseudo-
outcome on X. We build on this literature to similarly provide an estimator
for sharp CATE bounds with desirable properties beyond those of the plug-in

estimators implied by Result 3.4.

Henceforth we will refer to €, q, p as nuisances as they will need to be esti-

mated from data.

3.4 B-Learner: Pseudo-Outcome Regression for Doubly Robust

Sharp CATE Bounds

We propose a debiased learning procedure that consists of regressing a carefully
constructed and nuisance-debiasing pseudo-outcome on covariates Kennedy

[2023a], Kallus and Oprescu [2023a].

Definition 3.5 (Pseudo-outcome for CATE bounds).
Let = (€,9-(-,0),7.(-,1), 0_(-,0), 04(-, 1)) € E be a set of estimated nuisances. We
define the pseudo-outcome corresponding to the bounds for Y*(x,1), Y~(x,0),

and 7*(x) from Result 3.4 by

6@ =AY + - A1)+ SR RE T 1) A D).
- X)(1-A _ —
K@) = (1= WY + A7 (0 + T R ET(,0) -7 (X 0),

¢71(Z.m) = ¢1(Z. 1) — ¢o (Z. 7).

The expressions in Definition 3.5 depend purely on the observed data distri-
bution P, and so can be viewed as statistical estimands to be learned from the

observed distribution.
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Algorithm 3.1 The B-Learner (detailed in Appendix B.5)

Input: Data {(Xi,Ai,Yi) : i€ {1,...,n}}, folds K > 2, nuisance estimators, regres-
sion learner En
1: forke{l,...,K}do
2: Use data {(X;, A, Yj) : 1 £ k=1 (mod K)} to construct nuisance estimates

7% = @,9°,pY).

3 for each i such thati =k -1 (mod K) do
" Set ¢, = ¢7(2,7)

5 end for

6: end for

Output: 75(X) = Eq[¢! | X = X]

When A = 1 and unconfoundedness holds, the expression for ¢:(Z,7)
reduces to the familiar doubly-robust pseudo-outcome for CATE estimation,

(X, 1) —u(X,0) + %(Y —u(X, A)) [Kennedy, 2023a, Knaus, 2022].

The pseudo-outcome is based on the efficient influence function of the esti-
mand E[7*(X)], so as we will see, small errors in the nuisance estimation lead
to “doubly small” (second-order) errors in the 7"(x) estimates. This special
structure orthogonalizes the p, estimation error in the plug-in bound estimand
AY + (1 — A)p, using the added term (1_;(1—;()»/\(& — p.) that debiases p, estima-
tion error. The weighted CVaR terms p’ (X, a, ) involve an objective which is
sharpest when . = g} and which turns out to have a second-order dependence
on g. — g;. Thus, quantile regression errors will move the pseudo-outcome in

a conservative but still valid direction and consistent quantile regression errors

will have favorable rate properties.

B-Learner We call our full two-stage estimation procedure the B-Learner. Our
procedure is summarized in Algorithm 3.1 (see Appendix B.5 for a detailed ver-
sion). In the first stage, we estimate the nuisances (outcome regression, propen-

sity score, CVaR) with K-fold cross-fitting and construct Neyman-Orthogonal
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pseudo-outcome estimates based on Definition 3.5. In the second stage, we
regress the estimated pseudo-outcomes on our covariates X, resulting in an esti-
mated CATE bound function. As we will now see, the properties of this function

depend on both the choice of nuisance estimators and the second-stage model.

Nuisance Estimation The propensity score e*(X) can be estimated using any
standard probabilistic binary classifier. The quantiles g; can be likewise es-
timated using any of several standard quantile regression methods Yu and
Jones [1998], Meinshausen and Ridgeway [2006], Athey et al. [2019]. The mod-
ified outcome regression pi(x,a) = A7'p*(x,a) + (1 - A)*CVaR.(x,a) is less
standard, but it can be learned by either treating the CVaR pseudo-outcome
R. as an outcome, or separately learning the u* and CVaR. components of
E[R. | X = x,A = a]. In the first approach, where we plug in the estimated
quantiles into the expression for R.(Z, ) and then regress R. onto X using any
standard regressor, further sample splitting is theoretically required for estimat-
ing q* and p*. In the second approach, we can learn the u* and CVaR components
on the same sample and then weight them accordingly to obtain estimates of p*.
The outcome regression u*(X, a) can be estimated via any regression learner and
CVaR. can be likewise estimated using several existing approaches Athey et al.

[2019], Kallus and Oprescu [2023a].

3.5 Theoretical properties of the B-Learner

We now describe the theoretical properties of our estimator. All proofs are in
Appendix B.4. In Section 3.5.1, we use Kallus and Oprescu [2023a]’s generic ap-
proach and Dorn et al. [2025a]’s validity results to study the bias of the pseudo-
outcome with first-stage nuisances. The pointwise bias from the sharp bounds

is on the order of [€ - e*[[o — p*| + (§ — 9*)?>. When the quantiles are inconsistent,
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@ - g7)* and (G- — g*)? do not vanish. The pseudo-outcome bounds still re-
main valid in expectation, and any bias in the direction of failing to cover the
identified CATE set disappears at a rate on the order of [e—¢€*|[o— p*(-,Q)|. In Sec-
tion 3.5.2, we characterize the second-stage regression and we show that we can
learn CATE bounds at a rate dominated by the complexity of the target class. As
a result, the estimator has robustness properties from the product-of-errors bias,
with two chances at sharp bounds in L, norm and two chances at valid bounds
on average. Our main text focuses on ERM-based second stage estimators with
L, sharp bound guarantees. We show similar guarantees hold pointwise for

linear smoother second-stage estimators in Appendix B.3.2.

3.5.1 Pseudo-outcome properties

We first analyze the bias in our proposed pseudo-outcomes.

Definition 3.6 (Conditional Pseudo-outcome Bias). Take 77 € E be a set of esti-
mated nuisances and let ¢ € {0, 1, 7}. We define the signed conditional pseudo-

outcome bias:

& (xm) =E[¢(Z7) - ¢:(Z.n") | X =x], and

&, (xm =E[¢,(Z7) - ¢, (Z.7) | X = X].

It immediately follows from Definition 3.6 that &(x;77) = &7 (X;77) — &;(X;7)
and |EL(x; )| < 1EF (X, )| +1E (X; 77)I. The pseudo-outcome bias can be understood
as the error incurred when performing pseudo-outcome regression with esti-
mated nuisances rather than oracle nuisances. While any bias is undesirable,
bias in one direction is worse. When &; > 0, the pseudo-outcomes are biased
in a conservative but still valid direction. When &; < 0, the expected pseudo-

outcomes are too aggressive and in expectation exclude plausible CATEs.
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Our pseudo-outcomes fit into the framework of Kallus and Oprescu [2023a]
since the estimands and the nuisances are the solutions of conditional moment
restrictions (see Proof of Theorem 3.8). Thus, under mild boundedness condi-

tions, we can leverage their results to upper bound |E|.

Assumption 3.7 (Boundedness). Let7 € E be a set of estimated nuisances, and
take 77 € conv{(n7*,7)}.

(i) P(e < e*(x),e(x) <1 —¢) = 1 for some € > 0.

(ii) ¥,0,(-1).9.(-0).p. (- 1).p_(-0), f@,(x. 1) | x,1), £(@_(x.0) | x,0) are all uni-

formly bounded.

The first condition in Assumption 3.7 is a standard requirement known as
positivity, ensuring that both treatments and controls can be observed for any X
with non-zero probability. The second condition is a common boundedness as-
sumption often made in debiased machine learning for ATE and CATE in order
to control the growth of |E}|. We now state the conditional Neyman orthogonal-
ity result we require, which we derive using the tools from Kallus and Oprescu

[2023a] and Dorn et al. [2025a].

Theorem 3.8 (Pseudo-Outcome Conditional Neyman Orthogonality). Suppose
Assumption 3.7 holds. Then a Neyman-orthogonal characterization of the conditional
outcome moment E[AY + (1 — A)pi(X,1) = Y*(X,1) | X] = O has the form of ¢7 from
Definition 3.5, and the symmetric result holds for ¢,. The absolute bias of the CATE

upper bound has the product of rates bound:

&1 ()| < (%) — &' ()] [0+ (x, 1) = p’.(x, 1)| + () — € ()| [p-(x, 0) — p”(x, 0)|
+ (@ (%, 1) = 95(x, 1))° + (G-(x, 0) - g2 (x, 0))*.
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The undesirable direction of bias has the more favorable bound in terms of p*(X, a,7):

E; (x;m) 2 —[6(x) — " (X [0+ (x, 1) — pi(x. 1. T.)|

- I’e\(x) - e*(X)| [75—()(’ 0) _pi(x’ O’a—)l
Theorem 3.8 lets us characterize the pseudo-outcome biases.

Sharp Pseudo-outcome Bias An immediate implication is that the pseudo-
outcome bias for the CATE bound is pointwise “doubly sharp” Dorn et al.
[2025a]: its bias tends to zero if . and one of € or p. are consistent, and the
bias converges faster than the individual nuisances if all nuisances are consis-

tent.

Valid Pseudo-outcome Bias Insome cases it may be difficult to estimate quan-
tiles consistently or at a sufficient rate for the quantile error (G — g°)? to vanish
faster than [e' - e*| [p — p*|. If so, the absolute value of pseudo-outcome bias rel-
ative to sharp bounds might be relevant to the second-stage estimates, but the
level of bias in the direction of failing to cover the identified set still disappears
at a product rate [€ — €*| [o — p*(-,G)|. The pseudo-outcome estimator is therefore
“doubly valid” Dorn et al. [2025a]: its undesirable bias tends to zero if one of
€ or p. is consistent, and the rate of bias goes to zero faster than the individual

nuisances if both are consistent.

Next, we leverage these results to illustrate the quasi-oracle properties of our

B-Learner.

3.5.2 ERM-based Estimators

We consider Algorithm 3.1 with an empirical risk minimization (ERM) algo-

rithm as the second-stage estimator. In other words, given a class of functions
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¥ c [X — R], the regression learner E, satisfies:

n

Bi[F: 1X =] cargmin (- 10x)

g (3.1)
In this scenario, the error rates of our estimation procedure depend on the
complexity of the class #. These were studied in the context of learning with
nuisance components in several works including Foster and Syrgkanis [2023a],
Kallus and Oprescu [2023a]. The implication of Theorem 3.8 is we can immedi-
ately apply Kallus and Oprescu [2023a]’s Theorem 2 in our setting, employing
bracketing entropy as a class complexity measure. We note that bracketing en-
tropy is a global technique, with guarantees on the L, loss over the support of
the estimand, in contrast with the local methods presented in Appendix B.3.2

which enable pointwise guarantees.

Corollary 3.9 (Rates for ERM Estimators, Theorem 2 from Kallus and Oprescu
[2023a]). Suppose Assumption 3.7 holds for 7% € Z,k € {1,..,K}. Let &E(X) =
YK, 8 7™) and let B[ | X = X] be as in Eq. (3.1). Further, suppose F is convex
and closed and has bracketing entropy log N(7, €) < € " with 0 < r < 2 and that | f(X)|
is bounded Vf € F,x € X. Then,

IFH(X) — 75 ()Nl s Op(n~YEN) + IEX(X)II.

Second-stage Sharp Consistency and Robustness When [|E} (X)|| = 0, (1) and
the conditions above hold, Corollary 3.9 shows that ERM estimates are L, con-
sistent for the sharp CATE bounds. Learners satisfying the conditions of Corol-
lary 3.9 include sparse linear models, neural networks, kernel classes Foster and
Syrgkanis [2023a], and Besov, Sobolev, Holder-type function classes Nickl and
Potscher [2007]. L, consistency of the pseudo-outcome bias follows if  and one

of € or p are L, consistent.
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(a) B-Learner with its oracle and (b) B-Learner, Sensitivity Kernel, and Quince
plugin variants

Figure 3.2: Mean squared error (MSE) for different learners of the upper CATE
bound 7 in the synthetic hidden-confounding experiment. Shaded regions
show plus/minus one standard error over 50 simulations.

Second-stage Sharp Rates If [|E} (X)|| = 0, (n‘l/ (2”)) and the conditions of Corol-
lary 3.9 hold, the pseudo-outcome bias has a negligible contribution to the CATE
bounds estimation error. Thus, the estimation error is equivalent to the error as
if the nuisances were known, a result known as the “quasi-oracle property”
[Nie and Wager, 2021]. Because the pseudo-outcome bias involves the product
of rates, it will be sufficient to ask all pseudo-outcome nuisances to be consistent
at an 0p(n~Y/*) rate. We give an example of sufficient conditions for our estimator
to be oracle efficient (the property we synonymously call “quasi-oracle” in our

main text) in Appendix B.3.1.

Second-stage Validity When the quantile estimates are inconsistent, we can-
not apply Corollary 3.9 directly. Still, we will have two chances to derive CATE
bound estimates that are valid on average. In Appendix B.3.2, we show that

linear smoothers can yield stronger pointwise validity guarantees.

Corollary 3.10 (ERM Validity on Average). Assume the conditions of Corollary 3.9
are satisfied and for all f € F and ¢ € R we have f +c € F. If [[0:(-,1) — q.(-, 1)l =
0p(1) and [[G-(-,0) — q-(-, 0)Il = 0p(1) for a (potentially inconsistent) putative quantile
function q and either |[€ — €*|| = 0p(1) or both [ps(-,1) — pi(-,1,0:)ll = 0p(1) and
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llo~(-,0) = p (,0,9-)Il = 0p(1), then the estimated CATE bounds are valid on average in
the sense that £ YL 75(X;) — 7(Xi) > —0p(1).

3.6 Experiments

In this section, we demonstrate our method on synthetic and semi-synthetic
datasets, as well as on a real-world case study. We first benchmark the B-Learner
using a synthetic example similar to that in Kallus et al. [2019]. We then illus-
trate how CATE bound estimators can be used for treatment deferral by using
the hidden confounding variant of the IHDP dataset introduced by Jesson et al.
[2021]. For both sets of experiments, we compare with state-of-the-art meth-
ods proposed by Kallus et al. [2019] (Sensitivity Kernel) and Jesson et al. [2021]
(Quince'). We illustrate the usage of the B-Learner with real data through a
case study of 401(k) eligibility effects on wealth. While we have focused our
discussion on CATE upper bounds, our real data experiments also require esti-
mating the CATE lower bounds we discuss in Appendix B.2. Details about the
data generation processes, specific model implementation, hyperparameter se-
lection and validation procedures used are given in Appendix B.6. We provide

replication code at https://github.com/CausalML/BLearner.

While the Sensitivity Kernel approach uses Gaussian kernels and the Quince
model uses Bayesian neural networks, the B-Learner (Algorithm 3.1) is flexible
in the types of estimators allowed for both the first- and second-stage learners.
We therefore compare three classes of nuisance and second-stage estimators:
Random Forests (RF), Gaussian Kernels (GK), and Bayesian Neural Networks
(NN). Whenever possible, we use the same hyperparameters and validation

routine across models. For example, the B-Learner with NN nuisances uses

Hesson et al. [2021] train an ensemble of several models, which is a computationally intensive
task. For the purposes of this section, we do not ensemble any of the compared methods.
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the exact same neural networks as Quince.

We denote the upper bound given by the B-Learner output (Algorithm 3.1)
by T ({1% stage}, {2" stage}) (e.g. T"(RF,RF)) to indicate the type of first- and
second-stage learners used. For insight into the theoretical properties of our
estimator, we also provide an oracle first-stage estimator 7" (Oracle, {2"¢ stage})
which uses the true nuisances in the pseudo-outcome calculation, as well as
a “plug-in” estimator 7*({1°! stage}, Plugin) which plugs in the estimated nui-

sances into the expressions from Result 3.4.

3.6.1 Simulated Data

Our synthetic dataset is sampled as follows:

X ~ Unif([-2,2]°), A|X ~ Bern(c(0.75Xo + 0.5)),

Y ~ N((2A = 1)(Xo + 1) — 25in (4A — 2)Xo), 1),

where o is the sigmoid function. We wish to provide an estimate 7*(x) for the
CATE upper bound under a level of confounding given by log A = 1. With this
simulation, it is straightforward to obtain the true nuisances €, u*, p*. These,
along with Result 3.4, allow us to determine the true value 7*(x) of the upper
bound. We run 50 simulations for sample sizes n = 100, 200, 400, ..., 12800 and
evaluate the different models on a fixed test set of 400 data points initially drawn
at random. We compare the mean squared error (MSE) performance of each

estimator with respect to the true bound and depict our findings in Figure 3.2.

In Figure 3.2a, we study the MSE convergence rates of the 7*(RF, RF) esti-
mator, along with its oracle and plug-in variants. The convergence rate of our
estimator matches the rate of the oracle estimator. That is, Algorithm 3.1 with
more than a few hundred observations performs essentially as well as if the es-

timator had access to the true, oracle nuisances. This confirms our theoretical
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Figure 3.3: IHDP hidden-confounding experiment: treatment recommendation
error rate as a function of the deferral rate. The x-axis reflects the fraction of
units for which the method defers treatment recommendation rather than mak-
ing a possibly incorrect recommendation.

results from Corollary 3.9 in that small errors in the nuisance estimation lead to
second-order errors in 7(X). Moreover, we see that the simple plug-in estimator
suffers from so-called plug-in bias for every value of n, as anticipated. The B-
Learner MSE improvement slows for large n, which we expect reflects our use

of rules-of-thumb to extrapolate hyperparameters to large samples.

In Figure 3.2b, we benchmark our estimator against Sensitivity Kernel and
Quince for various first- and second- stage combinations. We see that using the
same nuisances (GKs and NN, respectively) leads to our method performing
comparably with competitors. However, the B-Learner with NN or GK first
stages and with RF second stage learners performs better than the state-of-the-
art methods. This result underscores the importance of flexibility in choosing

nuisance estimators, a key property of our method.
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3.6.2 IHDP Hidden Confounding

We now show how the B-Learner can be used for other causal inference tasks,
such as informing deferral policies for treatment recommendations. We replicate
the experiment from Jesson et al. [2021] on IHDP Hidden Confounding. The
dataset is multi-dimensional, has low overlap, and has hidden confounding due
to a single covariate being hidden from the training models. The dataset con-
tains synthetic potential outcomes generated according to the response surface
B described by Hill [2011]. We use the same deferral policy as in Jesson et al.
[2021], namely, the policy either recommends treatment or defers to an expert.
We make a treatment recommendation (either A = 0 or A = 1, according to the

sign of CATE estimate) if and only if the predicted CATE interval excludes zero.

We measure model performance in terms of recommendation error rate
across multiple deferral rates. The deferral rate is the fraction of observations
for which we defer the action decision to the expert. The error rate is the per-
centage of observations for which we recommend the wrong treatment, among
those in which we did not defer. Note that in this experiment we know the best
treatment for each unit since we simulate both potential outcomes, although

these effects do not correspond to a sharp bound under Assumption 3.1.

We compare two different variants of B-Learner: 7*(RF, RF) and 7*(NN, NN)
with Sensitivity Kernel and Quince. We see in Figure 3.3 that the RF B-Learner
outperforms the GK-based Sensitivity Kernel method, and that the best perform-

ing methods are the NN B-Learner and Quince which perform very similarly.

3.6.3 Impact of 401(k) Eligibility on Wealth Distribution

We apply the B-Learner to illustrate the impact of hidden confounding in a

study of 401(k) eligibility and its effects on financial wealth. We use the real-
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Figure 3.4: Estimated bounds on the effect of 401(k) eligibility on financial
wealth under hidden confounding. Panel (3.4a) shows the distribution of lower
and upper CATE bounds for log A = 0.2. Panel (3.4b) shows the fraction of lower
bounds that are negative as log(A) varies from 0.1 to 1.0.

world dataset from Chernozhukov and Hansen [2004] that draws on the 1991
Survey of Income and Program Participation. The treatment of interest is 401(k)
eligibility, while the target outcome is the net financial assets of an individual
(taken as the aggregate of 401(k) balance, bank accounts and interest-earning

assets minus non-mortgage debt).

This 401(k) eligibility dataset has been used in many analyses Poterba et al.
[1994], Chernozhukov and Hansen [2004], often assuming unconfoundedness
holds given observed covariates and finding a strong positive effect. However,
unconfoundedness is an untestable assumption, so here we explore the uncer-
tainty in the (conditional) treatment effects under varying degrees of hidden
confounding. To that end, we apply the B-Learner algorithm repeatedly for
different settings of A: logA = 0.1,0.2,...,1.0. The nuisances are all estimated
using Random Forest models with hyperparameters as in [Chernozhukov et al.,
2018a]. We also estimate the CATE under assumed unconfoundedness (log A =

0 which corresponds to the DR-Learner Kennedy [2023a]).
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In Figure 3.4, we plot the distribution of predicted conditional effects on the
9,915 observations for log A = 0.2 as well as the fraction of negative lower bound
effects (frequency of I(7"(x) < 0)) as we vary A. For lower values of A, the ma-
jority of lower bounds are still positive, which means that under those levels
of confounding, most true conditional treatment effects are still positive. How-
ever, as we increase A, more and more of the true effects could be negative
as the lower bound is comprised of mostly negative effects. For example, at
log(A) = 0.6, about half of the CATE lower bounds are negative which is to be
interpreted as: if the data were truly confounded at this level, 50% of the effects
measured as positive could in reality have been negative due to unobserved
confounders. Regardless of what A level is most appropriate here, we see the
B-Learner is a powerful tool for practitioners who wish to conduct what-if ex-

periments for potential unobserved confounding.

3.7 Conclusion

We presented the B-Learner, a meta-learner for estimating bounds on the CATE
function. The B-Learner can use any learning method as its base learners, in-
cluding random forests and neural nets. We showed that the B-Learner pro-
vides bound estimates that are valid, sharp, robust, and have quasi-oracle rate
properties, making it (to the best of our knowledge) the first CATE sensitivity
analysis method with all these properties. Experiments validate our theoreti-
cal findings, show that the B-Learner is comparable in performance to existing
state-of-the-art methods, and demonstrate it can be used with real-world data

to gain insight into the uncertainty of estimated causal effects.
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CHAPTER 4
EFFICIENT AND SHARP OFF-POLICY EVALUATION IN ROBUST
MARKOYV DECISION PROCESSES

This chapter is based on Bennett et al. [2025], developed jointly with Kaiwen Wang.
My contributions focused on deriving the efficient influence function and analyzing
the orthogonal and efficient estimator for the robust policy value. The chapter fits the

dissertation’s broader theme of reliable causal inference under unreliable assumptions.

We study the evaluation of a policy under best- and worst-case perturba-
tions to a Markov decision process (MDP), using transition observations from
the original MDP, whether they are generated under the same or a different
policy. This is an important problem when there is the possibility of a shift
between historical and future environments, e.g. due to unmeasured confound-
ing, distributional shift, or an adversarial environment. We propose a perturba-
tion model that allows changes in the transition kernel densities up to a given
multiplicative factor or its reciprocal, extending the classic marginal sensitivity
model (MSM) for single time-step decision-making to infinite-horizon RL. We
characterize the sharp bounds on policy value under this model - i.e., the tight-
est possible bounds based on transition observations from the original MDP —
and we study the estimation of these bounds from such transition observations.
We develop an estimator with several important guarantees: it is semiparamet-
rically efficient, and remains so even when certain necessary nuisance functions,
such as worst-case Q-functions, are estimated at slow, nonparametric rates. Our
estimator is also asymptotically normal, enabling straightforward statistical in-
ference using Wald confidence intervals. Moreover, when certain nuisances are
estimated inconsistently, the estimator still provides valid, albeit possibly not

sharp, bounds on the policy value. We validate these properties in numerical
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simulations. The combination of accounting for environment shifts from train
to test (robustness), being insensitive to nuisance-function estimation (orthogo-
nality), and addressing the challenge of learning from finite samples (inference)

together leads to credible and reliable policy evaluation.

4.1 Introduction

Offline policy evaluation (OPE) from historical data is crucial in domains where
active, on-policy experimentation is costly, risky, unethical, or otherwise op-
erationally infeasible. Relevant domains range from medicine to finance and
recommendation systems. However, whenever historical data is used to study
future behavior, there is a concern of non-stationarity — shift between the en-
vironment generating the data (training environment) and the environment in
which a policy will be deployed (test environment). This may occur, e.g., due
to general distributional shifts in the environment over time, unobserved con-
founding in the observed historical data, or adversarial elements of the environ-
ment (such as other agents) that may react when the agent is deployed. While
standard OPE in offline reinforcement learning (ORL) accounts for the change
between the logging and evaluation policies, it may overlook the fact that the
Markov decision process (MDP) too has changed. While this issue is particu-
larly critical in high-stakes domains, it is broadly appealing to understand how

value shifts across different environments in any application domain.

Robust MDPs [Iyengar, 2005, Nilim and El Ghaoui, 2005] model unknown
environments by allowing an adversary to choose from any one environment
in a set. Therefore, they offer a natural model for unknown environment shifts
by simply considering all environments to which we could possibly shift. A

variety of work addresses questions such as planning in a known robust MDP
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[Wiesemann et al., 2013, Mannor et al., 2016, Goyal and Grand-Clement, 2023]
as well as online learning Badrinath and Kalathil [2021], Wang and Zou [2021].
Here we focus on a purely statistical estimation question: given observations
of transitions from some unknown transition kernel, we wish to estimate the
worst-case (or best-case) value of a given evaluation policy in a robust MDP,
defined by a set of MDPs whose transition functions are centered around the

observed transition kernel.

This setting captures the previously studied unconfounded robust OPE
problem [Wang et al., 2024a], where the observed transition kernel corresponds
to an MDP, and the observed transitions are the result of applying some log-
ging policy within this MDP. In such cases, the goal is to estimate policy values
that are robust to future changes in the MDP dynamics. However, our setting
is more general in that it also captures problems where the observed transitions
are confounded by some unobserved variables, in which case they do not cor-
respond to observations from the transition kernel of an MDP. In this case, the
robust MDP and the robust policy value estimates are designed to account for
worst-case (or best-case) impact of this confounding bias. In either case, as in
ORL, we emphasize that we do not know the observational MDD, and can only
access it via a sample of transitions. Furthermore, even in the simple case with
no unmeasured confounding, in a notable departure from standard ORL, the
problem can be difficult even if the logging and evaluation policies are the same
(the usually easy on-policy setting), since the policy can induce very different

visitation distributions in the original and perturbed MDPs.

Such robust offline evaluation from transition data was considered in recent
work [Panaganti et al., 2022, Bruns-Smith and Zhou, 2023]. We build on this

recent work by focusing the question of statistically efficient and robust estima-
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tion of the sharp bounds (i.e., the tightest possible given the data). Previous
work focused on evaluation using only the Q-function under the worst-case en-
vironment (in some cases under a relaxation of the adversary, leading to loose
bounds). Thus, any error in its estimation translates directly to error in evalu-
ation. In other words, estimating this function flexibly and nonparametrically
can yield bounds that converge slowly and are not semiparametrically efficient.
Moreover, without a clear characterization of the estimator’s variability, we can-
not construct valid confidence bands, which risks producing bounds that are too

tight.

We address these challenges by developing an orthogonalized estimation
method that combines several nuisance functions: the worst-case Q-function,
the state-visitation frequency in the worst-case environment, and a threshold
function characterizing the worst-case transition kernel. Our first key result is
that, to first order, our estimator behaves as a sample average using the true
values of these functions without having to estimate them at all, provided we
just estimate them at certain slow nonparametric rates. This ensures that we
obtain a v/n-rate of estimation even when the nuisance functions are estimated
more slowly, and that our estimator is asymptotically normal. This allows for
the construction of confidence bands on the bounds, providing assurance that
the true bound is captured. We further show that our asymptotic variance is in
fact the minimum variance among all regular and asymptotically linear (RAL)
estimators, ensuring semiparametric efficiency. Our second key result is that
even if we do not estimate some of the nuisance functions correctly, we are still
consistent to sharp or valid bounds. That is, even when we are biased due to
misestimation of nuisances, our bias (if any) only enlarges our bounds, so they

remain valid. We illustrate these guarantees numerically. Collectively, these
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guarantees lend substantial credibility to the bounds generated by our method.
Our contributions are summarized as follows:

1. We provide novel algorithms and analysis for learning robust Q-functions
(Section 4.4) and robust visitation density ratios (Section 4.5) under the
function approximation setting.

2. We derive the sharp and efficient estimator for the robust policy value,
which is optimal in the local-minimax sense and is the gold standard in
semiparametric estimation (Section 4.6).

3. We empirically validate the efficiency and sharpness of our approach (Sec-

tion 4.7).

4.2 Related Work
4.2.1 Unobserved Confounding in Sequential Decision-Making

OPE in robust MDPs is related to OPE bounds in confounded MDPs, where
the behavior policy and the transition kernel are influenced by unobserved con-
founders. The constraint Eq. (4.1) that defines our target robust MDP aligns
with the Marginal Sensitivity Model (MSM) [Tan, 2006] employed in sensitiv-
ity analysis for causal inference. Yet, unlike the MSM, which limits the ratio
of policy densities, our approach directly constrains the ratio of the transition
kernels. Our formulation can be viewed as a generalization of the MSM from
traditional two-action no-horizon causal effects (where the constrains coincide)
to multi-action infinite-horizon discounted MDPs, where the next state is the
“potential outcome”. In that sense, our model essentially serves as an outcome-
based sensitivity model [Bonvini et al., 2022]. This distinction is crucial as it

enables our model to subsume the policy-based MSM in cases where the pol-
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icy is confounded. Nonetheless, the reverse does not hold, and the policy-
based MSM does not imply a transition kernel-based MSM for A > 2. This
point is further corroborated by Bruns-Smith and Zhou [2023], who explore the
policy-based MSM within confounded MDPs and obtain non-sharp identifica-
tion bounds when A > 2. In contrast, our approach yields sharp identification in
general, regardless of the number of actions and without placing assumptions

on the behavior policy, which may or may not be confounded.

Bruns-Smith [2021] also considered an MSM-like model in the transition ker-
nel but their formulation assumes A = 2. Kallus and Zhou [2020] operates under
the setting of Bruns-Smith and Zhou [2023] and required tabular states. We note
that all these works including ours considers i.i.d. confounders at each step,
which translates to a robust MDP with (s, a)-rectangularity and ensures that the
worst-case problem is still an MDP rather than a POMDP. The importance of this
assumption was verified by Namkoong et al. [2020], who showed that without
it, the non-memoryless confounder can create exponential-in-horizon changes

in value.

4.2.2 Neyman Orthogonality and Semiparametric Efficient Estimation

We leverage a body of research focusing on learning with nuisances functions
(e.g., Q-functions) that we need to estimate from data but are not the primary
target (e.g., policy value). Much of this research [Chernozhukov et al., 2018a,
Foster and Syrgkanis, 2023b, van der Laan et al., 2011, Semenova and Cher-
nozhukov, 2021, Belloni et al., 2017b, Chernozhukov et al., 2018b, among others]
aims to identify Neyman-orthogonal estimators, which are first order orthogo-
nal (insensitive) to nuisance errors. This literature is tightly linked to the semi-
parametric efficient estimation literature since Neyman-orthogonal scores can

arise naturally from efficient influence functions [Ichimura and Newey, 2022,
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Schick, 1986]. Going beyond the no-horizon causal inference setting, some ex-
plore such estimators in off-policy sequential-decisions contexts [Kallus and Ue-
hara, 2020, Lewis and Syrgkanis, 2021, Chernozhukov et al., 2022b, Kennedy,
2019, Laan and Robins, 2003]. Notably, Kallus and Uehara [2022] derive efficient
influence functions and orthogonal estimation for standard, non-robust OPE in
infinite-horizon RL, which corresponds to our unconfounded, no-uncertainty

case (A =1).

Moving beyond point-identified settings, some works explore orthogonality
and efficiency for partial identification and sensitivity analysis. In the causal in-
ference literature, efficient/orthogonal estimation in the no-horizon setting has
been studied extensively under several sensitivity models [Dorn et al., 2025a,
Bonvini et al., 2022, Chernozhukov et al., 2022a, Oprescu et al., 2023]. Closest
to our work is Dorn et al. [2025a] who provide an orthogonal estimator and
convergence rates under the MSM [Tan, 2006], which coincides with our set-
ting under y = 1. In the sequential setting, [Namkoong et al., 2020] considers
confounding at a single time step under the MSM, but their estimator is not or-
thogonal when the quantile function is unknown. Bruns-Smith and Zhou [2023]
provide a fitted-Q-iteration learner with an orthogonalized loss function, but

not orthogonal/efficient estimates of worst-case policy value.

4.3 Background and Setup

We consider an MDP with state space S, action space A, transition kernel P(s’ |
s,a), reward function r(s, a) € [0, 1] and initial state distribution d; € A(S). We do
not require S or A to be finite. We assume r and d; are known for simplicity, and
it is standard to extend our analysis to when they are unknown. We are given

a dataset D of ni.i.d. tuples (s, a;,ri,s]) such that (sj,a;) ~ v, s| ~ P(- | s,a) and
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ri = r(si,a;), where v is an arbitrary data-generating distribution. For discount
factor y € [0, 1), let the Q function be the discounted cumulative rewards under a
policy 7: S = A, Q. p(s,a) = Exp[ Yoo ¥'(St, &) | S1 = S, a1 = a]. Similarly, define
the value function as V,p(S) = Q,p(S,m), where we use the notation f(s,7) :=

Eans[f(s,a)] for any function f : Sx A — R.

We are interested in estimating the value of a fixed target policy m; (a.k.a.
evaluation policy) in an unobserved MDP with a feasible perturbed transition
kernel U. We say U is a feasible perturbation of the observed, nominal kernel P
if for all s,a,s’: we have

_ du(s’ | s,a)
A 1(5, a) < m < A(s,a) 4.1)

where A(s,a) € [1, o) is a sensitivity parameter chosen by the practitioner. On
the extremes, A = 1 corresponds to no-confounding (i.e., classic OPE setting)
and A = oo corresponds to maximal-confounding (i.e., worst or best outcome).
We denote the set of all feasible perturbations of P by U/(P), which is an s, a-
rectangular set [Mannor et al., 2016]. We define the best- and worst-case Q func-

tions of m; as

Q*(s,a) := sup Qnu(s,a); Q (s,a):= inf Qu(s,a). 4.2)

Uel(P) UelU(P)
Thus, the goal in this chapter is to estimate the best- and worst-case value of n;
at the initial state,

Vc-il—l = (l - y)E51~d1 [Vi(sl)]' (43)

where V*(S) = Eaur5[Q* (S, @)] and the + symbol signals that an equation should
be read twice, once with + = + and once with + = —. For clarity, we focus the
discussion in the main text on estimating the worst-case policy value, V; . We
provide a similar analysis for policy values under best-case perturbations (V)

in Appendix C.2.
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E[v(s') | s, al — v(s')|s,a

B*(s a)

CVaR * (s, a)

Figure 4.1: Lower and upper conditional value-at-risk (CVaR) and correspond-
ing quantiles S for the conditional distribution v(s’) | s,a. The figure illustrates
the lower-tail and upper-tail risk functionals used in the robust off-policy eval-
uation framework.

Compared to standard OPE, robust OPE is more challenging since the best-
and worst-case transition kernels U* are unobserved as our dataset D is gener-
ated under P. For example, standard OPE is easy in the on-policy case i.e., if D

were generated by 7, but our problem is still “off-data” and non-trivial.

Discounted Visitation Distributions For any transition kernel U, define
the discounted visitation distribution of m; under U as: dg;’f[j(s) = (1 -
Y) Yt yh‘ld(’ﬁ’fb (s), where dg;t (s) is the probability of reaching state s in the
Markov chain induced by U and policy n; starting from di(-). We use d™* as

shorthand for dg;’ﬁ_, where U~ denotes the worst-case kernel in U(P).

Bellman-type Operators. For any function f : SXA — R and transition kernel
U, recall the Bellman operator is defined as 7y f(s,a) := r(s,a) + yEy[f(s',m) |
s,a]. For robust OPE, we define the following robust analog 7., (s, a) := r(s, a)+
¥ SUPyewpy Bulf(s',m) I 's,a] and T (s, @) :=r(s,a) + y infucyp) Eu[ (s, m) | s, a].
Moreover, we define Jyf(s,a) := yEy[f(s’,m) | s,a] — f(s,a). For any linear
operator 7, also let 7’ denote its adjoint: that is, for all f,g € Ly(v), (f,79) =

(71, 9), where (., -) is the inner product in L,(v).
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Conditional Value-at Risk (CVaR) For a random variable X, its upper/lower
CVaRs at level 7 € [0, 1] is defined as the average outcome of the upper/lower 7-

fraction of cases, and are formally defined as follows [Rockafellar and Uryasev,

2002]:

CVaR; (X) := min{b + 7 *E[(X - b).]},

CVaR; (X) := T%X{b + T E[(X - b)_]},

where y, := max(0,y) and y_ := min(0,y) for y € R. The optima are attained at the

upper/lower 7-th quantile of X which we denote as 8} (X)/8;(X), i.e.,

CVAR(X) = B1(X) + T E[(X ~ BL(X).].

CVaR; (X) := B (X) + 7 E[(X - £;(X))-].

If X has a cumulative distribution function (CDF) which is differentiable at
Bz (X), its CVaRs simplify to CVaR;(X) = E[X | X > B (X)] and CVaR;(X) = E[X |
X < B (X)]. In this chapter, T will often be set to (A + 1) € [0, 0.5].

Notation We use X <y to mean that X < Cy holds for some universal constant
C. The indicator function I[p] takes value 1 if p is true and 0 otherwise. For a
measure i, we let || f||, := (E,|f(X)?)"/? denote the L, norm of f, provided it exists.
When p is clear from context, we also use ||f||, := (EIf(X)IP)Y’P to denote the Lp
norm of f and ||f|lpn 1= (Enlf(X)IP)'P to denote the empirical analog. For a data
sample of size n, we define the empirical mean as E,[f(X)] = % >, f(x). For a
nuisance function f, we reserve f* as its true value and f as the learned value
from data. Moreover, we employ + and — to denote functions corresponding to
best- and worst-case bounds, respectively. See Appendix C.1 for a comprehen-

sive notation table.
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4.3.1 Background: Non-robust OPE

We provide a quick primer on the double RL (DRL) estimator for classic OPE in
non-robust MDPs [Kallus and Uehara, 2020], which combines estimates of the
Q-function and density ratio w to achieve orthogonality, double robustness and
semiparametric efficiency. This sets the stage for our orthogonal estimator in
Section 4.6, which generalizes DRL to robust MDPs by incorporating the robust
Q-function and density ratio in the worst-case MDP, as described in Section 4.4

and Section 4.5 respectively.

The DRL estimator involves two nuisances: (1) g, for which the oracle (true
value) is the Q-function of the target policy Q™, and (2) w, for which the oracle
is the density ratio of the target policy’s visitation distribution and the data dis-
tribution w™ = ddi{’c/g,. In this section, let n = (w, ) denote the DRL nuisances
(outside this section, we use 7 to denote our robust estimator’s nuisances) and
let n* = (W™, Q™) denote their true values, then the recentered efficient influence

function (EIF) of V{! in non-robust MDPs is given by:
yPR(s,a,5';w,q) = V' +w(s,a) - (r(s,a) + yq(s’, m) — (s, a)).

The DRL estimator uses cross-fitting to learn nuisances 7! on all data excluding
the k-th fold D, fork = 1,2, ..., K and estimates the OPE value via:

_ 1 &

VDAL = - Z Z yPRL(s, a, 3" 7).

k=1 (s.a,8")eDk

As we will see, this paves the way for the EIF of the robust value (Theorem 4.9)
and our orthogonal estimator (Algorithm 4.3). There are two main guarantees
for DRL: double robustness and semiparametric efficiency. Let r" and rj be rate
functions depending on n = |D]| such that |G — Q™||, < ri and [[WK — wm||, < r?.

Then, DRL enjoys [VPRE — V| < Op(n"2 + rrf), which confers the algorithm
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double robustness properties. Moreover, if X°"° is the efficiency bound (i.e., min-

imum achievable asymptotic variance among RAL estimators in nonparametric
— d ..

models for (s,a,')), then VA(VY™- - Vi) — N(0, Z%°). We seek similar guaran-

tees for our orthogonal robust estimator.

4.4 Robust Q-Function Estimation with Fitted-Q Evaluation

In this section, we identify the robust Q-function using the robust Bellman equa-
tion and then derive convergence rates for iteratively minimizing the robust

Bellman error.

4.4.1 Identification of the worst-case Q-function

The robust worst-case Q-function of m;, denoted as Q-, satisfies the robust Bell-
man equation Q7(s,a) = 7, Q7(s,a), Vs, a since the uncertainty set U(P) factor-
izes over s, a [lyengar, 2005]. While these equations may seem intractable due to

the inf in the definition of 7, , Bruns-Smith and Zhou [2023] showed that 7 _

rob” rob

has a closed form solution in terms of the CVaR under the observed kernel P.
Lemma 4.1. Set 7(s,a) = (A(s,a) + 1) Then, forany q: Sx A — R,
Tropd(s: @) = r(s,2) + YA~ (s, @)E[V(s) | 5,a] +¥(1 — A™*(s,8)) CVaR 4, [V(s) | 5. 4],

where V(S') = Ba-rysn[A(S', )], and E, CVaR, are under the observed kernel P(- | s, a).

Lemma 4.1 implies that Q™ is identified via the following equation of observ-

able distributions:

Q(s,a) =r(s,a) + yA™'(s,8)E[Q (s, m) | 5, ]

+y(1 - A7Y(s,a)) CVaR»[Q7(s'.m) | s.al.
Under no confounding (A(s, a) = 1), this recovers the classic Bellman equation.
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Algorithm 4.1 RobustFQE: Iterative fitting for estimating Q™ and ;.

1: Input: Number of iterations M, dataset D of size n, Q-function class Q.
2: Initialize V;(s) = 0.
3: fori=1,2,...,Mdo
Set O; = D[ni/M : n(i + 1)/M].
5: Split O; into two halves, Z)i(l) and Z)i(z).
6 Using D and the quantile regression oracle QR, estimate the 7(s, a)-
lower quantile of V._,(s"), s ~ P(- | s,a), and denote it by Ei‘(s, a).
For (s,a,s’) € Di(z), define the pseudo-outcome

>

N

y (s,a,9)
=r(s,a) + yA™l(s, a)V;_4(s")

+ (1 = A7(s,@)(B; (5. @) + 77(S, 8)Barns) [(@F (5. 2) = B (5.))-]).

8:  Estimate T by solving

. 1
g; <« argmin
' ge@ D)

Y, V(sas)-qsa)

Nep@
(s.a.,8")eD;

9: end for .
10: Output: Ty, By

4.4.2 Estimating the Robust Q-Function with Robust FQE

In this section, we estimate Q~ via an iterative fitting algorithm based on fit-
ted Q-evaluation (FQE) [Munos and Szepesvéri, 2008]. Our algorithm Robust-
FQE (Algorithm 4.1) proceeds for M iterations with two main steps in each iter-
ation i. First, in line 6, we estimate the lower-quantile of Vi_1(s’) | s,a. Here,
we assume access to an oracle QR for quantile regression, which is a well-
established problem, allowing for the use of various existing algorithms. Sec-
ond, in line 7, we solve the tractable robust Bellman equation in Lemma 4.1
with the CVaR term estimated by its orthogonal estimating equation with the
learned quantiles [Olma, 2021]. By orthogonally estimating CVaR, we achieve
second-order dependence on the quantile estimation errors from the first step.

Next, we minimize the mean squared error using a general function class,
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QcSxA[0,1-9)1).

To enable convergence guarantees, we make two assumptions. First, we as-
sume a specific convergence rate for the quantile regression oracle, which can be
guaranteed under certain smoothness conditions [Bhattacharya and Gangopad-
hyay, 1990, Takeuchi et al., 2006, Meinshausen and Ridgeway, 2006, E1 Ghouch
and Genton, 2009, Cevid et al., 2022, Racine and Li, 2017, Elie-Dit-Cosaque and
Maume-Deschamps, 2022]. Distributional RL may also be modified to learn
quantiles of the next state value and have shown benefits in practice [Dabney

etal., 2018b,a] and in theory [Wang et al., 2023b, 2024c, 2025, Ayoub et al., 2024].

Assumption 4.2 (QR Oracle). For any v : S - [0, (1 — y)™], let the true 7(s, a)-
quantile of v(s’),s" ~ P(s,a) be denoted by g(s,a). Given a dataset Dqr, we
assume QR outputs estimates BV with bounded ¢, error: for any §, w.p. 1 -,

11Bq = Bl < errar(IDarl 6).

The second assumption is completeness under the robust Bellman 7.
Completeness is a standard assumption in algorithms based on temporal-
difference learning and without it, fitted-Q can diverge or converge to subopti-

mal fixed points [Tsitsiklis and Van Roy, 1996, Kolter, 2011].

Assumption 4.3 (Completeness). For allq €  we have 7 q € Q.

We note that the current proofs of Panaganti et al. [2022], Bruns-Smith and
Zhou [2023] require a stronger completeness: 750 € Q for all g € Q and feasible
B. We circumvent the need for the stronger “all-3” completeness by bounding
model misspecification of least squares regression with second order error in
the quantile regression.

Finally, we express our bounds with the critical radius &%, a standard tool

for deriving fast rates in statistics; see Appendix C.4.2 for a summary. Also, we
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denote the standard concentrability coefficient with C; := ||dd;1’°°/dd1| .- astandard

and necessary quantity for OPE.

Theorem 4.4. Let £§ denote the critical radius of Q. Under Assumptions 4.2 and 4.3,

RobustFQE ensures that for any 6 € (0,1), w.p. 1 -6,

G — Qlla, s (1 —9)72({[Cy, - €8 + errdp(n/2M, 5/2M)), and

(1 = Y)Ea, [T (5] - Vi | Y™ + (L= 7)Y \/a &2 + errd o (/2M, 6/2M)).

For parametric classes (e.g., finite or linear), the critical radius converges at the
standard O(n"Y/2) rate. Due to orthogonal estimation of CVaR, we benefit from a
favorable second-order dependence on errqr, which allows quantile regression
to converge at slower rates without compromising the overall rate. However,
if Q is nonparametric with metric entropy of order 1/t?, then 9 converges at
rate O(n"Y4) [Van der Vaart, 2000], which is slow enough to degrade overall
convergence to sub- y/n. In Section 4.6, we present an orthogonal estimator that

tolerates these slower rates while achieving semiparametric efficiency.

4.5 Robust w-Function Estimation with Minimax Learning

Before we present our orthogonal estimator, we study another essential nui-
sance function: the robust visitation density ratio, i.e., the robust w-function
[Kallus and Uehara, 2022, Amortila et al., 2024]. In this section, we first iden-
tify the worst-case transition kernel U~ in our uncertainty set ¢/(P). Then, we
propose a minimax estimator [Uehara et al., 2021] for the robust w-function, an

important nuisance function for our orthogonal estimator in Section 4.6.

Identification of U~ The robust transition kernel U~ is defined as the feasible

perturbed kernel that achieves the inf in the robust Bellman equation Q7(s,a) =

74



TopQ (s.2). Let F(y | s,a) = P(V7(s') <y | s,a) be the next-state pushforward
measure of the robust value function V-. Then, U~ is a convex combination of

the nominal kernel P and a reweighting of P by an indicator function.

Lemma 4.5. Suppose F~(8;(s,a) | s,a) = 7, where B (S, a) is the lower t-th quantile of
F=(- | s,a). Then,

U=(s'|s,a)/P(s" | s,a) = A(s,a) + (1 - A™)r(s,a) M I[(V () — B (s,a)) < 0]. (4.4)

The proof strategy decomposes U~ into its nominal and perturbed compo-
nents, leveraging the primal solution of CVaR, [Ang et al., 2018]; we formalize

this in Appendix C.5.

Identification of w~ Using the identification of U~ in Lemma 4.5, we can
now identify the robust w-function based on the Bellman flow equations in the
worst-case MDP. The Bellman flow in the robust MDP is given by d™*(s) =
(1 = y)di(S) + YEseg-~z-m@mU (s | S,a). where d™(s) was defined in Section 4.3.
Thus, the robust visitation density, defined as w(s) := 94""()/av(s), satisfies the

following moment condition for all f : S+ R:

E[w™(s)f(s)] = (1 = ¥)Eq, [T(s)] + YE[W™ (s, 8)Es -u-(s)[ T ()], (4.5)

where we relaxed notation and defined w=(s,a) := w(s) - m(a | s)/v(a | s). As
before, when there is no unobserved confounding (A = 1), this result recovers

the classic Bellman flow.

4.5.1 Estimating w~ with Robust Minimax Indirect Learning

We now propose a penalized minimax estimator for w~ that generalizes the
Minimax Indirect Learning (MIL) of Uehara et al. [2021] to our robust MDP

setting. Our estimator, RobustMIL (Algorithm 4.2), leverages a general function
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Algorithm 4.2 RobustMIL: Minimax estimation of w* with a stabilizer

1: Input: Dataset D, prior stage estimate Z, function classes ‘W, ¥, stabilizer
weight 1 > 0.
2: Output:

W = argminmax Eq[w(s, a)(y¢ (s, 8) (s, m) = £(s,@)) + (1~ »)Eq, f (51, m)]
weWw €

~ Ay (a8 DS 1) - f(s.a)5,. (4.6)

class W c Sx A — R, to approximately solve the moment equation in Eq. (4.5).
It does so by minimizing the difference between the left- and right-hand sides
of the equation across a sufficiently large set of adversaries f in a discriminator
class ¥ ¢ S x A — R. Since U~ is unknown, we approximate it via Eq. (4.4)
by plugging in a threshold (s, &, §') in the indicator function to approximate the
true threshold {7(s,a,s") ==V~ (8') - ,8;(5,&)(5, a). This yields the minimax objective

in Eq. (4.6), where we also allow for an optional regularization of the adversary’s

norm which can be useful for obtaining fast convergence rates.

We make the following assumptions for MIL [Uehara et al., 2021]. The first
is a regularity condition that (i) our function class has bounded outputs and (ii)

{ is continuously distributed around the threshold.

Assumption 4.6 (Regularity). (i) SUP,cqy - Wlleo < o0; (ii) the marginal CDF of
V(s) = B7(s,a), t.e, F(y) = P(V(S") — B4 (S, @) <), is boundedly differentiable

around 0.

If next-value distribution is discrete, we can use the discrete form of CVaR
and (ii) can be removed. The second assumption is that the adversary class
is rich enough to capture all projected errors under the adjoint of the operator

Ju-1(s,a) := yEy-[f(s',m) | s,a] — f(s,a).

Assumption 4.7 (W -realizability and completeness). w= € W and J{-(W -
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wo) C¥F.

We note that Assumption 4.7 is monotone in the function class size and can
be satisfied by making the function class more expressive, e.., increasing size of
the neural net. Our algorithms are also robust to violations in Assumption 4.7,

which we show in Appendix C.7.
We are now ready to state the main estimation result for w™ in terms of the

critical radius (Appendix C.4.2) of the function class.

Theorem 4.8. Let £ denote the maximum critical radii of the following classes:

G1=1{(sa,8) = (f(s,a) -y f(s',m)), f € 7},

G2 = {(s,a,8) = (W(s,a) —w (s, a)(y f(s',m) - £(s,8)), f € F,we W},
Under Assumptions 4.6 and 4.7, RobustMIL ensures that for any 6, w.p. 1 -6,

1T @ —w)||, s & + 17 - £ Il + log(L/8)/n.

As before, the critical radius &} converges at an 5(n‘1/ ?) rate for parametric
classes. Notably, our bounds degrade linearly w.r.t. the £, error in - for es-
timating {~. For example, if Z(s,a,5) = V(s') — B(s,a) where V, 3 are estimated
with RobustFQE, then the {-error can be bounded by O(V — V7|l + ||,E— B lleo)-
We present the full proof in Appendix C.7, where we also present a more gen-
eral result that is robust to misspecifications to realizability and completeness

(Assumption 4.7).

4.6 Orthogonal and Efficient Estimator for Robust Policy Value

In this section, we propose an orthogonal estimator that is robust against errors
in the nuisances (exhibiting only second-order sensitivity), achieves semipara-

metric efficiency, and enables inference. Our estimator is based on the efficient
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influence function (EIF) of V , which is the canonical gradient of a statistical
estimand [Tsiatis, 2006]. The adoption of EIFs for developing efficient estima-
tors is a broadly employed technique in causal inference [Chernozhukov et al.,
2018a, Kennedy, 2023b] and reinforcement learning [Jiang and Li, 2016, Kallus
and Uehara, 2022].

We define the collection of nuisance parameters by = = (W,q7,57). The
notation 77 indicates that these functions are estimated from data, while the no-

tation 7 denotes their true values.

Theorem 4.9 ((Recentered) Efficient Influence Function). The (R)EIF of V is

given by:

Y(s,a,8"im7) = Vg +w(s,a)r(s,a) + yo (s,a,8;v,67) —q(s,a), where

p(s,8,85v",7) = A(s,a) v () + (1 - A(s, @) )(B(s,@) + T (v (s') - B(s,Q))-).

Remark 4.10. When A = 1, there is no shift in the target environment, and the
CVaR weight is zero. The (R)EIF then reduces to the (R)EIF in Kallus and Uehara
[2022] for regular OPE with an infinite horizon. As A — oo, the CVaR term
becomes predominant, with the quantile 57(s, a) taking extreme values. This
yields the (novel) (R)EIF for the problem in Du et al. [2022], where the expected

value term is replaced solely by a CVaR component in the Bellman equation.

The (R)EIF forms the basis of our orthogonal estimator. First, we note that
E[y(s,a, s;77)] is an unbiased estimator of V . Furthermore, the expression for
Y(s,a,s’;n”) depends only on quantities W™, q~, 8~ which can be estimated from
data. Thus, we can cast the expression E[y(S, a, s’; 77)] as a statistical estimand to
be learned from the observed sample. This suggests a natural two-stage estima-
tor that we summarize in Algorithm 4.3. In the first stage, we estimate the nui-

sances 77 from data with K-fold cross-fitting; in the second stage, these estimates
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Algorithm 4.3 Orthogonal Estimator for V.

—_

: Input: Dataset O, number of splits K.

2: fork=1,2,...,Kdo

3. Use data D\ Dx to learn (q~M, g~K) with Algorithm 4.1 and w~ with
Algorithm 4.2.

4: fori=[(k-1n/K],...,[kn/K]-1do

5: yi = w(si,a, S, 17).

6: end for

7: end for

8: Output: V =137y

are incorporated into the (R)EIF expression and we calculate the empirical av-

erage using the observed data. We summarize our procedure in Algorithm 4.3.

The nuisance estimation is detailed in Sections 4.4.2 and 4.5.1. The reliance
on the EIF confers our estimator desirable statistical properties including a sec-
ond order bias due to the nuisances, meaning the bias has a product structure
with respect to the nuisance errors. Thus, this special structure orthogonalizes
away the dependency on Q™ errors which now only appear in second order. Fur-
thermore, our estimator is semiparametrically efficient in the sense that under
mild consistency assumptions, it achieves minimum variance among all regular
and asymptotically linear (RAL) estimators. We provide theoretical justifica-

tions for these properties in the next section.

4.6.1 Theoretical Guarantees of the Orthogonal Estimator

We now characterize the theoretical properties of our orthogonal estimator. We
consider the K-fold cross-fitted estimator in Algorithm 4.3 given by

K

/- 1 ’ 4
Vd1 = HZ Z l/l(S, a,s ;771])’
k=1 (s,a,5")eDk

where nuisances 7,k € [K] are trained on all data excluding the k™ fold D*.

The following theorem outlines the theoretical guarantees of this estimator:
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Theorem 4.11 (Efficiency of Vd‘l ). Let r¥,.fp rh, be functions of the same size n =
DI such that |\, (WM —w)ll, < ', 1G9 —qlly < iy, and |5-K =B, < 1, for any
k € [K]. Furthermore, assume that the reqularity conditions in Assumption 4.6 hold.

Then:
|Vd‘1 — Vgl < 0p(n"%) + Op(riar, + (M) + () (Rates)

Furthermore, if 1y, V 10, = 0p(1), Fiyory, = 0p(072), ril = 0p(n™%), and 1 =

0p(N~14), then V(;l satisfies:
VA(V; -V3) S N(O,%), T =Var(y(s,as;7)). (Normality & Efficiency)

Moreover, T is the minimum achievable asymptotic variance among RAL estimators in

the nonparametric model for (S, a, s’) (the efficiency bound).

We provide the intuition along with a detailed proof in Appendix C.8. The
tirst part of Theorem 4.11 implies that as long as we estimate the nuisances at
rates faster that n™%/#, then we can learn Vgl at parametric rates. The second part
of Theorem 4.11 states that under mild consistency assumptions, our estimator
attains the efficiency bound and is asymptotically normal. That means, for ex-
ample, we can construct asymptotically valid lower 95%-confidence bound on
Vd‘l by simply subtracting 1.64 times st = 1(2,; ¥ saseox (¥(s. 2, s';ﬁkl)—V51)2)1/ 2,
Then, we can be sure to have a bound on the worst-case RL policy value, ac-
counting both for potential environment shift and finite data. Finally, in Ap-
pendix C.10, we describe two settings when our orthogonal estimator remains
valid even if some nuisances are inconsistent, which is a desirable guarantee for

sensitivity analysis [Dorn and Guo, 2023].

Bringing it all together We can instantiate Theorem 4.11 with the nuisance es-

timators from the previous sections. First, use RobustFQE to estimate ~ and E‘,

80



ensuring [~ — Q7 < O(§ + erréR). Under smoothness conditions (Lemma C.3),
the L, guarantee for 4~ implies an L., guarantee for q, which also ensures an
L. guarantee for E‘. This ensures Max([§~ — Q llw, l[8~ = B8 |l) is well-controlled.
Then, we can set /(s,a, 8') = G (5, m) — 8 (s,a) and run RobustMIL for estimating
W~. By Theorem 4.8, its projected-L, error is O(e +[[0"— Q" ||e +||E‘ —B7|l). There-

fore, the final rate via Theorem 4.11 is O((e§ +err3g) &) +I[§ — Q7|5 + B~ =B71).

4.7 Empirical Evaluation

We now provide a proof-of-concept empirical investigation to validate our the-
oretical findings. We experiment with our proposed methodology in a simple
synthetic environment. First, we discuss our environment, followed by our ap-
proach for solving for the nuisances functions ~. Then, we provide empirical
results for our orthogonal estimator, and compare its performance to weighted
or direct estimators using the Q™ or W~ nuisances only. The code for our exper-
iments is open-sourced and available at https://github.com/CausalML/

adversarial-ope/.

Experimental Setup We consider a synthetic MDP with a one-dimensional
state and two actions, modeled after a simple control problem with non-
deterministic dynamics. The task is to estimate the worst-case policy value Vg
of a fixed candidate policy 7, across four different constant values of the sensi-

tivity parameter: A(s,a) € {1,2,4,8}.
We considered three methods for estimating the robust value V :

1. Q (RobustFQE): Direct method using the estimated robust quality function
Q only.
2. W (RobustMIL): Importance-sampling method using the estimated robust
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density ratio W~ only.
3. Orth: Our orthogonal estimator which combines the former two, as de-

scribed in Algorithm 4.3.

We performed 10 replications of our experimental procedure, where for each
replication we: (1) sampled a dataset of 20,000 tuples using a different fixed log-
ging policy y; (2) fit the nuisance functions Q~, 57, and w™ following the method
outlined in Algorithms 4.1 and 4.2 for each A; and (3) estimated the correspond-

ing robust policy value V; for all estimators using the fitted nuisances.

Results We summarize our results in Figure 4.2. We note that all of our es-
timators are consistently valid for all values of A in our experiment. Notably,
Orth consistently has the lowest mean squared error for the true worst-case pol-
icy value. In particular, incorporating the robust importance-sampling weights
improves the RobustFQE estimator Q, even though these importance-sampling
weights by themselves (as in W) are much noisier estimators. This is consistent
with our theory that the orthogonal estimator is semiparametrically efficient

and insensitive to errors in the nuisance functions.

Full experimental details, including our MDDP, target and logging policies,
methodology for computing the true robust policy values V , and nuisance esti-
mation, are provided in Appendix C.11. Finally, we also performed an empirical
evaluation on the real-world problem of sepsis management using the MIMIC-

III dataset [Johnson et al., 2016]. We detail these results in Appendix C.12.

4.8 Conclusion

We consider the problem of infinite-horizon OPE in RL settings when there can

be unknown, but bounded, shifts in the transition distribution compared to the
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1 000240 = .000170 .002722 + .002266 .000005 + .000006

2 .004053 +.001329 .003584 +.002311 003244 + .000600

4 .009799 +.005172 .013862 +.009228 008721 + .002543

8 .006247 +.003980 .052643 +.050839 .005713 +.002730

Figure 4.2: Synthetic robust off-policy evaluation experiment. We show results
for our three estimators on all four A values, over our 10 experiment replica-
tions. Above: Box plot summarizing range of policy value estimates for each
combination of estimator and A, with Horizontal red dashed lines showing the
true worst-case policy values V; . Below: Table summarizing the correspond-
ing MSE of these estimators for the true worst-case policy value, along with one
standard deviation errors.

transition distribution generating the data. This can arise due to unobserved
confounding, where observed transitions do not reflect the true causal ones,
non-stationarity in the environment, or adversarial environments. We propose a
sensitivity model for such transition kernel shifts analogous to the classic MSM
for static decision making, and provide theoretical guarantees for identifying
and estimating the sharp (i.e., tightest possible) bounds on the best/worst-case
policy value, as well as the corresponding robust Q-function and state density
ratio functions. Our estimator for the best/worst-case policy value is orthogo-
nal (insensitive to how the nuisance functions are estimated) and achieves semi-
parametric efficiency (attaining the best possible asymptotic variance). Finally,
our estimator also supports inference, ensuring we can derive reliable bounds

for the robust policy value even with finite data.
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Part 11

Causal Inference from
Quasi-Experiments: Weak
Instruments and Imperfect

Compliance
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CHAPTER 5
ESTIMATING HETEROGENEOUS TREATMENT EFFECTS BY
COMBINING WEAK INSTRUMENTS AND OBSERVATIONAL DATA

This chapter is based on Oprescu and Kallus [2025].

Accurately predicting conditional average treatment effects (CATEs) is cru-
cial in personalized medicine and digital platform analytics. Since the treat-
ments of interest often cannot be directly randomized, observational data is
leveraged to learn CATEs, but this approach can incur significant bias from un-
observed confounding. One strategy to overcome these limitations is to lever-
age instrumental variables (IVs) as latent quasi-experiments, such as random-
ized intent-to-treat assignments or randomized product recommendations. This
approach, on the other hand, can suffer from low compliance, i.e., IV weak-
ness. Some subgroups may even exhibit zero compliance, meaning we cannot
instrument for their CATEs at all. In this work, we develop a novel approach
to combine IV and observational data to enable reliable CATE estimation in the
presence of unobserved confounding in the observational data and low compli-
ance in the IV data, including no compliance for some subgroups. We propose a
two-stage framework that first learns biased CATEs from the observational data,
and then applies a compliance-weighted correction using IV data, effectively
leveraging IV strength variability across covariates. We characterize the conver-
gence rates of our method and validate its effectiveness through a simulation
study. Additionally, we demonstrate its utility with real data by analyzing the

heterogeneous effects of 401(k) plan participation on wealth.
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5.1 Introduction

The use of observational data for individual-level causal analyses is becoming
increasingly common in personalized medicine, online platforms, and any set-
ting where understanding individualized responses is crucial and/or presents
an opportunity for personalization. The key quantity for such analyses is the
conditional average treatment effect (CATE), which captures how treatment ef-
fects vary according to baseline covariates (features). This measure provides

insight into effect heterogeneity and enables personalization.

Using observational data can nonetheless introduce bias from unobserved
confounding, where the observed relationship between outcomes and interven-
tions is influenced not only by treatment effects, but also by variables that affect
both outcome and treatment, such as socioeconomic status, health, user mood,
etc., which are not captured by baseline covariates. These biases can skew causal

effect estimates, resulting in unreliable analyses or harmful policy decisions.

Randomized trials are the gold standard for causal inference, but they are of-
ten infeasible. For instance, digital services cannot force users to view or buy a
product, and clinical trials cannot require invasive treatments. A common alter-
native is to randomize the encouragement of certain actions, such as recommend-
ing a product or treatment. These encouragements can serve as instrumental
variables (IVs) which, under certain conditions, enable unbiased estimation of

treatment effects [Angrist et al., 1996].

Identification of CATEs using IVs hinges on the premise that compliance—
the relationship between the treatment received and the intent/encouragement
—is nonzero across all baseline covariate values. When compliance is nonzero
but small, IV-based estimates tend to have high variance, making them unreli-

able [Andrews et al., 2019]. In practice, the assumption of strong compliance is
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often violated. For example, users on digital platforms may ignore recommen-
dations entirely or reject certain types of content, while participants on mobile
health platforms may disregard prompts (e.g.taking 250 steps per hour) due to

time constraints or lack of interest.

To address the challenge of estimating unbiased CATEs in the presence of
unobserved confounding and low IV compliance, we introduce a two-stage
framework. In the first stage, we estimate a biased, confounded CATE from
observational data. Then, in the second stage, we utilize an IV to learn the con-
founding bias by weighting the samples according to their compliance levels.
By assuming only that the bias can be extrapolated, this approach extends treat-
ment effect adjustments even to groups minimally influenced by the IV, employ-
ing a transfer learning approach that leverages varying instrument strengths

across covariate groups.

This framework mirrors strategies in causal inference that combine random-
ized trials with observational data to address low covariate overlap. Building on
this body of work, we introduce two methodologies for extrapolating confound-
ing bias within the observational dataset: a parametric estimation approach,
assuming the confounding bias adheres to a parametric form, and a transfer
learning strategy that assumes a shared representation between the true and bi-
ased CATE. We study the properties of our CATE estimators in finite samples

and validate our approaches through comprehensive empirical studies.

5.2 Related Work

We briefly overview related work here; for a more comprehensive discussion,

refer to Appendix D.1.
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5.2.1 Heterogeneous Treatment Effect Estimation from Observational Data

Recent advances in machine learning have expanded the use of observational
data to estimate CATEs using diverse techniques such as random forests [Wa-
ger and Athey, 2018b], Bayesian algorithms [Hill, 2011], deep learning [Shi et al.,
2019], and meta-learners [Kiinzel et al., 2019]. However, these methods of-
ten unrealistically assume an absence of confounding, limiting their real-world
applicability. Efforts to account for unobserved confounding either construct
bounds on treatment effects [Oprescu et al., 2023, Frauen et al., 2024] or use latent
variable models and multiple/sequential treatments to debias CATE estimates
[Louizos et al., 2017, Wang and Blei, 2019, Bica et al., 2020a], but they frequently
depend on unverifiable assumptions or require accurate proxy data, reducing

their practical utility.

5.2.2 Heterogeneous Treatment Effect Estimation Using I'Vs

Integrating machine learning with instrumental variable (IV) methods enhances
CATE estimation flexibility over traditional approaches. Techniques range from
advanced two-stage least squares (25LS) that incorporate complex feature map-
pings via kernel methods [Singh et al., 2019] and deep learning [Xu et al., 2021]
to neural networks for conditional density estimation [Hartford et al., 2017] and
moment conditions for IV estimation [Bennett et al., 2019]. Yet, these rely on
the consistent relevance of instruments across covariate groups, which is not

guaranteed with weak instruments.

5.2.3 Treatment Effect Estimation with Weak Instruments

Traditional IV methods like 2S5LS can be unreliable when instruments are wealk,
leading to biased, high-variance estimates. Recent advancements include novel

estimators such as bias-adjusted 2SLS, limited information maximum likeli-
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hood, and jackknife IV estimators (see Huang et al. [2021] and references
therein). Other techniques attempt to reduce variance by exploiting first-stage
heterogeneity (variation in compliance) [Coussens and Spiess, 2021, Abadie
et al.,, 2024]. Some approaches also combine multiple weak instruments into
robust composites, useful in settings like genetic studies [Kang et al., 2016]. Our
approach extends Coussens and Spiess [2021], Abadie et al. [2024] by leverag-
ing compliance weighting to estimate heterogeneous effects and address weak

instruments using additional observational data.

5.24 Combining Observational and Randomized Data

Increasing research focuses on integrating observational datasets with random-
ized control trial (RCT) data to mitigate observational bias. Strategies include
imposing structural assumptions, such as strong parametric constraints [Kallus
etal., 2018], or assuming a shared structure between biased and unbiased CATE
functions [Hatt et al., 2022], as well as optimizing dual estimators from both
data types for improved bias correction [Yang and Ding, 2019]. Our work aligns
with efforts to debias treatment effects using both observational and experimen-
tal data, but also addresses challenges such as low IV compliance, the need to
debias the overall effect function rather than individual outcome functions, and

the complexity of estimating CATEs from IV data using a ratio estimator.

Where Our Work Lies To the best of our knowledge, no current estimation
technique effectively combines an IV study, particularly one with weak instru-
ments or low compliance, with an observational study to derive robust and
unbiased CATE estimates. We bridge this gap by introducing two robust and
consistent CATE estimation techniques, building upon previous work on com-

bining RCT and observational data [Kallus et al., 2018, Hatt et al., 2022], as
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well as work that addresses the complexities associated with weak instruments

[Coussens and Spiess, 2021, Abadie et al., 2024].

5.3 Background and Setup

We consider the standard setting of causal inference where the goal is to esti-
mate the conditional average treatment effect of a binary treatment A € {0, 1} on
an outcome Y € R in the presence of covariates X € X € R™. Our approach is
grounded in Rubin’s potential outcomes framework, wherein each unit is asso-
ciated with two potential outcomes Y (0), Y (1) of which only Y = Y (A) is observed

(causal consistency). Our objective is to learn the CATE function, given by:
7(x) = E[Y(1) - Y(0) | X = X]. (5.1)

However, we only have access to np i.i.d. samples from an observational dataset
O = (XP,A?,YP)° ~ (XO,A°,Y9). Thus, we face the fundamental problem of
causal inference: only the outcome under the administered treatment is ob-
served, while the counterfactual remains unobserved. Without further assump-

tions, there exists the possibility of unobserved confounding, leading to a situa-

tion where
9(x) = E[Y® | A° = 1, X° = x] - E[Y° | A® = 0, X° = x] # 7(X), (5.2)

which indicates a persistent bias in the observed treatment effects that does not

diminish even with an increasing sample size. We denote this bias by b(x):
b(x) = 7(X) — 7°(x).

Assuming this bias is induced by a set of unobserved confounders U C R,

the discrepancy arises because the selection into treatment in the observational
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population is influenced by U, which also impacts the outcome Y©. Our goal is

to mitigate this bias by leveraging additional data.

Alongside the observational dataset, we have ng i.i.d. samples from an ex-
perimental, intent-to-treat dataset E = (X7, ZF, AF, YF)™, ~ (XE, ZF, AR, YE) where
ZF is a binary instrument taking values in {0, 1}. We let X € X and assume the
pxe(X) = pxo(X), where px denotes the density of the random variable X. More-
over, we assume that the joint distribution of covariates and unobserved con-
founders (X, U) is consistent across both datasets. As before, we use YE(A, Z) to
denote the potential outcome given treatment A and instrument Z. Addition-
ally, let AF(Z) denote the potential treatment under instrument Z, and define
the compliance and defiance indicators C and D by C := I[Af(1) > AF(0)] and
D := I[A%(1) < AF(0)], respectively. We assume that this dataset follows standard

IV assumptions on the data generating process:

Assumption 5.1 (Standard IV Assumptions). We assume the following proper-
ties hold: (Exclusion) YE(AE,ZE) = YE(AF), i.e. the instrument affects the outcome
only through the treatment; (Independence) Z 1. U | X for any unobserved con-
founder U; and (Relevance) there exists a subset X’ C X with non-zero measure

such that ZE £ AF | XE for XE € X".

Assumption 5.2 (Unconfounded Compliance [Wang and Tchetgen Tchetgen,
2018]). The individual treatment effect is independent of the compliance status

given covariates: YE(1) — YE(0) L (AF(1) — AE(0)) | XE.

We note that the relevance assumption in Assumption 5.1 is a weaker version
of the standard IV assumptions since we allow for arbitrarily weak instruments

in some regions of the covariate spaces. With Assumption 5.1 and Assump-
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tion 5.2, we can identify the CATE for x € X’ as:

CB[YE|ZE=1,XE=x]-E[YE|ZE=0,XE=x] _ & (x) _

TE(X) = — _
E[AE | ZE = 1,XE = x] —E[AE [ZE= O, XE=x] ~_ (%)

). (53)

We provide the proof of Equation 5.3 in Appendix D.2. Here, y(X) denotes
heterogeneous compliance, a measure of instrument strength, given by y(x) =
P(C=1|XF =x)-P(D =1|XE = x) under Assumption 5.2. A strong instru-
ment (y(X) — 1) indicates high adherence to the recommended treatment, with
¥(X) = 1 signifying perfect compliance, similar to a randomized controlled trial.
Conversely, a weak instrument (y(x) — 0) suggests little influence on treatment
uptake, with y(x) = 0 indicating no compliance and a confounded selection into
treatment. The relevance assumption in Assumption 5.1 ensures y(X) # 0 for
X" € X’, validating the estimation procedure in Equation 5.3. However, small
¥(x) values lead to estimates of 7(x) with high asymptotic variance. Moreover,

we wish to extend the estimation of 7(x) from X’ to X, the population of interest.

Thus, relying solely on observational data results in biased 7(X) estimates,
while experimental data alone can yield high variance or invalid estimates for
x € X with low compliance. This work addresses these challenges by strategi-
cally combining the strengths of both datasets to provide a robust CATE estima-

tion technique.

Notation We denote the L, norm of a function f as |||, := E¢[f(X)?]*?, and
the L, Euclidean norm of a vector 6 € RY as ||],. The notation ?represents the
estimated value of a parameter or function, where f is the true value. We omit
the distribution subscript when clear from context; e.g., E[XF] and E[X°] denote

expectations over experimental and observational samples, respectively.
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Figure 5.1: Illustration of the two-stage procedure for combining observational
and instrumental-variable data. In the first stage, the method learns a biased
observational CATE; in the second stage, it uses IV data and estimated compli-
ance to correct that bias.

5.4 Estimation Method

To obtain robust estimates of the CATE function for the population of inter-
est X, we propose a two-step framework that integrates information from both
the observational data and the IV study. First, we estimate the confounded
CATE function 7°(x) using the observational data (X?, A°,Y?)™ . This is a well-
established problem in both causal inference and machine learning, and it can be
addressed using various existing techniques, including meta-learners ([Kiinzel
et al., 2019]), random forests ([Wager and Athey, 2018b]), and neural networks
([Shi et al., 2019]).

Next, we wish to approximate the bias function b(x) = 7(x) — 7°(x) using the

learned 7°(x). Without oracle access to the true CATE function 7(X), we instead

rely on samples from the experimental (IV) study (XF, ZF, A7, YF), for which we

can estimate an unbiased, though potentially high variance, CATE for x € X’, as
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given in Equation 5.3. Our approach hinges on the following lemma:

Lemma 5.3. [CATE Estimation with IVs] Let n;(X) := P(ZF = 1 | XE = X) be the
instrument propensity. Then, the following identity holds for every x € X':

YEZE Y@L -ZF)
mz(X)y(X) (1 = 7z(X))¥(x)

XE = x] = 7(X)

We note that in the case of randomized instrument assignment, the in-
strument propensity is known and often given by a constant, ie., nz(X) =
nz > 0. By defining Vz(X) = mz(X)(1 — nz(x)), Lemma 5.3 shows that the

bias function b(x) can be expressed in terms of observable quantities as b(x) =

E [YEZE(l—ﬂz(XE))—YE(1—ZE)ﬂz(XE) _

) E _ ’ . :
Vo OE) () T(X) | X5 = x] for x € X’. This formulation suggests

a practical estimation strategy. We estimate y(x) and, if necessary, nz(X) from
data, and define the pseudo-outcome

YE _ YEZE(L -7p(XR) - YE(L - ZF)mp (XE)
VZ(XE(XE) | Vz(XE)F(XE) '

We then combine this pseudo-outcome with the estimated 7°(x) in a subsequent
regression step to obtain an unbiased and consistent estimate of b(x) for x € X’,
provided nz, v, and 70 are estimated consistently. However, such an estimator
only provides estimates for X’ where y(x) # 0. Additionally, for small values
of y(X), mz(x), and 1 — z(x), this method may result in high variance in the esti-
mates b(x), especially for certain parametric function classes. To address these
challenges, we weight the data samples by the inverse variance of YE /(G (X)V2(x))
given by Var(YE|XE = x)"532(x)VZ(x). This approach is frequently used in gen-
eralized least squares methods (GLS, [Agresti, 2015]) to confer the algorithm
asymptotic efficiency. While Var(YE|XE = x) can be estimated from data using
machine learning methods, it is generally preferable to weight the estimator
solely by compliance and instrument propensity to avoid issues with small val-

ues of Var(YE|XE = x). Assuming the bias function belongs to a class of functions
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8B, our proposed algorithm can be described by the following weighted empiri-

cal risk minimization (ERM) procedure.
Ne
— . —_— — . — 2
b=argmin > (VF - 7XHV2(XPTE) ~FXEW(XDIBXD)) (5.4)
i=1

where the factor ?Z(X)vg(x) was used for weighting the squared loss. This esti-
mator automatically extrapolates to all of X since we assign weights of 0 when
¥(x) = 0. Moreover, this method places higher emphasis on lower-variance
pseudo-outcomes, thereby minimizing the risk of overfitting to data points with
high variance. This weighting technique is commonly employed in other IV es-
timation tasks, such as local average treatment effect estimation (LATE), where
weighting data points by compliance yields estimators with lower variance

([Coussens and Spiess, 2021, Abadie et al., 2024]).

The weighting scheme in Equation 5.4 creates a weighted distribution,
Pxe(X), for optimizing the ERM procedure. Since pxe(X) differs from the target
distribution pxe(x), this introduces a transfer learning problem. Without addi-
tional constraints on the function class 8, the minimization in Equation 5.4 may
yield many possible solutions. To ensure a unique or limited solution set, 8
must have low complexity or require further structural assumptions. We ex-
plore two function classes B: a parametric class defined by b(x) = 8" ¢(x), 6 € R
with a known mapping ¢ : X — RY and a second parametric class where
b(x) = vT¢(x), with v € R? and ¢ € ® being a learned representation common

to both the observational and IV datasets.

5.4.1 Integrating Observational and Experimental Data via Parametric Ex-

trapolation

We consider a parametric class 8, = {0"¢(x) : 6 € RY} for a known mapping

¢ : X — RY. Since the compliance factor y(x), instrument propensity 7z(X), and
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Algorithm 5.1 CATE Estimation with Parametric Extrapolation
1: Input: Observational dataset O = (X?,A°,YP°)" and IV dataset E =

121

(XE,ZE, AE,YF)™; 7°(X) estimator 7 y(X) estimator G; nz(X) estimator P;

known mappmg ¢ X — R

2: Learn7° (X) using 7~ on O.

3. Initialize Y € R"™ and X € R"exd,

4: fork=1,2,...,Kdo

5: Set Iy ={ie{l,...,ng}:i=k—-1 (mod K)}.

6:  Using { (XIE,ZIE,AF, EY € E ;i ¢ Iy}, learn Y9 (x) with G and 7 (x) with P.
7 forie 7 do

8: Set Y; = YEZF(1 - 7W(XF)) — YE(L - ZEYa® (XE) — W (XE)TO(XE).
9: forjzl,...,ddo
10: Set Xij = W(k)(XIE)¢J(XIE)
11: end for
12: end for

13: end for

14: Output: 9 = (X™X)IXTY.

the parameter of interest ' are learned from the same dataset E, we propose

the following K-fold cross-fitted estimation procedure:

— argmin Z > (VE - WOXENOXE) - 6T TOXE)D(XE)) (5.5)

HeRd =) |eIE

where WH(XE) := 7O(XE)WH(XE), and the compliance factor 7™ and instrument
propensity 7%, k € [K] are trained on E excluding the k™ fold containing in-
dices 7¢. K-fold cross-fitting is crucial because it ensures that the weights are
learned from data distinct from that used in the ERM algorithm. This separa-
tion is essential for maintaining desirable theoretical properties as we remain
methodologically agnostic to the techniques used for learning y and 7.

The compliance factor y(x) = E[AF | ZF = 1, XF = x] - E[AF | ZF = 0,XF = X]
can be estimated using standard machine learning classification algorithms, ei-
ther by training separate classifiers for A® | ZF = 1, X = xand AF | ZF = 0, XF = x
or by using one classifier with ZF as an additional feature. Similarly, instrument

propensity estimation is a straightforward classification task with ZF as the tar-
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get. Given estimates 7°, 7%, and %{Zk), the result in Equation 5.5 is obtained by
performing an OLS procedure with the targets Y — W9 (XF)7°(XF) and the de-
sign matrix X = W(X®)®(XF). Here, W(XF) = diag@® (XF),...,WY(XE)), and

O(XE) = (¢(X[), ..., ¢(XE))". Algorithm 5.1 details the two-step procedure.

Next, we provide theoretical guarantees for our parametric extrapolation ap-
proach. We begin by describing the regularity assumptions that enable the con-

sistency of our estimator.

Assumption 5.4 (Regularity Assumptions). The following claims are true:

—_

. (Treatment Positivity in O) € < P(A°® = 1| X° = x) < 1 — € for some € > 0.

N

. (Instrument Positivity in E) € < 77(XF),72(XF) < 1 — € for some € > 0.

W

. (Boundedness) YE, YO, [IXE|l,, lp(XE)ll2, 7°(x), 7(X) are uniformly bounded.
4. (Realizability of b(x)) b(x) € By, i.e.7(X) — 7°(x) = 6" ¢(x) for some 4 € RY.

5. (Identifiability of 6) E[#(XF)¢(XE)™] is invertible.

The first two conditions in Assumption 5.4 are standard in causal inference,
ensuring that both treatments (or instruments) and controls are observable for
every X € X, enabling CATE estimation. The third condition imposes a com-
mon boundedness assumption to control the growth of estimands. The fourth
condition ensures our model for the bias function b(x) is well-specified given
B,. The final condition requires that the design matrix has rank d, ensuring we
can learn the parameter 6 from data. Given Assumption 5.4, we present the

following theoretical result:

Theorem 5.5 (Estimator Consistency for Parametric Extrapolation). Let r,(n),
I, (), and ro(n) be op(1) functions of N € N such that |ly - Y9I, < r,(ng),

|7tz —’7?(Zk)|||_2 < Iy, (Ng), and ||T° = 7P|, < ro(No). Furthermore, assume the conditions
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of Assumption 5.1, Assumption 5.2, and Assumption 5.4 hold. Then, the parameter 6

returned by Algorithm 5.1 is consistent and satisfies

||/é_ 9”2 = OP (rV(nE) + r-7Tz(nE) + r.,o(no) + 1/ \/E)

Moreover, T is consistent on X with convergence rate given by
It —7ll, = Op (ry(nE) + Iy, (Ng) + ro(ng) +1/ \/nE).

We include the proof of Theorem 5.5 in Appendix D.2. The core insight is
that weighted OLS remains consistent as long as the estimates fory, 7z, and 70
are themselves consistent. However, the overall convergence rate is constrained
by the slowest of these rates. In most cases, 717 is assumed to be known, meaning
the convergence rate is primarily dictated by the rates of 3 and 7°. This result
highlights the trade-off involved in leveraging both datasets to achieve accurate

effect estimation for the target population.

Remark 5.6 (Impact of Realizability Violations). When realizability does not
hold, i.e.b(x) ¢ B, our estimator may be inconsistent, with asymptotic bias pro-
portional to the deviation of the true function from 8. Nonetheless, conducting
this analysis might still be valuable, as the resulting bias may be smaller than
confounding bias in observational estimates or the variance from low compli-
ance in IV studies. Thus, under realizability violations, our method may pro-

vide more accurate CATE estimates by effectively balancing bias and variance.

5.4.2 Integrating Observational and Experimental Data via a Common Rep-

resentation

Without expert knowledge, the mapping ¢(x) may not be known a priori. In
this section, we introduce a method to jointly learn both the unbiased CATE

function and the mapping ¢(x) (hereafter referred to as the representation), based
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on the assumption that the true CATE 7(x) and the biased CATE 7°(x) share a
common representation. This approach leverages machine learning techniques
that assume a common structure across tasks, such as multi-task and transfer
learning. In causal inference, it has been suggested that a shared representa-
tion can be assumed between treatment arms [Shalit et al., 2017, Shi et al., 2019]
or between randomized data and confounded observational data [Hatt et al.,
2022]. This framework enables us to learn the bias function b(x) even when the

mapping ¢(x) € ® is otherwise unknown.

We consider a class @ of representations ¢(x) : X — RY and assume that
there exists a shared representation ¢ € ® between the true and biased CATEs.
Specifically, there exist linear hypotheses h,h® € R? such that 7(x) = h"¢(x) and
79(x) = (h®)7¢(x), resulting in the bias function b(x) = (h — h®)T¢(x) := v $(x).
For simplicity, we focus on linear-in-representation classes, but more complex
hypotheses h with 7(x) = h(¢(X)) can be considered — see [Shalit et al., 2017, Hatt
et al., 2022]. Thus, b(x) € B, for the unknown ¢, with 8, defined in Section 5.4.1.
Suppose there exists an ERM algorithm 7~ that can jointly learn ¢(x) and h® from
the observational data, O. Our learning algorithm proceeds as follows: first, we
use 7~ to learn ¢(x) and h® from O, alongside estimates 7®(x) and V¥(x) from E
as described in Section 5.4.1. In the second stage, we apply the following ERM
procedure to estimate the parameter v:

K
v=argmin > 3 (YF - () TIXESE) T TOXIBXE) . (5.6)

d
VvER! =) ie[f

This procedure is detailed in Algorithm 5.2. Finally, we recover 7(X) by setting

7(x) = (h° +7)T(x).

Example 5.7 (Representation learning with neural networks). Let ® be a class

of feed-forward neural networks. Then E(X),/ﬁo and 7°(x) can be jointly learned
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Algorithm 5.2 CATE Estimation with Representation Learning
1: Input: Observational dataset O = (X°,A°,Y?)° and IV dataset E =

i2 i /i=l
(XE,ZF, AE,YF)™,; (¢, h°) estimator 7, y(x) estimator G, 7(X) estimator P.
2: Learn ¢(x) and h® using 7~ on O.
3: Call Algorithm 5.1 with ¢ = ¢ and 7°(x) = (h®)T#(x). Let v be its output.

4: Output: V.

by composing ® with two linear output heads for Y° | A° = 1,X° = x and
YO | A° = 0,X° = X, respectively. By taking the difference between the two
output heads, we can reconstruct 7°(x), assuming that E[Y© | A° = 1, X° = x] and
E[Y© | A = 0, X© = x] are also linear in ¢ (see [Shalit et al., 2017, Shi et al., 2019]).

Without this assumption, we can learn 7°(x) directly by composing ® with one

YOA®  YO(1-A%)
ma(X%)  (1-ma(X9)”

linear output layer and considering the pseudo-outcome Here,
ma(X®) = P(A® = 1| X°) is the treatment propensity in O and can be learned

using any black-box machine learning classifier.

With this setup, we obtain theoretical results similar to those in Theorem 5.5:

Theorem 5.8 (Estimator Consistency for Shared Representation Learning). Let
r,(n), I, (n), and ry(n) be 0,(1) functions of n € N such that |ly = 9|, < r,(ng),
||z —%ék)||Lz < Iy, (Ng), and ||</> - EHLZ < r4(No). Additionally, assume ||$||2 is bounded
and E[¢(X)¢(X)T] is invertible. Let us also consider the conditions specified in Assump-
tion 5.1 and Assumption 5.2 to be satisfied. Moreover, assume that T°(x) = (h®)T¢(x)
for some ¢ that is realizable within the representation class ® and let Assumption 5.4
hold for ¢. Under these conditions, the parameter v returned by Algorithm 5.2 is con-

sistent and satisfies

7= vl2 = Op (ry(NE) + Fr, (Ne) + Fy(N0) + 1/ Ve + 1/ Vo).

Moreover, T is consistent on X with convergence rate given by
T = 7llL, = Op (ry(NE) + 'y (NE) + 1s(N0) + 1/ Vg + 1/ Vo).
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We provide the proof of Theorem 5.8 in Appendix D.2. This result hinges
on the realizability assumption in ® and the linear-in-representation structure
of both 7 and 7°. In Example 5.7, rys(n) bounds the generalization error for

feed-forward neural networks. For ReLU activations and bounded outputs,

rs(n) = C+WLIogW logn/vn, where W is the total number of weights, L is
the number of layers, and C is a constant independent of n and W [Yarot-
sky, 2017, Farrell et al., 2021]. While this rate is parametric, it scales linearly
with W, which becomes problematic for over-parameterized networks. For 1-
Lipschitz activations and bounded weights, Golowich et al. [2018] derive a rate
of ry(n) = C /I, M(l)/n*/4, where M(l) bounds the Frobenius norm of layer I's

weight matrix.

Practical Guidance in High Dimensions When ¢(X) is high-dimensional, con-
trolling the complexity of 8, through regularization is crucial, especially since
the bias function b(x) is used to extrapolate the CATE into low-variance regions
where compliance is low and the risk of overfitting is high. In the parametric ex-
trapolation approach (Section 5.4.1), applying L; or L, regularization via Lasso
or Ridge regression in the final step is effective for controlling model complex-
ity. In the shared representation approach (Example 5.7), regularization not only
helps control the parameters h® and v but also prevents over-parametrization in
the neural network ¢. The choice between L; and L, regularization, and how
they are applied, should be aligned with the data-generating process and the

specific characteristics of the model.

5.5 Experimental Results

We evaluate our method on both simulated and real-world data. We begin with

the confounded synthetic example of Kallus et al. [2018], and construct a corre-
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Figure 5.2: Means and standard errors of CATE estimates from 100 simulated
observational /IV dataset pairs (O, E) using Random Forest learners (top row)
or Neural Network learners (bottom row). (5.2a): Biased observational CATE
79(X). (5.2b): High-variance IV-based CATE estimate from Equation 5.3. (5.2¢):
Final debiased CATE estimate from Algorithm 5.2 using parametric extrapola-
tion (top row) or representation learning (bottom row).

sponding IV study using a similar data-generating process that preserves the
same confounding structure and treatment effects. We use this setup to as-
sess Algorithms 5.1 and 5.2 for unbiased CATE estimation by integrating the
two datasets. We then apply our estimators to a real-world dataset on the ef-
fect of 401(k) participation on financial wealth. Additional experiments, along
with implementation details, hyperparameter selection, and validation proce-
dures, are provided in Appendix D.3. Replication code is available at https:

//github.com/CausalML/Weak-Instruments—-Obs—Data—-CATE.

5.5.1 Simulation Studies

We generate the observational dataset O = (X°, A° Y©) as follows (see [Kallus

et al., 2018]):

X ~ N(0,1), A~Bern(0.5), U]|X,A~ N (X(A-05),0.75)

Y=1+A+X+2AX+0.5X?+0.75AX* + U + 0.5¢/, & ~ N(0,1) (5.7)
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In this DGP !, the true CATE is given by 7(x) = 0.75%* + 2x + 1, whereas the
biased observational CATE is represented by 7°(x) = 0.75x? + 3x + 1. This results
in a bias b(x) = —X, which is linear in X. We modify this DGP to generate the

experimental IV dataset E = (X, ZF, AR, YE) as follows:

X ~N(0,1), Z~ Bern(0.5), A"~ Bern(0.5)
y(X) = 0(2X), C ~Bern(y(X)), A=C-Z+(1-C)-A"

U|XAC~C-N(©0,1) +(L-C)-N(X(A-0.5),0.75)

where C is the (unknown) compliance indicator, o is the logistic sigmoid and
we keep the same outcome function as in Equation 5.7. In this modified DGP,
the randomized instrument has compliance sharply determined by X, with low
X values indicating almost no compliance and high X values indicating near-

perfect compliance.

We generate 100 observational and IV datasets, each with 5,000 samples,
from the proposed DGP. We first apply Algorithm 5.1 to each dataset. With
a randomized instrument, 7z(X) = 0.5. We estimate y(X) as the difference be-
tween Random Forest (RF) classifiers, one trained on the subset with ZE = 0 and
the other on the subset with ZF = 1, using XF as features and AF as target. The
biased observational CATE is modeled using the T-learner approach [Kiinzel
et al., 2019], with RF regressors trained on X°,Y° | A° = 0 and X°,Y° | A® = 1.
For comparison, we implement a CATE estimator for the experimental data us-
ing Equation 5.3. We compute dy(X) as the difference between RF regressors
trained on X5, YE | ZE = 0 and XF,YE | ZE = 1, then divide by y(X), clipping the
compliance score at 0.1. We calculate (x), 7°(x), and 75(x) for each dataset pair

and proceed with the second step of Algorithm 5.1 by setting ¢(x) = x.

'For experimental results using a higher-dimensional version of this DGP, refer to Ap-
pendix D.3.
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In Figure 5.2 (top row), we depict the means and standard errors of our es-
timators across 100 simulations. The first two plots illustrate the learned obser-
vational CATE 7°(x) and the learned IV CATE 75(X). As expected, 7°(x) shows
clear bias, while 75(x) has high variance despite aggressive compliance score
clipping. The third plot presents the results from Algorithm 5.1, showing that
the resulting 7(x) is both unbiased and has low variance across X. These findings
demonstrate that our two-stage estimation procedure effectively leverages the
strengths of both datasets to capture the true CATE and address the limitations

of each individual study design.

We note that in our DGP, 7(x), 7°(x), and b(x) are linear in the polynomial
representation (X, x*). Thus, we next apply Algorithm 5.2 with Example 5.7 to
learn the true CATE and the common representation from the generated dataset.
For consistency, we employ feed-forward neural networks (NNs) to estimate all
quantities. The estimator for y uses a NN with a sigmoid activation in the out-
put layer, trained on X* with the pseudo-outcome 2AFZF — 2A5(1 - ZF). The rep-
resentation ¢(x) and the biased CATE 7°(x) are learned using a representation
network with two output heads for learning Y© | X°,A° = 0 and Y© | X°,A° = 1.
A similar dual-head approach is used to learn 6y (x), by modeling YE | XE,ZF =0
and YE | XE,ZE = 1 simultaneously. When calculating &y(X)/y(x), we clip the
compliance score at 0.1. Unlike Algorithm 5.1, we don’t guarantee the polyno-
mial representation will be fully captured by the chosen representation class, but

we expect a sufficiently flexible ® to adequately represent these relationships.

The means and standard errors of our estimators from 100 simulations us-
ing neural networks and Algorithm 5.2 are shown in Figure 5.2 (bottom row).
As before, 7°(xX) shows bias, while 75(x) has high variance in low-compliance

regions, despite compliance score clipping. However, Figure 5.2c shows that
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Figure 5.3: Estimated effect of 401(k) participation on net worth by education
level in the 401(k) application. Age, income, and binary covariates are held
tixed while education and marital status vary. The black line shows the final
debiased CATE estimate from Algorithm 5.1, the dashed segment indicates ex-
trapolation into the no-compliance region, the blue line shows the biased obser-
vational CATE, and the orange line shows the IV-based CATE estimate without
artificial noncompliance.

the 7 returned by Algorithm 5.2 remains unbiased with relatively low variance
across X. This demonstrates that combining observational and IV data, where
the biased and true CATE share a representation, allows us to reliably learn both
the representation and the unbiased CATE, overcoming the limitations of each

individual study.

5.5.2 Impact of 401(k) Participation on Financial Wealth

We demonstrate our method’s effectiveness with a real-world case study on the
impact of 401(k) participation on financial wealth, using data from the 1991 Sur-
vey of Income and Program Participation [Chernozhukov and Hansen, 2004].
The dataset includes 9,915 respondents with nine covariates: age, income, edu-
cation, family size, marital status, two-earner status, pension status, IRA partic-
ipation, and home ownership. The primary variable of interest is 401(k) partici-
pation (A), with eligibility (Z) as the instrumental variable. Although 401(k) eli-
gibility is not randomly assigned, it is argued to maintain conditional indepen-
dence given observed features [Poterba et al., 1994, Chernozhukov and Hansen,

2004]. We assume 401(k) eligibility influences net worth only through 401(k)
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participation, characterizing this as an IV study with one-sided non-compliance,
where non-eligible individuals cannot participate (AF(0) = 0). The target vari-
able (Y) is net financial assets, calculated as the total of 401(k) balance, bank

account balances, and interest-earning assets, minus non-mortgage debt.

To replicate the scenario in this work, we split the dataset into two halves:
one for the IV study and the other for the observational study (where we inten-
tionally remove the instrument information). Our goal is to use these datasets,
along with the parametric extrapolation approach in Algorithm 5.1, to recover
the unbiased CATEs. Due to one-sided non-compliance, the estimated com-
pliance factor y(x) is high (0.49 — 0.90, see Appendix D.3). To show the utility
of our method, we introduce artificial non-compliance by setting y(X) to 0 for
individuals with less than 12 years of education (13% of the population). In
the first stage of Algorithm 5.1, we use RF regressors and classifiers to estimate
79(X), ¥(X), and 7z(x), with hyperparameters set based on other related work on
this dataset [Chernozhukov et al., 2018a]. In the second stage, we define the
mapping ¢(X) with an intercept term, the 9 covariates, and their interactions (46
features total). We apply a mild L; regularization in the final linear regression

due to the large number of resulting features.

In Figure 5.3, we study how the CATE function from Algorithm 5.1 varies
with education. We focus on education as it is selected as a top feature by the
compliance model, while the outcome models do not rank it as highly signifi-
cant (see Appendix D.3). To explore this relationship, we vary education and
marital status, holding age and income at their median values and setting all bi-
nary variables to zero. Since compliance in the IV study is high, we consider the
estimate 75(X) without the artificial non-compliance as a reference estimate for

comparison. Our analysis shows that observational data treatment effects are
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upwardly biased, likely due to unobserved confounders such as financial liter-
acy. The 7(x) from Algorithm 5.1, shown with a dashed line for non-compliance
regions, closely aligns with 75(x) (excluding the artificial non-compliance). This
demonstrates that combining IV and observational data can effectively estimate
unbiased CATEs in real-world settings, offering a robust solution for causal in-

ference even in the presence of low compliance and unobserved confounding.

5.6 Conclusion

This study introduces a method that combines observational and instrumental
variable (IV) data to address unobserved confounders in observational studies
and low compliance in IV studies. Our two-stage framework first estimates bi-
ased CATEs from the observational data, then corrects them using compliance-
weighted IV samples. We explore two variations of our procedure: one that
models confounding bias parametrically, and another that leverages a shared
representation between the true and biased CATEs. Both methods are shown to
be consistent, validated through simulations and real-world applications. Our
approach holds significant promise for applications in digital platforms, per-
sonalized medicine, and economics, offering a robust tool for deriving reliable,
actionable insights from complex data. We discuss limitations of our work in

Appendix D .4.
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CHAPTER 6
EFFICIENT ADAPTIVE EXPERIMENTATION WITH NONCOMPLIANCE

This chapter is based on Oprescu et al. [2025].

We study the problem of estimating the average treatment effect (ATE)
in adaptive experiments where treatment can only be encouraged—rather
than directly assigned—via a binary instrumental variable. Building on semi-
parametric efficiency theory, we derive the efficiency bound for ATE estima-
tion under arbitrary, history-dependent instrument-assignment policies, and
show it is minimized by a variance-aware allocation rule that balances out-
come noise and compliance variability. Leveraging this insight, we introduce
AMRIV—an Adaptive, Multiply-Robust estimator for Instrumental-Variable
settings with variance-optimal assignment. AMRIV pairs (i) an online pol-
icy that adaptively approximates the optimal allocation with (ii) a sequential,
influence-function-based estimator that attains the semiparametric efficiency
bound while retaining multiply-robust consistency. We establish asymptotic
normality, explicit convergence rates, and anytime-valid asymptotic confidence
sequences that enable sequential inference. Finally, we demonstrate the practi-
cal effectiveness of our approach through empirical studies, showing that adap-
tive instrument assignment, when combined with the AMRIV estimator, yields

improved efficiency and robustness compared to existing baselines.

6.1 Introduction

Adaptive experimentation enables efficient estimation of treatment effects in
sequential settings by adjusting assignment strategies based on accumulating
data. Compared to traditional randomized controlled trials (RCTs), adaptive

designs can reduce estimation variance, thus accelerating discovery and limit-
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ing exposure to ineffective or harmful interventions. These methods are now
widely used across domains—from medicine to online platforms—and have
been formally endorsed by the U.S. Food and Drug Administration [GUID-

ANCE, 2018], driving both practical adoption and theoretical advances.

In many such settings, however, direct treatment assignment is not feasi-
ble or ethical. The treatment must instead be encouraged through a randomized
recommendation or design choice—often referred to as an instrumental vari-
able (IV)—leaving the final decision to the participant. This gives rise to non-
compliance, where the assigned encouragement and the actual treatment may
differ, and where self-selection based on unobserved factors introduces con-
founding that biases standard estimators. For instance, in a real TripAdvisor
experiment, users were exposed to different premium sign-up interfaces that
encouraged membership enrollment [Syrgkanis et al., 2019]. The actual treat-
ment—whether a user subscribed—could not be enforced, but the interface (the
instrument) could be randomized or adaptively adjusted. Similarly, in clinical
trials, a physician may recommend a new medication but cannot compel adher-
ence: the recommendation can be assigned, yet treatment uptake remains en-
dogenous. Related challenges arise in recommender systems and public health

interventions, where engagement or behavioral uptake is voluntary.

In such applications, reducing estimator variance is not merely a statistical
preference; it determines how quickly and confidently a study can reach conclu-
sions. Because high variance delays both the detection of harmful effects and the
confirmation of beneficial ones, adaptive designs that learn to allocate instru-
ments in variance-minimizing ways can mitigate these risks, yielding tighter
confidence sequences and enabling earlier, statistically valid stopping decisions.

Despite extensive work on adaptive designs for settings where treatment can be
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directly enforced [Hahn et al., 2011, Kato et al., 2020, Cook et al., 2024], adap-
tive experimentation under noncompliance, where treatment is voluntary but
encouragement can be adaptively controlled, remains largely unexplored, even

though it describes many real-world scenarios.

This work addresses this gap. We study the problem of estimating the
average treatment effect (ATE) in a sequential experiment where the experi-
menter can assign only a binary instrument, while the treatment itself is de-
termined endogenously. Building on the semiparametric framework of Wang
and Tchetgen Tchetgen [2018], which identifies the ATE under an unconfounded
compliance assumption and provides a multiply robust, efficient influence-
function-based estimator, we extend this framework to the adaptive setting.
Specifically:

e We derive the semiparametric efficiency bound and characterize the

variance-optimal adaptive policy that minimizes it through covariate-

dependent instrument assignment.

* We introduce AMRIV, an Adaptive, Multiply Robust estimator for IV
settings, which applies a sequential, plug-in version of the efficient influ-

ence function evaluated under the adaptive policy.

e We establish strong theoretical guarantees, including asymptotic nor-
mality, explicit convergence rates, multiply robust consistency, and time-
uniform asymptotic confidence sequences for valid inference at arbitrary

stopping times.

* We demonstrate practical effectiveness through both synthetic and semi-
synthetic studies, showing improved efficiency and robustness over non-

adaptive baselines and alternatives.
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In contrast to prior work on adaptive design with instruments [Gupta et al.,
2021, Chandak et al., 2024, Ailer et al., 2024, Zhao et al., 2024], our method fo-
cuses on point estimation of the ATE, achieves semiparametric efficiency, and
supports multiply robust inference under adaptation. To our knowledge, this is
the first method to bring the full suite of modern semiparametric tools—efficient
influence functions, adaptive policy learning, robust plug-in estimation, and

anytime-valid inference—to the adaptive IV setting under noncompliance.

6.2 Related Work

We provide a brief overview of related work here, with a more detailed discus-

sion in Appendix E.1.

6.2.1 Instrumental Variables ATE Estimation

ATE identification in IV settings has traditionally relied on structural equa-
tion models (SEMs) that impose parametric assumptions on the outcome and
treatment assignment mechanisms. More recent work has proposed flexible
alternatives—such as DeeplV [Hartford et al., 2017], kernel IV [Singh et al,,
2019], and orthogonal moment methods [Syrgkanis et al., 2019, Bennett et al.,
2019]—that enable conditional effect estimation in high-dimensional or non-
linear settings. However, these approaches do not directly target robustness
or semiparametric efficiency for the ATE. We instead build on the framework
of Wang and Tchetgen Tchetgen [2018], which establishes point identification
of the ATE via an unconfounded compliance assumption without requiring
SEMs. Their influence-function-based estimator achieves semiparametric effi-
ciency and is multiply robust, remaining consistent under partial nuisance mis-

specification. We extend this framework to the adaptive setting and use it as the
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foundation for our estimator.

6.2.2 Adaptive Experimentation for ATE Estimation

A large and growing literature studies adaptive designs where the treatment
itself can be directly assigned, with the goal of minimizing estimator variance
or its regret analogue. Early two-stage designs asymptotically achieve the semi-
parametric efficiency bound [Hahn et al., 2011], and fully sequential approaches
such as A2IPW attain variance-optimal Neyman allocation [Kato et al., 2020].
Subsequent extensions learn the allocation policy online [Kato et al., 2021] and
add principled policy truncation with the first anytime-valid confidence se-
quences [Cook et al., 2024]. Parallel work from an online-learning perspective
achieves sublinear or logarithmic "Neyman regret” via clipped or optimistic al-
gorithms [Dai et al., 2023, Neopane et al., 2025b,c], matches finite-sample lower
bounds under low-switching policies [Li et al., 2024], and extends to covariate-
adaptive and off-policy settings [Kato et al., 2024, Lee and Ma, 2024]. Together,
these methods form a mature toolkit—adaptive nuisance learning, cross-fitting,
policy truncation, regret-style allocation, and time-uniform inference—but all
assume the experimenter can randomize the treatment directly. Our work gen-
eralizes these efficiency guarantees to the less explored regime where only an

instrument can be assigned and treatment uptake is endogenous.

6.2.3 Adaptive Experimentation with Instrumental Variables

A small but growing literature explores adaptive design in settings where only
an instrument, rather than the treatment, can be assigned. Closest to our work is
Chandak et al. [2024], who propose a practical influence-function-based proce-
dure to reduce prediction error in nonparametric IV regression. However, they

focus on prediction accuracy and do not address semiparametric efficiency or
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Figure 6.1: Adaptive experimentation with noncompliance. Left: causal struc-
ture of the sequential experiment, where Blue elements denote learned or as-
signed quantities (m;, Z;), orange elements represent observed variables (X;, A,
Y:), and the dashed red arrow indicates noncompliance (A«(Z;) # Z:). Right:
schematic comparison of confidence-sequence contraction under adaptive vs.
non-adaptive assignment, illustrating earlier stopping with the adaptive policy.

robustness to nuisances. Other approaches focus on partial identification [Ailer
et al., 2024], adaptive data acquisition [Gupta et al., 2021], or regret minimiza-
tion in bandit-style settings with endogeneity [Zhao et al., 2024, Della Vecchia
and Basu, 2025]. In contrast, our goal is to enable efficient and robust adaptive
ATE estimation under noncompliance, providing the first efficient and multiply

robust estimator for this setting.

Additional related work on semiparametric inference, multiply robust esti-

mation, and confidence sequences is discussed in detail in Appendix E.1.

6.3 Background and Setup

We consider the problem of estimating the average treatment effect (ATE) of a
binary treatment A € {0, 1} on a real-valued outcome Y € R, in the presence of
unobserved confounding, within an adaptive experimental setting. We adopt
the potential outcomes framework, where each unit is associated with two po-
tential outcomes, Y(0) and Y (1), corresponding to the outcomes under control

and treatment, respectively. However, only the realized outcome Y = Y(A), cor-
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responding to the treatment actually received, is observed.

Each unit is also associated with covariates X € R™, and we assume that the
random variables (X, Y(0),Y (1)) are jointly distributed according to some un-

known distribution P. Our goal is to estimate the ATE given by:
7= E[Y(1)] - E[Y(0)].

Because direct treatment assignment may be infeasible, we rely on a binary in-
strumental variable Z € {0, 1} that influences treatment uptake. The instrument
can be interpreted as a recommendation or encouragement—something the ex-
perimenter can assign, unlike the treatment itself. We denote by Y(a, z) the po-
tential outcome under treatment level a and instrument value z, and by A(z) the
potential treatment that would be taken under instrument assignment z. Non-
compliance arises when the potential treatment does not follow the instrument,
i.e., A(z) # z, reflecting endogenous treatment selection. Equivalently, a unit

complies if its treatment adheres to the assigned instrument (A(z) = z).

The experiment proceeds over T € N rounds. At each round t, a new unit
with covariates X; is drawn from P. The experimenter observes X; and selects an
instrument value Z; ~ m(- | Xi, Hi-1), where 7; is an adaptive policy that depends

on the current covariates X; and past observations
Hi1 = {(X1,Z1, A, Y1), - ooy (Keet, Ziea, A, Yee)

This allows the instrument-assignment policy to evolve over time based on
accumulated data. Following the instrument assignment Z;, the treatment
A = Ai(Zy) is realized, and the outcome Y, = Y (A, Z;) is observed. The full obser-
vation at time t is thus (X, Z;, Ay, Yi). After T rounds, the experimenter estimates
the ATE from accumulated data Hr = {(Xi, Zi, Aj, Yi)}iT:l. We emphasize that, un-

like in standard adaptive experiments for ATE estimation, the experimenter in
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our setting cannot assign the treatment directly. Instead, they can only assign the

instrument Z, and treatment uptake is determined endogenously.

To identify the ATE under endogenous treatment selection (that may be in-
fluenced by unobserved confounders), we adopt standard instrumental variable
assumptions, as well as the unconfounded compliance condition introduced in

Wang and Tchetgen Tchetgen [2018]. We summarize these below.

Assumption 6.1 (Standard IV Assumptions). The following properties hold:
(Exclusion) Y (a,z) = Y(a)—the instrument affects the outcome only through the
treatment; (Independence) Z 1 U | X—the instrument is independent of unob-
served confounders U given covariates; and (Relevance) Cov(Z,A | X) # 0—the

instrument has an effect on treatment uptake for almost every X.

Assumption 6.2 (Unconfounded Compliance, from [Wang and Tchetgen Tch-
etgen, 2018]). The treatment effect is independent of compliance status given

covariates: Y (1) — Y(0) L A(1) — A(0) | X.

Assumption 6.1 is standard in the IV literature and ensures instrument valid-
ity. The independence assumption can often be satisfied by design, e.g., via ran-
domization. While sufficient for identifying the local average treatment effect
(LATE), these assumptions do not identify the ATE under effect heterogeneity or
treatment endogeneity. To enable ATE identification, we invoke Assumption 6.2
from Wang and Tchetgen Tchetgen [2018], which assumes the treatment effect is
mean-independent of compliance type given covariates, ruling out interactions

with unobserved confounding.

Remark 6.3 (Interpretation under violations of Assumption 6.2). If Assump-
tion 6.2 does not hold, the ATE is no longer point-identified. The estimand then

shifts to the average conditional local average treatment effect (ACLATE), which
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averages treatment effects among instrument-responsive individuals (compli-
ers) across covariate strata. The ACLATE remains identified and interpretable,
capturing how causal effects vary among compliers when compliance is con-

founded and cannot be fully controlled.

With Assumption 6.1 and 6.2, the ATE can be point-identified. For notational
convenience, we define the instrument-induced outcome and treatment models
1 (z,X):=E[Y|Z=12X]and p*(z,X) := E[A| Z = z, X] for z € {0, 1}. The ATE can
then be expressed as (Theorem 1 from [Wang and Tchetgen Tchetgen, 2018]):

PLX) —p QX)) [67(X)
*LHA@, X) - A0, X)] o [6’*00]’

T=E (6.1)

where 6"(X) and 6*(X) denote the instrument-induced shifts in outcome and
treatment, respectively. We refer to 6*(X) as the compliance score, representing

the instrument’s effect on treatment uptake.

In the non-adaptive setting, where the instrument assignment policy is fixed
over time—i.e., m(1l | X, Hi_1) = n(X)—Wang and Tchetgen Tchetgen [2018] (The-
orem 5) derive the efficient influence function (EIF) for the ATE estimator in
Equation 6.1. Let ni(x), 7(X) := {u" (0, X), u*(0, X), 6*(X), 5(X)} denote the nuisances,
where §(X) := 6"(X)/6"*(X). The (Recentered) EIF is then given by

o(X,Z,A,Y; 1) (6.2)

~ 2Z -1 1
— Za(X) + (1 = 2)(1 - 7(X)) 6A(X)

[Y = AS(X) = 1" (0. X) + (0, X)5(X) | + 6(X).

The corresponding estimator—known as the multiply robust instrumental
variables estimator (MRIV) [Wang and Tchetgen Tchetgen, 2018, Frauen and
Feuerriegel, 2023]—uses plug-in estimates of nuisance functions within the re-
centered efficient influence function. It attains the semiparametric efficiency
bound when all nuisances are correctly specified and remains consistent under

partial misspecification.
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We extend this framework to the adaptive setting, where the instrument as-
signment policy m; evolves with accumulating data. We characterize the op-
timal adaptive policy that minimizes asymptotic variance and develop AM-
RIV, an Adaptive Multiply Robust IV estimator that combines adaptive pol-
icy learning with sequential influence-function-based estimation. Our method
achieves semiparametric efficiency, ensures multiply robust consistency, and en-

ables valid time-uniform inference.

Notation We write m(X; | Hi1) = m(l | Xi, Hi-1) for the probability of as-
signing Z; = 1 given covariates and history. The L, norm of a function f is
Ifll. := Ep[f(X)2]¥2 and f; denotes an estimate of f based on t samples. We
use E to denote empirical expectations computed from data. Notation used

throughout the chapter is summarized in Appendix E.2 (Table E.1).

6.4 Efficiency Bounds and Optimal Instrument Assignment

To guide optimal experiment design under the IV setting, we derive the semi-
parametric efficiency bound for ATE estimation under a fixed instrument policy
n(X). This characterizes the variance-minimizing allocation strategy and moti-

vates our adaptive estimator.

Theorem 6.4 (Semiparametric Efficiency Bound). Under Assumption 6.1 and 6.2,

the semiparametric efficiency bound for estimating the ATE 7 is given by

1 (02(1, X)  2(0,X)

Veg(mr) :=E [5A(X)2 7(X) * 1 —n(X)

) +(6(X) - T)Z] : (6.3)
where (2, X) = Var(Y — Aé(X) | Z = z, X).

Corollary 6.5 (Optimal Instrument Assignment). The assignment policy n*(X) that
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minimizes the efficiency bound in Theorem 6.4 is given by

Vo?(1, X) (6.4)

7' (X) = .
Vo2(1, X) + 1/a2(0,X)

Proofs of Theorem 6.4 and Corollary 6.5 are included in Appendix E.5.

Drivers of Efficient Allocation From Corollary 6.5, the optimal assignment
policy n*(X) allocates more weight to the arm z with higher residual variance

Var(Y — A6(X) | Z = z, X), where

Var(Y = A6(X) | Z =2, X) = Var(Y | Z =7, X) + 6(X)* Var(A | Z = z, X)

—25(X) Cov(Y,A| Z =z, X).

This expression reveals that, unlike in standard adaptive ATE estimation, the
residual variance depends jointly on both outcome noise (Var(Y | Z = z, X)) and
compliance noise (Var(A | Z = z, X)). When compliance is more uncertain in one
arm, the estimator becomes noisier in that region, leading the optimal policy to

allocate more probability mass to that arm to compensate.

Connection to Neyman Allocation In the special case of perfect compliance
(when A(Z) = Z), the treatment is fully determined by the (conditionally) ran-
domized instrument and our setting becomes the classical adaptive ATE esti-
mation scenario. In this setting, Var(Y — Aé(X) | Z = z,X) = Var(Y — A5(X) |

A =12X) = Var(Y | A = z,X) and thus the optimal allocation reduces to

VVar(Y[A=1,X)
VVar(Y|A=0,X)+ vVar(Y[A=1,X)

which exactly matches the classical Neyman allocation
for minimizing the variance of a difference-in-means estimator [Neyman, 1992,
Kato et al., 2020]. This highlights that our policy generalizes Neyman allocation
to settings with noncompliance and endogenous treatment, adjusting for both

outcome and compliance-driven noise.
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Figure 6.2: Variance-optimal instrument-assignment policy 7*(X) as a function
of the compliance score 6*(X). The figure compares the adaptive IV allocation
rule with classical Neyman allocation as compliance varies.

Motivating Illustration Consider an example with one-sided noncompliance—
treatment is only accessible to those who receive the instrument, so (0, X) = 0.
This captures scenarios such as vaccine access, product rollouts, or behavioral
nudges. Let compliance vary with X € R via §4(x) = p*(1,x) = o(-2x), and
let outcomes follow Y = f(A, X) + UA + €5, where u is a fixed unobserved con-
founder and ea ~ N(0,A + 4(1 — A)), with higher variance in the control arm.
As shown in Figure 6.2, the optimal policy 7*(X) approaches Neyman allocation
when 64(X) — 1, but shifts toward uniform allocation when §*(X) — 0. This
reflects a key design intuition: under low compliance, assigning more units toZ = 1

compensates for scarce treatment uptake, helping preserve estimator efficiency.

6.5 Adaptive Estimation of the Average Treatment Effect

We propose an adaptive framework for estimating the ATE in sequential exper-
iments with a binary instrument. Our goal is to minimize the semiparametric
efficiency bound from Theorem 6.4 by combining: (1) instrument assignment

via a data-driven policy m(X; | H;-1) that approximates the optimal allocation
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n*(X); and (2) treatment effect estimation using an adaptive plug-in version of
the multiply robust estimator from Equation 6.2. Although the theory assumes
per-round updates, the method also applies in batch settings with fewer up-

dates. We detail both components below.

6.5.1 Adaptive Instrument Assignment

To stabilize nuisance estimation, we begin with a burn-in phase of Ty < T rounds
using a fixed policy minit(X), such as uniform randomization. From round T, +
1 onward, instruments are assigned via a data-driven policy m(X | H;_1) that
approximates the optimal allocation in Corollary 6.5. Specifically, we compute

a plug-in estimate m;(X | Hi_1) as

VoL X)

700+ 7, X)

(X | Hia) = (6.5)

where o2 |(z, X) is an estimate of the conditional residual variance Var(Y —A§(X) |
Z = 1,X) based on data in H;_;. We then apply a truncation step to 7 (X | H;_1)

(see below) to obtain the final assignment policy m(X | H;_1) used at time t.

Residual-variance estimation One option for estimating 2 ,(z, X) is through

the decomposition
Var(Y — AS(X) | Z =z, X) = B[(Y = A6(X))? | Z = z, X] — (" (0, X) — *(0, X) 6(X))°.

We proceed in two stages: (i) fit @', (0, X), 7*,(0, X) and 6, 1(X) using H; 1; (ii)
form residuals Ri_; = Y — Aa_l(X) and regress /R?_l on (Z, X) to obtain S;_1(z, X) :=

E[R%, 1Z =zX].

Unbiased two-stage estimation via cross-fitting To mitigate finite-sample
bias in estimating o2 ,(z, X), we apply the sequential cross-fitting scheme of

Waudby-Smith et al. [2024a]. Thus, we split H;_; into two temporal folds
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HY = (X, Zi,A,Y:) - i€ [t—1]i mod2 = j}, j € (0,1}, fit 61 on one and
compute residuals ’R\tz_l on the other, and vice-versa. The combined residuals are
R2

used to regress R? | on (Z,X) to estimate Si_4(z, X). Since 1 ; and ', do not

depend on other nuisances, they can be learned on the full history #;_;.

Nuisance learners Any sequentially consistent nonparametric regressor can
be used for i ,, 1t ,, and S;_y, e.g. K-NN [Yang and Zhu, 2002], kernel smoothers
[Qian and Yang, 2016], random forests [Wager and Athey, 2018b], or neural nets
[Schmidt-Hieber, 2020]. ﬁtA_ , may also be estimated via these methods or a clas-
sifier such as logistic regression. We compute &;_1(X) = a_l(X) //6\IA_ 1(X), where a{_l

is estimated via either a difference of regressions i) ; (1, X) — 2 , (0, X) or a direct

IPW-style regression /HE?[MI%X) - 11%__1%))() | X]. An estimate of E{*_ 1(X) is obtained

analogously by replacing Y with A.

To guarantee non-negativity of the estimated variances, we define o , (z, X) as

AZ (Si1z. X) = @4 (0. X) =70, (0. X) 61 (X))?} if -} >0
o 4(2,X) = (6.6)

£ otherwise
for a small constant € > 0.

Remark 6.6 (Choice of nuisance and variance estimators). Sequential cross-fitting
removes the need for restrictive conditions (e.g., Donsker)—standard nonpara-
metric convergence rates suffice for the guarantees in our main theorems. In
practice, any consistent learner (e.g., K-NN, random forests, or neural networks)
can be used, depending on data structure and sample size (see Appendix E.3).
The variance estimator in Eq. (6.6) ensures non-negativity via a small floor &,
though fully nonnegative alternatives such as self-normalized kernel estimators
may also be used. Appendix E.3 further discusses these options and outlines

online or streaming implementations that avoid full data storage.
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Truncation for Finite-Sample Stability Following recent work on adaptive
ATE estimation without endogenous treatment assignment (e.g., [Cook et al.,
2024, Dai et al., 2023, Neopane et al., 2025b]), we apply a truncation scheme to
stabilize the assignment policy m(X | H;_1). After computing the raw plug-in

policy m(X | Hi-1) via Eq. (6.5), we define the truncated policy m(X | Hi_1) as

(X | Hi_g) := min {1 - kl max {%,%}(X | ?{t_l)}}, (6.7)

where k; € [2, o) is a truncation parameter satisfying ki — co ast — oo. Trunca-
tion ensures that the instrument assignment probabilities remain bounded away
from 0 and 1, thereby improving finite-sample stability and leading to better

theoretical guarantees.

6.5.2 AMRIV: Adaptive Multiply Robust Estimation of the ATE

We now introduce our estimator, AMRIV, which adaptively estimates the ATE
using the recentered efficient influence function in Eq. (6.2) evaluated on se-
quentially updated plug-in estimates of nuisance functions. The estimator is

defined as
1 J
??MRIV = ? ; (X, Zt, Ar, Y 7Tt,77\t), (6.8)

where 7, = {1 (0, X), 0, (0, X),;‘S\tA_ 1(X),a_1(X)} denotes plug-in estimates of the
nuisance functions at time t, constructed solely from the past data H;_; (Note:
the instrument assignment policy m(X | Hi_1), defined by the experimenter
based on the estimated optimal rule from Section 6.5.1, is treated as known
and does not require further estimation from data). This construction confers
the estimator 72MRY a near-martingale structure, that is, it can be written as the
sum of a true martingale difference sequence and a remainder term of order

0p(T /2, enabling, as we will show in Section 6.6, valid asymptotic inference

under sequential dependence.
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Algorithm 6.1 AMRIV: Adaptive Multiply Robust IV Estimation

Input: Burn-in period Ty; initial policy minit(X); regression/classification learn-
ers for ,uY (z, X), u?(z, X), 6(X), 6*(X), s(z, X)

1: fort = ., T do

2 Observe covariates X;

3: ift < T, then

4: Assign Z; ~ Bern(minit(Xt))

5 else

6 Estimate nuisance functions 7' (0,X), *,(0,X), 61(X), and

Si-1(z, X) from H;_; using cross-fitting

7: Compute 2 ,(z, X) using Eq. (6.6)
8 Compute plug-in assignment probability

~ T2 (LX)

m(X | Hia) = — —

VT2L0.X) + \J77,(1, %)
9: Apply truncation to obtain
: 1 1 _
(X | Hi—1) := min {1 s max{k_’ m(X | 7’&—1)}}
t t

10: Assign Z; ~ Bern(mi (X | Hi-1))
11: end if
12: Observe instrumented treatment A; = A(Z;) and outcome Y; = Y (Ay)

13: Construct 7 = {1 (0, X), 1, (0, X), t_l(X), S (X))
14: Compute ¢ = ¢(Xt, Zt, Ay, Y, i, 7t) using Eq. (6.9)
15: end for

6: return T?MRV = 1 377 4

Nuisance Estimation The nuisances 1 (0, X), 72, (0, X), 6 ' (X), 611(X) can be
estimated using any flexible nonparametric regression method applied to the
historical data H;_;. To reduce computational overhead, we can reuse the esti-
mates of i} ,(0, X) and 1", (0, X) previously obtained for instrument assignment
in Section 6.5.1. Similarly, the estimate of 6,_1(X) can be formed by averaging
the cross-fitted estimates & ’TO) and § Tl)l, trained on the two data folds H,” (O) and

7_{(1)

t1, respectively. The only remaining component is o] # 1(X), which must be esti-
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mated separately if it was not already computed as part of the 6, 1(X) estimation
pipeline.
For completeness, the final estimate of the (R)EIF at time t is given by

27y -1 1

Xt, Zt, At Ye; e, 1) = =
P 2o Ao Yoi 1) Zemy(Xe | He-1) + (1 = Zo)(1 = me(Xe | Hi-1)) 52 (Xq)

[ Ye = Ada(Xe) =11 (0, X0) + T4 0, X)or-1(Xe)| + 5r-a(Xe)  (6.9)

where all quantities are constructed from H;_;. The full procedure is summa-
rized in Algorithm 6.1. Unlike prior adaptive ATE methods without IVs, the
estimator TPMRY = 1 ST 6(Xy, Zi, Ay, Ye; 1, 77) cannot be written as a martingale
difference sequence. Hence, standard MDS central limit theorems do not ap-

ply directly, and we must instead decompose the estimator to recover a suitable

martingale structure.

6.6 Theoretical Guarantees

This section provides theoretical guarantees for the AMRIV estimator. We es-
tablish its asymptotic normality, characterize its convergence rates, and demon-
strate its multiply-robust consistency. Furthermore, in Appendix E.4, we con-
sider the sequential inference setting and derive asymptotically-valid, time-

uniform confidence sequences for the AMRIV estimator.

6.6.1 Efficiency and Asymptotic Normality of the AMRIV Estimator

We start by establishing the asymptotic properties of the AMRIV estimator

TAMRIV We first introduce the following assumption:

Assumption 6.7 (Bounded Outcomes and Nuisances). The potential outcomes

and nuisance function estimates are uniformly bounded. That is, there exists a

124



constant C > 0 such that, for all t and X,
Vi), V(DI <C, T (0. X)), (0, X)L, [8: (91, [ ()™ < C.

This boundedness assumption is standard in influence-function-based ATE esti-
mation and ensures stability of the estimator. With this assumption in place, we

now state our main result on the asymptotic efficiency of the AMRIV estimator.

Theorem 6.8 (Asymptotic Normality of the AMRIV Estimator). Suppose As-
sumptions 6.1, 6.2 and 6.7 hold and there exists a non-adaptive policy n(X) € [€,1 — €]
for some € > 0 such that the nuisances estimates 1, and the adaptive assignment policy
m(X | Hi_1) are Ly-consistent relative to the truncation schedule, i.e. ktllfz_l - fl, =
0p(1) and kilm — #ll; = 0p(1) for f € {u"(0,-), u*(0, ), 5(-), 6*(-)}. Furthermore, assume

110e_1 —6||2|k/5\tA_ 1= 02 = 0p(t™*2). Then, the AMRIV estimator is asymptotically normal:
d
VT (MR — 1) =5 N (0, Veg(m)). (6.10)

where Vo is defined in Theorem 6.4. In particular, if we have n(X) = *(X), then T3 MRIV

is semiparametrically efficient.

The key insight behind Theorem 6.8 is that the AMRIV estimator admits
the following near-martingale decomposition: VT (#2MRY — 1) = T (% S Zt) +
VT (% Zthl mt), where z; = ¢(X, Zt, Ar, Yi; i, 17) — 7 is a martingale difference se-
quence (MDS), and m; = ¢(Xt, Zt, A, Yi; e, 1t) — ¢(Xs, Zt, Av, Yi; 7, ) is an asymptot-
ically vanishing term that captures the impact of estimating the nuisance func-
tions. The first term satisfies a central limit theorem for MDS under standard
Lindeberg-type conditions [Zhang et al., 2021], while the second is controlled by
the L,-consistency of the nuisance estimates. We formalize this in Appendix E.6.
Importantly, this result holds under mild assumptions: we only require L, con-

vergence (no pointwise convergence or Donsker conditions [Bickel et al., 1993]),
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bounded outcomes and nuisance estimates, and L,-consistency of the nuisance
components w.r.t. the truncation schedule. This allows AMRIV to accommodate

tlexible, data-dependent policies and sequential nuisance estimation.

The truncation schedule k; plays a central role by ensuring positivity of
mi(X)—-crucial for variance control—while still allowing 7 to approach an op-
timal policy n* as ki — oo. For this to hold, we must ensure lim_,. ki >
SUpy ﬁ, so the truncation threshold does not constrain the optimal alloca-
tion in the limit and semiparametric efficiency can be achieved (see last line
in Theorem 6.8). This mirrors tradeoffs in efficient ATE estimation [Cook
et al.,, 2024], where adaptive truncation stabilizes estimation without distort-
ing the estimator asymptotically. In practice, when the plug-in policy 7; is uni-
formly bounded away from 0 and 1, truncation becomes unnecessary: setting

ki = 1/ miny{m(X), 1 — m(X)} ensures m; = 7 for all t.

6.6.2 Consistency Guarantees under Partial Nuisance Misspecification

As shown in Theorem 6.8, the convergence rate of AMRIV is primarily gov-
erned by the estimation error of S5(X) and 6*(X). This reflects its multiply robust
property: AMRIV remains consistent even when other nuisance components
are misspecified. This robustness goes beyond prior work on IV methods in
adaptive settings, where such guarantees were not established. The next two

results formalize AMRIV’s convergence rate and multiply robust consistency.

Theorem 6.9 (Convergence Rate of the AMRIV Estimator). Suppose Assump-
tions 6.1, 6.2 and 6.7 hold, and that there exists a non-adaptive policy n(X) € [€,1 — €]
for some € > 0 such that the adaptive policies m satisfy Killmy — nll, = 0p(1). Let

7 = {100, ),7*0, ), 6(-), 6*(-)} denote a possibly misspecified limit of the nuisance
functions, and suppose that ktllft\_l - ﬂ|2 = 0p(1) for each fe n. Then the AMRIV
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estimator satisfies
VRV — 2| = 0p(T %) + O (16} — " alioT = dllz) (6.11)

Corollary 6.10 (Multiply Robust Consistency Guarantees). Under the conditions
of Theorem 6.9, if either 6, or 6" is Ly-consistent, then the AMRIV estimator TAMRIV s

consistent for T.

We provide a proof of Theorem 6.9 and Corollary 6.10 in Appendix E.7. An
immediate consequence of Theorem 6.9 is that if both ;S\(X) and EA(X) converge
at rate 0,(T /%), AMRIV achieves the parametric Op(T */?) rate. This is usually
attainable under mild regularity conditions, even with flexible nonparametric
models. Furthermore, Corollary 6.10 shows that AMRIV inherits the multiply
robust property from its static counterpart [Wang and Tchetgen Tchetgen, 2018,
Frauen and Feuerriegel, 2023]. In the static setting, the MRIV converges if either
(i) @' (0,-), 70, ), § are correctly specified, (ii) both 7 and & are, or (iii) 7 and &
are. However, in the adaptive setting, we can establish a stronger result: even
if the outcome-related nuisance functions z} (0, ) and (0, -) are misspecified,
AMRIV is still consistent as long as one of 6 or 6, converges. This is due to
the adaptive setting design where we control the instrument assignment ;(X; |
H,-1) which confers robustness to misspecification in zz{ (0, ) and (0, -). Thus,
our adaptive generalization preserves the multiple robustness property, making
it particularly well-suited for practice where some nuisance components may be

difficult to estimate reliably.

6.7 Experimental Results

We demonstrate the practical effectiveness of our approach in both synthetic

and semi-synthetic studies. In each setting, we compare our estimator (AMRIV)
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Figure 6.3: Performance of AMRIV and baseline estimators as a function of sam-
ple size T in the synthetic adaptive-IV experiment. (a) Efficiency: Normalized
MSE relative to an oracle benchmark. (b) Consistency: MSE + standard errors.
(c) Coverage: Empirical coverage of nominal 95% confidence intervals.

to its non-adaptive counterpart (AMRIV-NA), which assigns the instrument
uniformly at random; the plug-in direct method from Eq. (6.1) (DM) and its non-
adaptive version (DM-NA); the A2IPW estimator of [Kato et al., 2020]; and two
oracle baselines: a fully oracle-efficient estimator using the true nuisance func-
tions (Oracle) and a non-adaptive version (Oracle-NA). To assess robustness,
we also evaluate misspecified variants of AMRIV and DM—denoted AMRIV-
MS and DM-MS—in which the §(X) estimator is deliberately misspecified.

Across both experiments, we evaluate three desiderata: (i) efficiency, mea-
sured by normalized MSE relative to the Oracle estimator; (ii) consistency, as-
sessed via MSE decay with sample size T; and (iii) coverage, computed from em-
pirical 95% confidence intervals. We implement all estimators using Random
Forests (RF, [Breiman, 2001]) and update the nuisance estimates in mini-batches
for efficiency. Further implementation details, including model hyperparame-
ters and ablations, are provided in Appendix E.8. The replication code is avail-

able at https://github.com/CausalML/Adaptive-1IV.

6.7.1 Simulation Studies with Synthetic Data

We construct a synthetic environment with one-sided noncompliance, where

the treatment A is only accessible to those who receive the instrument Z = 1. At
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each time t, we sample covariates X;, assign the instrument Z; ~ m(X; | Hi-1),
and realize A; = CiZ;, where C; is a latent compliance indicator sampled from
Bern(6*(X;)). The outcome Y; depends on A;, X;, an unobserved confounder Uy,
and heteroskedastic noise. The full data-generating process is detailed in Ap-

pendix E.8.1.

We set T = 2000, To = 200, and run 1000 trajectories. All estimators are up-
dated in batches of size b = 200 and implemented using Random Forests (RFs)
when applicable. For the adaptive estimators, we use the truncated optimal pol-
icy in Eq. (6.7), with truncation schedule k; = 2/0.999". AMRIV uses RF classifiers
for 64(X) (clipped at 0.01) and RF regressors for u" (z, X), while §(X) is computed
via the plug-in ratio. A2IPW follows Kato et al. [2020] with Neyman allocation
and RF regressors. To induce misspecification, we replace u" (1, X) with the con-
stant E[u" (1, X)], flattening outcome heterogeneity. Figure 6.3 summarizes the

experimental results.

Adaptivity As shown in panel (a), adaptive design consistently improves the
efficiency of all estimators. AMRIV approaches the oracle benchmark despite
using estimated nuisances, while AMRIV-NA exhibits a constant efficiency gap
due to suboptimal allocation. This illustrates how adaptivity enables more ef-
fective data collection: by dynamically allocating instruments to regions of high
uncertainty, AMRIV concentrates sampling effort where it contributes most to
precision. The effect is particularly evident under one-sided noncompliance,
where asymmetries in both outcome and compliance variance make uniform al-
location especially inefficient (Theorem 6.4). Panel (a) also confirms that AMRIV
and AMRIV-NA converge at the expected Op(T */?) rate (Theorem 6.9), whereas
DM and DM-NA converge more slowly, as their normalized MSE grows with

the sample size T.
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Consistency Panel (b) confirms that AMRIV, AMRIV-NA, and DM converge
to the true 7, with AMRIV variants achieving lower error due to variance-aware
allocation. In contrast, A2IPW is biased and fails to converge, as expected, since
it does not correct for unobserved confounding in treatment selection. The com-
parison further highlights the importance of robust nuisance estimation: DM-
MS diverges when §(X) is misspecified, while AMRIV-MS remains consistent.
This robustness reflects the multiply-robust property formalized in Theorem 6.9,
which ensures consistency as long as either the compliance model or the out-
come model is estimated correctly—an especially desirable feature in practice

when some nuisance components are difficult to learn reliably.

Coverage In panel (c), we evaluate the empirical coverage of 95% asymptotic
confidence intervals. Only AMRIV and AMRIV-NA achieve nominal coverage,
consistent with our theoretical guarantees (Theorem 6.8). The misspecified and
plug-in methods under-cover, with DM and A2IPW performing particularly
poorly as T grows, owing to finite-sample bias and unaddressed confounding
bias, respectively. AMRIV-MS provides partial correction but still falls short of
nominal coverage, consistent with the requirement that 6(X) be estimated con-

sistently for asymptotic validity.

6.7.2 Simulation Studies with Semi-Synthetic Data

We also evaluate AMRIV on a semi-synthetic dataset based on the TripAdvisor
customer simulator from Syrgkanis et al. [2019], where we use customer features
as covariates X, a simulated signup prompt as the instrument Z, and subscrip-
tion revenue as the outcome Y. The DGP and oracle nuisances are described
in Appendix E.8.2. Results are consistent with the synthetic setting: adaptive

instrument assignment improves efficiency, AMRIV achieves superior coverage
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and consistency, and robustness holds under partial misspecification.

Overall, these findings confirm that pairing adaptive design with the AM-
RIV estimator improves efficiency, enhances robustness, and yields more reli-

able inference than non-adaptive baselines.

6.8 Conclusion

We develop AMRIV, an adaptive, multiply robust estimator for ATE estimation
in experiments where treatment can only be encouraged via a binary instru-
ment. Our approach (i) derives the semiparametric efficiency bound and op-
timal assignment policy, (ii) constructs a sequential estimator that attains the
bound under adaptive allocation, (iii) provides asymptotic normality, conver-
gence rates, and multiply robust consistency, and (iv) supports valid inference
through time-uniform confidence sequences. Empirical results on synthetic
and semi-synthetic data confirm that adaptive instrument assignment improves
both efficiency and robustness over non-adaptive baselines. This work repre-
sents a step toward principled, data-efficient experimentation in real-world set-
tings where compliance is optional and uncertainty is unavoidable. We discuss

limitations and broader impacts in Appendix E.9.
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CHAPTER 7
GST-UNET: A NEURAL FRAMEWORK FOR SPATIOTEMPORAL CAUSAL
INFERENCE WITH TIME-VARYING CONFOUNDING

This chapter is based on Oprescu et al. [2025].

Estimating causal effects from spatiotemporal observational data is essen-
tial in public health, environmental science, and policy evaluation, where ran-
domized experiments are often infeasible. Existing approaches, however, ei-
ther rely on strong structural assumptions or fail to handle key challenges such
as interference, spatial confounding, temporal carryover, and time-varying con-
founding—where covariates are influenced by past treatments and, in turn, af-
fect future ones. We introduce the GST-UNet (G-computation Spatio-Temporal
UNet), a theoretically grounded neural framework that combines a U-Net-
based spatiotemporal encoder with regression-based iterative G-computation
to estimate location-specific potential outcomes under complex intervention se-
quences. GST-UNet explicitly adjusts for time-varying confounders and cap-
tures non-linear spatial and temporal dependencies, enabling valid causal in-
ference from a single observed trajectory in data-scarce settings. We validate
its effectiveness in synthetic experiments and in a real-world analysis of wild-
fire smoke exposure and respiratory hospitalizations during the 2018 Califor-
nia Camp Fire. Together, these results position GST-UNet as a principled and
ready-to-use framework for spatiotemporal causal inference, advancing reli-

able estimation in policy-relevant and scientific domains.

7.1 Introduction

Environmental hazards, public health interventions, and socio-economic poli-

cies often require understanding complex cause-and-effect relationships across
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space and time [Reid et al., 2016b, Papadogeorgou et al., 2019b, Song et al., 2020].
For instance, evaluating the health impacts of air quality regulations requires as-
sessing how interventions influence both immediate outcomes and downstream
effects across regions. Such applications demand robust tools for estimating

causal effects from observational spatiotemporal data.

However, causal inference in spatiotemporal settings poses unique chal-
lenges. Outcomes are influenced not only by local covariates and interventions
but also by those of neighboring regions (spatial confounding and interference).
Effects may persist and accumulate over time (temporal carryover), and covari-
ates often evolve in response to past interventions while simultaneously affect-
ing future ones (time-varying confounding). For example, air quality regula-
tions are often implemented in reaction to recent pollution levels and hospi-
talizations, which themselves shape future exposures and health outcomes—
creating feedback loops that violate standard independence assumptions. These
complexities induce bias in naive estimators and are especially challenging in

single-trajectory settings, where replication across units or time is infeasible.

Existing approaches offer limited solutions: classical methods rely on rigid
structural assumptions or user-defined exposure mappings, while recent neu-
ral models emphasize predictive accuracy over causal identification. Many as-
sume independent time series or model only spatial correlations, leaving a gap
in methods that can jointly address interference, temporal dependencies, and

evolving confounding within a principled causal framework (see Section 7.2).

To bridge this gap, we introduce the GST-UNet (G-computation Spatio-
Temporal UNet), a theoretically grounded neural framework for estimat-
ing location-specific potential outcomes in spatiotemporal settings with time-

varying confounding. GST-UNet builds on formal identification and consis-
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tency results derived under a representation-based time-invariance assumption,
showing how causal effects can be recovered from a single observed trajec-
tory. We then instantiate this theory in a practical neural architecture: a U-
Net encoder with ConvLSTM and attention modules coupled to an iterative
G-computation procedure that performs recursive causal adjustment over time.
To ensure stable estimation over long horizons, we design a curriculum-based
training strategy that gradually refines recursive pseudo-outcomes, enabling ef-
fective learning even in data-scarce regimes. Unlike existing approaches, GST-
UNet requires no user-specified structural models and can be directly deployed

in real-world spatiotemporal applications.

Our contributions are threefold: (1) We develop the first unified frame-
work that couples theoretical identification and consistency guarantees with an
end-to-end neural implementation for spatiotemporal causal inference; (2) We
demonstrate through controlled simulations that GST-UNet robustly handles
interference, temporal carryover, and time-varying confounding; and (3) We il-
lustrate its practical value via a real-world analysis of wildfire smoke exposure

and respiratory hospitalizations during the 2018 California Camp Fire.

In summary, GST-UNet provides a principled and ready-to-use framework
for causal inference from spatiotemporal data, combining formal guarantees
with a flexible neural implementation. By abstracting away model-specific as-
sumptions, GST-UNet makes spatiotemporal causal estimation both accessible

and reliable for applied scientific and policy domains.

7.2 Related Work

We summarize the most relevant prior work here, with a more detailed discus-

sion in Appendix E.1.
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Classical Spatiotemporal Causal Inference Early approaches to spatiotem-
poral causal inference (e.g., spatial econometrics [Anselin, 2013], difference-in-
differences [Keele and Titiunik, 2015], synthetic controls [Ben-Michael et al.,
2022]) rely on strong assumptions such as parallel trends and no interfer-
ence. More recent methods incorporate time-varying confounding using in-
verse propensity weighting (IPW) and marginal structural models [Papadoge-
orgou et al., 2022, Zhou et al., 2024], but cannot address interference unless
via user-specified exposure mappings or hyper-local assumptions [Wang, 2021,
Christiansen et al., 2022, Zhang and Ning, 2023]. As noted by Zhou et al. [2024],

the literature remains sparse, especially in settings with rich feedback dynamics.

Machine Learning for Spatiotemporal Modeling Deep learning models for
prediction—e.g., CNNs and RNNs [Shi et al., 2015, Zhang et al., 2017], graph-
based methods [Li et al., 2018, Wu et al., 2019], and video transformers [Berta-
sius et al., 2021, Liu et al., 2022]—capture complex spatial-temporal patterns but
do not incorporate causal adjustments, and thus cannot estimate counterfactu-

als or adjust for time-varying confounders.

Longitudinal Causal Inference Causal methods for longitudinal data in-
clude marginal structural models [Robins et al., 2000], iterative G-computation
[Robins and Hernan, 2008], and recent ML-based extensions using recurrent
networks, transformers, or meta-learners [Bica et al., 2020b, Seedat et al., 2022,
Melnychuk et al., 2022, Li et al., 2021, Frauen et al., 2025, Hess et al., 2024].
However, these assume access to independent time series (e.g.across patients)

and cannot model cross-unit interactions in spatiotemporal settings.

Neural-Based Spatiotemporal Causal Inference Tec et al. [2023] propose a
UNet-based model that adjusts for non-local spatial confounding but focuses

on static exposures and does not address interference or time-varying effects.
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Figure 7.1: Causal structure of observational data (left) versus interventional
data (right) for a spatiotemporal horizon 7 = 2 across two locations (s, s’). Green
arrows indicate temporal carryover, blue arrows show spatial confounding, and
red arrows depict interference; dashed arrows denote time-varying confound-
ing, and dashed circles represent unobserved variables at inference time. Under
the intervention (right), treatments are set independently of confounders, and
the full history is not observed for the entire horizon.

Most similar to our work, [Ali et al., 2024] presents a climate-focused model
that shares certain architectural similarities but emphasizes prediction rather
than causal adjustment, leaving causal identification under time-varying con-

founding largely unaddressed.

Positioning of Our Work Our work bridges these threads by uniting a the-
oretically grounded G-computation framework with a neural architecture for
spatiotemporal data. Unlike prior time-series methods that assume indepen-
dent units or spatial models that overlook confounding feedback, GST-UNet is
the first end-to-end approach that (i) establishes identification and consistency
under explicit assumptions for a single spatiotemporal trajectory, and (ii) imple-
ments this theory in a practical neural model capable of handling interference,

spatial confounding, and time-varying dynamics.

7.3 Background and Setup

Spatiotemporal Data We model observed data as random variables on a dis-

crete spatial domain represented by an Nx x Ny lattice: S = {(i, J) | i € [Nx], ] €
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[Ny]}, where [N] = {1,..., N} denotes the index set. Time is indexed by t € [T].
At each spatial location s = (i, j) at time t, we observe a tuple (X, Ast, Ysi),
where Ag; € {0,1} represents a binary treatment (or intervention), Ys; € Ris a
continuous outcome of interest, and Xs; € R% is a vector of time-varying co-
variates (e.g. local weather conditions, pollution levels, or socioeconomic indi-
cators). Additionally, each location s is associated with static features V; € R
(e.g.geographical characteristics and socioeconomic indicators). While we fo-
cus on binary interventions for clarity, the methods generalize to more complex
treatments. Conceptually, each variable forms a 3D spatiotemporal tensor of
size T X Nx x Ny, though in practice observations may be incomplete. Missing

data can be accommodated using masking during downstream modeling.

To streamline notation, we use boldface symbols for random variables de-
tined over the entire spatial domain. For U € {X,A,Y}, let U; denote its value
at time t, and let Uy, = (Uy,...,Uy,) denote its value over a time interval.
For a specific location s, we write Usitir = (Usy, ..., Ustir). The history up to
time t is denoted by Hi:t = (X1, Ar:-1, Y1, V) for the entire spatial domain and
Hs1t = (Xsa1, Asai-1, Ysat, Vs) for a specific location s. Specific instantiations of

these random variables are denoted using lowercase letters (e.g., u € {x,a,y, h}).

Quantities of Interest Our primary goal is to estimate location-specific Condi-
tional Average Potential Outcomes (CAPOs) for a sequence of future spatiotem-
poral interventions, conditioned on observed history. Our approach builds on
Rubin’s potential outcomes framework [Rubin, 1978, Robins and Hernan, 2008,
Robins et al., 2000], which we extend to accommodate spatiotemporal settings.
More concretely, we consider a future time horizon of length r > 1 and a pre-
determined interventional sequence a1 applied across the spatial domain

starting at time t. Our goal is to estimate the potential outcomes at time t + 7,
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denoted as Yi,[att:--1]. In particular, we aim to compute:

E[Ytir[attir-1] | Hit = D] (7.1)

which represents the CAPOs at time t + 7 under the given treatment sequence.
Given two different interventional sequences a.t,, and a;.,,, a related secondary
goal is to estimate the location specific Conditional Average Treatment Effect

(CATE), given by:

E[Yt+‘r[a-t:t+7—1] - Yt+r[atl:t+r_1] | |_|1:t = hl:t]

Although we focus primarily on CAPOs, CATEs and other effect measures can

be derived similarly.

Prefix Data in a Single Spatiotemporal Chain The conditional expectations
defining the CAPOs in Eq. (7.1) cannot be directly estimated from a single ob-
served spatiotemporal realization, since the empirical averages would contain
only one sample of each future outcome Yi..[at:,-1]. To obtain a workable
regression-based estimator, we therefore reorganize the single observed trajec-
tory into overlapping "prefixes” of varying lengths. For eacht € {1,...,T — 7},
we define

PtT = (X12t+‘r, Adtir, Yiter V),

which represents the observed history up to time t + 7 along with all covariates,
treatments, and outcomes. When T > 7, this construction yields T — 7 segments
that partially overlap in time, providing additional training samples in this in-

trinsically data-scarce, single-chain setting.

However, these prefixes are not independent: successive segments share
overlapping histories, so standard i.i.d. assumptions do not apply. In the next

section, we introduce conditions under which these prefixes can be treated as
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conditionally exchangeable given an appropriate learned embedding. This enables
regression-based estimation of CAPOs by pooling information across time with-

out violating the dependence structure of the original process.

7.4 Identification and Estimation of CAPOs in Spatiotemporal

Settings

Identification of CAPOs from observational data relies on standard causal in-
ference assumptions. In our setting, these must be complemented by additional
structure to handle the fact that we observe only a single spatiotemporal trajec-
tory. Building on the prefix construction introduced above, we impose condi-
tions that render these overlapping segments conditionally exchangeable, enabling

principled pooling of information across time.

Assumption 7.1 (Causal Inference Assumptions). We assume: (Consistency)
Yisr = Yier[attir—1] Whenever the observed sequence of treatments Ay,,—1 sat-
isfies Attir—1 = atter—1; (Positivity) P(Ast = ast | Hie = hiy) > 0 for any
ast € {0,1} and feasible realization of history hy.; (Sequential Unconfoundedness)
Yorr[anir] L Ac | Hig, Yagr € {0,1)77, ie.at each time step t, the treatment

assignment is independent of future potential outcomes.

Assumption 7.2 (Representation-Based Time Invariance). There exists a func-
tion (or embedding) ¢ : H x A —» Z C RM that maps (Hit, Ar) to a finite-
dimensional representation such that once we condition on z = ¢(Hi, Ay),
the distribution (Xt1, Yt41) does not explicitly depend on t. Formally, for any

t,t' e{l,...,T}and z € Z, we have:

p(xt+1a Yt+1 | ¢(H1:t’At) = Z) = p(xt’+1’ Yt’+1 | ¢(H1:t/, At’) = Z)'
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Assumption 7.1 is a standard set of requirements in longitudinal causal in-
ference settings (e.g., [Robins et al., 2000, Robins and Hernan, 2008, Bica et al.,
2020b, Li et al., 2021, Melnychuk et al., 2022, Hess et al., 2024]). Assump-
tion 7.2 is specific to the single-time series setting, where pooling information
across time is essential to enable estimation. We note that the single time-series
setting frequently arises in causal inference, where assumptions such as sta-
tionarity or strict time homogeneity enable consistent estimation [Bojinov and
Shephard, 2019, Papadogeorgou et al., 2022, Zhou et al., 2024]. In contrast,
our representation-based time invariance is weaker: rather than requiring X, Y;
themselves to have a time-invariant distribution, we only assume that, once the
history is summarized by ¢(Hi., At), the transition to (X1, Y1) follows a single
shared mechanism. This approach aligns with modern time-series causal in-
ference that learn time-invariant latent embeddings to pool information across
time steps [Lim, 2018, Li et al., 2021, Hess et al., 2024], thus leveraging more data

for a single, stable representation rather than time-dependent parameters.

Under Assumption 7.2, conditioning on ¢(H1., A;) removes explicit depen-
dence on t, such that

EP[Yt+T | ¢(H1:t’At)]

represents a shared conditional expectation across all prefix segments. In this
view, t indexes the segment’s position rather than a distinct distribution. Pool-
ing over t thus yields T — 7 approximately exchangeable segments from a single
trajectory, enabling regression-based estimation of future outcomes from em-

bedded histories.
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7.4.1 Identification via Representation-Based G-Computation

Given P, we next show how to identify CAPOs from observational data. For
horizons 7 > 2, future covariates and outcomes (i.e. Xts1:t+r-1, Ytr1:t40-1) can influ-
ence subsequent treatments, inducing time-varying confounding [Coston et al.,
2020]. Such feedback violates standard ”condition-on-history” adjustments and
leads to biased estimates. Figure 7.1 illustrates these dependencies by contrast-
ing observational data (left) and hypothetical interventions (right) for v = 2. By
contrast, when 7 = 1, conditioning on Hy is sufficient under standard assump-
tions, as no future confounders intervene between A; and Yi,;. Formally, the

following naive identification fails to hold for 7 > 1:
E[Yto[atter—1] | Hit = hoed # E[Yer | Hie = D Avtrot = el (7.2)

To correct this bias, we adapt regression-based iterative G-computation [Bang and
Robins, 2005, Robins and Hernan, 2008] to the spatiotemporal setting, yielding
a principled adjustment procedure for evolving confounders and valid CAPO

estimation. We formalize this connection in the following result:

Theorem 7.3 (Identification with G-Computation). Assume that Assumption 7.1

and Assumption 7.2 hold. Further, let H3., | = (Xytk, [Avt-1, Qetek-1], Y114x) denote

the history where observed treatments from time t onward are replaced by ai..x_1. Define

recursively:

QT(H1:t+T—19At+T—1) = EP[Yt+T | ¢(H1:t+T—19At+T—1)]

QT—l(Hl:t+T—2a At+‘r—2) = EP [QT(Héll;t+T_1’ at+T—1) | ¢(Hl:t+‘r—2’ At+‘r—2)]

Qi(H1t, At) = Ep[Q2(HS. .1, ati1) | ¢(H1t, Ap)]
Then E[Yt+7[at:t+r—1] | Hl:t = h1:t] = Ql(hl:t, at)-
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We provide a proof of Theorem 7.3 in Appendix F.2. This result naturally mo-
tivates a recursive regression approach for spatiotemporal CAPO estimation, fit-
ting each Qi(-) in reverse order and substituting interventional treatments where

required.

7.4.2 Estimation via Iterative G-Computation

While Theorem 7.3 motivates a recursive regression algorithm for each Qx (k =
1,...,7), only Q; can be directly estimated from the prefix data. At the next
step, Q.1 depends on Q.(H3,, _,,at.—1)—where the observed treatments Ay,._1
are replaced by a...—1—but such substituted outcomes are not observed in the
prefix data. Therefore, for k < 7, we propose a procedure where we generate
pseudo-outcomes by predicting with the previously learned Qy.;. Going forward,
we use F to denote any quantity F estimated from data. Formally, let ¢ € ® be

an embedding satisfying Assumption 7.2, and let Q be our function class for Q.

We learn the sequence (1, e 61 from prefixdata {P{ :t=1,..., T — 7}, via:

1. Initialization. Fit Q, by predicting Y, from the prefix embedding
A(H1trr-1, Atir-1)-
2. Backward recursion. Fork =7-1,...,1:

(a) Substitute interventions. For each prefix P{, replace A by the inter-
ventional a.x to form the modified history H3,,,,.

(b) Generate pseudo-outcomes. Let Yioko1 = 6k+1(HE11;t+k’ k), where §k+1 was
learned in the previous step. These 7t+k+1 act as surrogates for Y1
in the prefix data.

(c) Fit ék. Regress Yiiky1 on the current embedding ¢(Hi.trk-1, Atk-1) to
learn 6k €Q.

3. Final step. Given a new history h; and an interventional path a..,-1, we

143



predict

Ep[Yesr[actsra] | ¢(Hie @) = ¢(har, a)] = Qi(hay, ar).

The iterative regression procedure yields consistent CAPO estimates provided
each stage Qy is estimated consistently from data [Laan and Robins, 2003]. Infor-
mally, if the learned embedding ¢ converges to the true time-invariant represen-
tation ¢, and small perturbations in ¢ or Qi lead to proportionally small changes
in predictions, then the overall recursive estimator remains consistent. These
regularity conditions—formalized through uniform stochastic equicontinuity—

are detailed in Appendix E.3. Formally, we state the following theorem:

Theorem 7.4 (Consistency of Iterative G-Computation in Spatiotemporal Set-
tings). Assume Assumptions 7.1 and 7.2 and that (a) the learned embedding ¢ is
Lo-consistent for ¢, and (b) each regression head ak consistently estimates Qi and is
uniformly well-behaved' on \m ¢ (intuitively, small input perturbations induce small

output changes). Let Zy = (Hu.t.x, Awk) denote the history—action pair at step K. Then

||61(Zo;$) — Q1(Zo; ¢)||2 = 0p(),

s0 the recursive estimator Q of the CAPO is probabilistically consistent.

We provide a proof of Theorem 7.4 in Appendix E3. In the following sec-
tion, we instantiate this procedure in our GST-UNet architecture, illustrating
how to incorporate spatial dependencies and interference into ¢ and each Qy,
and implement a streamlined, end-to-end training strategy that unifies history

embeddings and outcome predictions.
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Spatiotemporal Module: U-Net + ConvLSTM + Attention G-Heads
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Figure 7.2: Overview of the GST-UNet architecture for spatiotemporal causal
inference. The spatiotemporal learning module (left) is a U-Net augmented with
a ConvLSTM layer and attention gates. Its final feature map is passed to a set of
G-heads (right), where each G-head Qy implements iterative G-computation (see
Algorithm 7.1).
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7.5 GST-UNet Implementation

The theoretical results above establish how CAPOs can be identified and con-
sistently estimated from a single spatiotemporal trajectory. We now provide a
concrete neural implementation of this procedure. GST-UNet instantiates the it-
erative G-computation framework with a spatiotemporal deep architecture that
embeds strong inductive biases—locality, translation invariance, and temporal
smoothness—well suited to data-scarce settings. While alternative backbones
could be employed, our U-Net with ConvLSTM and attention offers a natu-
ral choice for learning stable, history-invariant representations that satisfy As-
sumption 7.2. We now describe the architecture and the training procedure that

realizes the GST-UNet (Algorithm 7.1).

7.5.1 Model Architecture

The GST-UNet consists of two main components:

'We formalize “well-behaved” via uniform stochastic equicontinuity and continuity in Ap-
pendix E.3.
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1. Spatiotemporal Learning Module: a U-Net-based network augmented with

ConvLSTM and attention gates for spatiotemporal processing.

2. Neural Causal Module: 7 G-computation heads, each mapping the spa-

tiotemporal features to final outcome predictions in the iterative procedure.

We illustrate the GST-UNet architecture in Figure 7.2 and describe its main com-

ponents below.

Spatiotemporal Learning Module While our framework is agnostic to the
choice of spatiotemporal learning module, we use a U-Net with ConvLSTM

and attention because it performs well in data-scarce regimes.

Spatial module. To efficiently process high-dimensional spatial data, we use
U-Net [Ronneberger et al., 2015a], a fully convolutional architecture originally
developed for biomedical image segmentation. U-Net follows an encoder—
decoder design with skip connections. The encoder progressively downsamples
the spatial grid through convolution and pooling, while the decoder upsamples

back to the original resolution and merges encoder features at each scale.

Temporal module. A standard U-Net is limited in its ability to capture temporal
structure. To address this, we integrate a Convolutional Long Short-Term Mem-
ory (ConvLSTM) layer [Shi et al., 2015] into the encoder. This layer maintains
a hidden state across time steps while aggregating spatial information through

convolutions.

After computing the final ConvLSTM state, we append the static (time-
invariant) covariates V as additional feature channels. This gives the subsequent
encoder-decoder direct access to both temporal dynamics and static location-
specific information. In the decoder, we incorporate attention gates [Oktay

et al., 2018] to selectively emphasize relevant spatial regions and refine the skip
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connections. The resulting embedding module produces a dy-dimensional fea-
ture map of size Nx x Ny, capturing essential spatiotemporal context—including
interference, spatial confounding, and static covariates—for downstream G-

computation.

Neural Causal Module We attach v G-computation heads to the U-Net’s final
feature maps, corresponding to the Qi estimators in the iterative procedure
(see Section 7.4.2). Each head can be a small convolutional module or a sim-
ple feed-forward network, depending on how much spatial structure remains
to be captured. The information flow at the G-computation heads proceeds as
follows: each head Qi (k = 1,...,7) receives the dy X Nx x Ny U-Net embedding
a(H 1t+k-1, Arrko1) (encompassing spatiotemporal and static context) and outputs
an Nx x Ny prediction for that time step. We refer to this as the supervision step,
since Q, compares its predictions to the real observed outcomes Y., anchoring
the model in genuine data, while each Q.. compares its predictions to pseudo-
outcomes Vt+k+1 provided by 6k+1. These pseudo-outcomes arise in a subsequent
generation step, wherein Q.1 processes the intervened history E(H"jmk, ayyx) In a
detached forward pass (so Q1 is not updated by Qi’s loss), thereby creating sur-
rogate targets for Q. This procedure realizes the iterative G-computation logic
from Section 7.4.2, enabling GST-UNet to estimate future outcomes under var-
ious counterfactual treatments. By separating the spatiotemporal embedding
from the G-heads, we maintain a common representation for all prefix data
(see Assumption 7.2) and flexibly capture interference and spatial confound-
ing. Each G-head enforces the proper temporal adjustments to yield bias-free

counterfactual inference.
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Algorithm 7.1 GST-UNet Training and Inference

1: Input: Horizon 7, prefixes {PT}t |, interventions a,,_1, curriculum a(k ) total
epochs E

2: Initialize: parameters 6 (U-Net embedding + G-heads).

3: fore=1...Edo

4: fork=7...1do

k=r,

5: (Supervision) For each prefix i, predict the head-specific outcomes
At(Jlr)k = Qk(¢(H(1l)t+k yASZk 1) 0)- o
6: (Generation, detached) For each prefix i, generate pseudo-outcomes
v {Qk+J(¢((H1t+k)(l) agk) 9), k<,
t+k+1

where the observed A1 are replaced with agy,—1 in HS,, .
7: end for
8: (Loss aggregation) Compute the MSE loss

L(0;e) = - Z )Z(/Y:(Jr)k ~t(JIr)k+1 g

9: (Backward pass) Update 6 by backpropagation.
10: end for .
11: (Inference) Given a hy, return Q:(¢(hyy, &;); 6).

7.5.2 Training and Inference

While each G-head Qi could be trained sequentially—from Q. down to Q;-by
passing pseudo-outcomes backward through time, this creates a conflict when
all heads share the same U-Net embedding ¢. Specifically, each Qx may push
¢ toward optimizing its own objective, resulting in misaligned training signals

and unstable learning.

Joint Loss and Multi-Task Training To address this issue, we employ a joint
(or multi-task) training approach [Caruana, 1997, Evgeniou and Pontil, 2004] by
aggregating the loss terms from all G-heads into a single objective, then back-
propagating once per batch. Concretely, for each head Qy, let Vt+k+1 be the real

outcomes if k = 7 or pseudo-outcomes (generated by Q1) if k < 7. Our head-
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specific loss is a mean squared error (MSE) over all prefix samples:

T-7

L) = ) [t AL )0 - Y0,

i=1

where 6 encompasses all model parameters (the shared U-Net embedding ¢ and

the G-heads Q).

Let a/l((e) denote a head-weight for epoch e. We then form the overall training
objective at epoch e by
1 T
‘) = = ©)
L:e) = - kzzll a® £,(0). (7.3)
By summing the losses and performing a single backward pass, we learn a com-
mon embedding ¢ that balances the needs of all G-heads, rather than fitting each

head separately.

Curriculum Training A naive implementation of Eq. (7.3)-where each G-head
is given equal weight-can be suboptimal: early in training, Q. (which sees real
data) is inaccurate, and the pseudo-outcomes generated for Qy.. are effectively
noise. Consequently, Qs, ..., Q,_; may overfit to poor targets before Q. has con-
verged, leading to suboptimal solutions. To mitigate this, we employ a curricu-
lum training approach [Bengio et al., 2009], gradually increasing the loss weight

of earlier heads as Q. improves.

While many curricula are possible, we adopt a simple scheme controlled by
a single hyperparameter e; (the “curriculum period”) so we can readily tune it.
Let p(e) = min{r, [e/e.1}, which indexes a “phase” based on the current epoch e.

We then define

1/p(e), ifkef{r,v-1,...,7—p(e)+1},

& _
Q. =

0, otherwise.

Hence, during epochs 1 < e < e; (phase p(e) = 1), only Q- is active with ® =

1; in the next interval e; < e < 2e; (phase p(e) = 2), Q; and Q._; each have
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weight 1/2, and so on until all heads are active with uniform weight 1/7. For
e > 1€, training continues with a/ﬁe) = 1/7 for all heads. This schedule ensures Q,
becomes reasonably accurate before earlier heads rely on its pseudo-outcomes.

The hyperparameter e; controls the pacing, helping prevent early training noise.

We also adopt standard neural network practices, including mini-batch op-
timization and early stopping, to stabilize training and mitigate overfitting. At
inference time, given a new history h;; and an interventional sequence a,.-1,
we compute 61 (#(h1+, &); 6) as our target CAPO estimate. We sketch the overall

training and inference procedure in Algorithm 7.1.

7.6 Experiments

We evaluate the proposed GST-UNet framework through two applications.
First, we simulate synthetic data that incorporates key spatiotemporal causal
inference challenges: interference, spatial confounding, temporal carryover,
and time-varying confounding. Using this synthetic data generation process
(DGP), we compare the GST-UNet algorithm against several baselines. Next,
we demonstrate the utility of GST-UNet on a real-world dataset analyzing the
impact of wildfire smoke on respiratory hospitalizations during the 2018 Cali-
fornia Camp Fire. Additional details—including exact simulation parameters,
model architecture and execution setups, hyperparameter selection strategies,
and validation procedures—can be found in Appendix F.4. Replication code is

available at https://github.com/moprescu/GSTUNet.
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7.6.1 Synthetic Data

We generate T = 200 time steps of a 64 x 64 (Nx x Ny) grid of observational data

using the following data generating process (DGP):

Xi = o + a1 X1 + @A + a3(Kx x Xio1) + e,

A ~ Berr(a(ﬁl(ﬁo + %Z Ka * Xt—l)))a
1=0

L
Yi =70+ y1(Kya * Ar 1) + )’2%2 (Kyx # X)) +y3Yi1 + ey,
I=1

”
*

where dyx = 1, denotes a 3x3 spatial convolution over the Nx x Ny grid,
and ex, ey ~ N(0,1) are i.i.d. noise. Each kernel Ky, Ka, Kya, Kyx encodes a lo-
cal advection—diffusion process that mimics wind-driven pollutant transport,
with interventions A; injecting additional emissions that propagate through the
same kernel. This physically realistic setup produces interference, spatial con-
founding, and temporal carryover—the three challenges GST-UNet is designed
to address. Each equation is evaluated at every spatial location, so X;, A;, and Y
are NxxNy matrices. Here, X; acts as a time-varying confounder: its past influences
both A; and Y;, while current interventions A; affect future X,;. For example,

A: may represent regulatory actions, X; air quality, and Y; health outcomes—

capturing feedback from policy to exposure, outcome, and back to future policy.

We vary B; to control time-varying confounding: when 8; = 0, X; does not
affect A;, eliminating confounding; larger values increase its strength. For each
B1, we generate 50 test trajectories from random initial states, fix their histories,
and simulate 100 7-step counterfactual futures to estimate true CAPOs, with
7 € {5,10}. We compare GST-UNet against three baselines: (i) UNet+, which
uses a U-Net + ConvLSTM + Attention backbone with A; as an input channel
but performs no iterative adjustment; (ii) STCINet [Ali et al., 2024], which es-

timates direct and indirect effects without modeling time-varying confound-
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Table 7.1: RMSE =+ standard deviation across test trajectories in the GST-UNet
synthetic experiment. Columns correspond to different levels of time-varying
confounding B, and rows compare GST-UNet, baselines, and ablations. Bold
indicates the lowest error per column; color shows improvement (RMSE de-

crease or increase) over the best baseline, excluding ablations.

7 Model B1=0.0 p1 =05 p1=1.0 B1=15 B1 =20
UNet+ 0.28 + 0.00 0.36 +0.00 054 +0.01 0.71+0.01 0.81+0.01
STCINet 0.29 +0.00 0.38+0.01 0.62+0.01 0.80+0.01 0.90+0.01
IPWUNet 0.60+0.01 058+0.01 0.58+0.01 059+0.01 0.59+0.01

5 _

GST-UNet . 050 +£0.00 046+0.00 0.51+0.00 045+0.01 0.47+0.01

w /o Attention

GST_UNGF 0.69 +0.00 0.64+0.00 0.63+0.00 0.61+0.01 0.61+0.01

w /o Curriculum

GST-UNet 0.33+£0.00 0.35+0.00 0.40 +0.00 0.44 + 0.00 0.40 = 0.01
(+17.9%) (-2.7%) (-21.6%) (-25.4%) (-32.2%)

UNet+ 0.28 + 0.00 0.61 +0.00 1.18+0.00 1.45+0.00 1.71 +£0.01

STCINet 031+0.00 0.68+000 125+0.00 147 +0.01 1.60+0.01

IPWUNet 0.78+0.01 0.80+0.01 096 +0.01 1.19+0.02 1.08 +0.01

10° GST-UNet . 042 +0.00 0.60+0.00 0.61+0.00 0.79+0.01 1.07+0.01

w /o0 Attention

GST_UNeF 0.62+0.00 0.88+0.00 1.02+0.00 1.08+0.01 1.12+0.01

w /o Curriculum

GST-UNet 0.38+0.00 0.55+0.00 0.68+0.00 0.73 +0.01 0.85+0.01
(+35.7%)  (-9.8%)  (-29.2%)  (-38.7%)  (-21.3%)

ing; and (iii) IPWUNet, an inverse-propensity-weighting variant that reweights
pseudo-outcomes using a UNet-style propensity estimator but cannot correct
for spatial interference (details in Appendix F.4). We also test ablations of GST-

UNet without curriculum or attention.

Table 7.1 shows that when 8; = 0, UNet+ performs best—G-computation
is unnecessary and adds noise. As §; increases, UNet+ and STCINet degrade
sharply, while GST-UNet remains stable. IPWUNet shows some benefit but is
biased even at 81 = 0 due to uncorrected interference. GST-UNet consistently

outperforms all baselines, demonstrating the value of iterative G-computation.
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Curriculum training substantially improves performance across horizons, while
attention yields modest gains—consistent with our predominantly local dynam-
ics. Additional ablation analyses, including neighbor aggregation experiments,

are reported in Appendix F.4.

7.6.2 Impact of Wildfires on Respiratory Health

Wildfire smoke has been linked to short-term respiratory harms [Reid et al.,
2016b,a, Cascio, 2018, Cleland et al., 2021, Letellier et al., 2025], with older adults
especially vulnerable [DeFlorio-Barker et al., 2019]. At the time this work was
conducted (January 2025), a series of 14 destructive wildfires affected the Los
Angeles metropolitan area and San Diego County in California, underscoring
the urgency of understanding the health impacts of such events. In this study,
we focus on a previous large-scale episode: the 2018 California wildfire sea-
son [Wikipedia, 2025], which included the Carr Fire (July-August) and the Camp

Fire (November) and significantly worsened air quality.

We use daily county-level data from Letellier et al. [2025] (see Ap-
pendix F4.2), including PM,s, respiratory/cardiovascular hospitalizations,
weather variables (temperature, precipitation, humidity, radiation, wind), and
population estimates from the California Department of Finance. Each weather
variable can be a time-varying confounder: weather conditions affect future smoke

levels and health outcomes, while also being influenced by prior smoke levels.

We focus on weeks 20-48 (May 18-December 2, 2018), covering the Carr
and Camp fires. Following standard practice, we label a county as “treated” on
days with mean PM,5 > 10 ug/m?® and use raw hospitalization counts (rather
than per-10,000 incidence, which can be unstable for small counties). We in-

terpolate daily county-level data (treatment, outcome, five covariates) onto a
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Figure 7.3: Wildfire-smoke application in California during 2018. (Left) Daily
county-level PM, 5 levels across California from May to December 2018, with
red lines marking the Carr and Camp fires. (Center) Counties exposed to av-
erage PM,5 > 10pg/m® during the Camp Fire (red), origin county in dark
red. (Right) Estimated increase in daily respiratory admissions during the
Camp Fire, computed as factual minus GST-UNet CAPO-predicted counterfac-
tual admissions under no wildfire-smoke event. Hashed areas indicate small-
population counties (< 30,000).

40 x 44 latitude-longitude grid, discarding cells outside California, yielding a
spatiotemporal tensor of size 203 x 7 x 40 x 44. Interpolation ensures each grid
cell approximates the region it overlaps (area-weighted), enabling the model to
capture spatial gradients in PM, 5, weather, and hospitalizations. We train GST-
UNet with horizon 7 = 10, using the Carr Fire period (June—July) for validation,
and generate counterfactual predictions for the Camp Fire peak, November 8-

17. See Appendix F.4.2 for preprocessing and masking details.

Figure 7.3 (left) shows the rise in PM2.5 during the mid-late 2018 wild-
fire season; (center) highlights counties with daily PM2.5 > 10,ug/m3. Us-
ing GST-UNet, we estimate daily CAPOs had the Camp Fire not occurred
(ie., setting PM,s < 10,ug/m® statewide). Figure 7.3 (right) compares these
to factual daily incidence (hospitalizations per 10,000 residents). To reduce
small-sample variability, we exclude counties with population below 30,000
(vs. >70,000 for others), marking them with hatching (see Appendix F4.2).

Over November 8-17, GST-UNet predicts approximately 4,650 excess respira-
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tory hospitalizations (465/day) attributable to the Camp Fire, with the high-
est incidence near the fire source. This aligns with a 95% bootstrap confi-
dence interval of [1888,6535]. UNet+ yields a lower mean and higher uncer-
tainty (3,981; [-899,5202]), STCINet produces highly variable near-zero esti-
mates (88; [-3077,3281]), and IPWUNet gives implausibly high, near-constant
values (~20,500), reflecting limitations of weighting under rare-event support.
These results underscore GST-UNet’s improved stability and accuracy in coun-
terfactual estimation. Our findings are qualitatively consistent with Letellier
et al. [2025], who report 259 excess daily cases averaged over a longer, lower-
intensity window (Nov 8-Dec 5). Overall, the GST-UNet captures spatiotempo-
ral variation in smoke exposure and health outcomes, illustrating its promise

for real-world causal inference in domains such as environmental health and

policy.

7.7 Conclusion

We presented GST-UNet, a neural framework for spatiotemporal causal in-
ference that combines U-Net-based representation learning with iterative G-
computation to adjust for time-varying confounders. GST-UNet addresses key
challenges such as interference, spatial confounding, temporal carryover, and
time-varying feedback. We establish theoretical identification and consistency
guarantees, validate performance in synthetic settings with controlled con-
founding, and demonstrate practical utility in estimating the impact of wild-
fire smoke exposure during the 2018 Camp Fire. Together, these results posi-
tion GST-UNet as a ready-to-use tool for practitioners, offering reliable, inter-
pretable causal estimates in complex spatiotemporal environments. We discuss

limitations and broader impacts in Appendix F.5.
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CHAPTER 8
SPATIAL DECONFOUNDER: INTERFERENCE-AWARE
DECONFOUNDING FOR SPATIAL CAUSAL INFERENCE

This chapter is based on Khot et al. [2025], developed jointly with Ayush Khot and col-
laborators. My contributions focused on the core problem formulation, methodological
setup, theoretical development, and experimental design. The chapter fits the disserta-

tion’s broader theme of reliable causal inference under unreliable assumptions.

Causal inference in spatial domains faces two intertwined challenges: (1) un-
measured spatial factors, such as weather, air pollution, or mobility, that con-
found treatment and outcome, and (2) interference from nearby treatments that
violate standard no-interference assumptions. While existing methods typically
address one by assuming away the other, we show they are deeply connected:
interference reveals structure in the latent confounder. Leveraging this insight, we
propose the Spatial Deconfounder, a two-stage method that reconstructs a sub-
stitute confounder from local treatment vectors using a conditional variational
autoencoder (C-VAE) with a spatial prior, then estimates causal effects via a flex-
ible outcome model. We show that this approach enables nonparametric iden-
tification of both direct and spillover effects under weak assumptions—without
requiring multiple treatment types or a known model of the latent field. Empir-
ically, we extend SpaCE, a benchmark suite for spatial confounding, to include
treatment interference, and show that the Spatial Deconfounder consistently im-
proves effect estimation across real-world datasets in environmental health and
social science. By turning interference into a multi-cause signal, our framework
bridges spatial and deconfounding literatures to advance robust causal infer-

ence in structured spatial data.
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Figure 8.1: Schematic of spatial interference/confounding. Spatial data is rep-
resented in geographical cells indexed by site s with neighborhood N;. The
outcome at s (e.g., mortality rate) is affected by the (e.g., air quality)
and (e.g., demographic information) at both s and Ns.
However, unobserved latent factors (e.g., humidity) can confound the relation-
ship, rendering causal effects unidentifiable.

8.1 Introduction

Causal inference in spatial settings is critical for science and policy, from esti-
mating the health effects of pollution to evaluating land use, climate interven-
tions, and the spread of infectious disease. Most data in these domains are ob-
servational, since large-scale interventions are typically infeasible or unethical,
so robust methodology is needed to draw valid conclusions. Yet observational
studies in these settings face two fundamental challenges that standard meth-
ods rarely address together: (1) spillover (interference), where the treatment at
one site affects outcomes at nearby sites, violating the Stable Unit Treatment
Value Assumption (SUTVA), and (2) spatially structured unobserved confounding,
where latent fields such as weather or socioeconomic context jointly drive treat-
ment exposures and outcomes. Both are pervasive, and ignoring either leads to

biased conclusions.

Consider air quality and health: respiratory mortality rates depend on local

pollution and on neighboring regions” pollution due to transport and mobility,
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while latent meteorological factors such as temperature and humidity confound
both. Any method that neglects interference or hidden confounders risks mis-

leading the decisions policy-makers rely on for regulation and public health.

Existing approaches for spatial causal inference typically address either
interference or unobserved spatial confounding, but rarely both. (i) Meth-
ods developed for interference model spillovers through exposure mappings
or spatial/auto-regressive dependencies, enabling estimation of direct and
spillover effects under the assumption that all relevant confounders are ob-
served [Hudgens and Halloran, 2008, Forastiere et al., 2021]. When important
confounders are unobserved, these estimators can be biased. (ii) A separate
line of work targets spatial treatment effect estimation under unobserved con-
founding using confounding-adjustment strategies such as splines, matching,
or instrumental variables [Dupont et al., 2022, Papadogeorgou et al., 2019a, Pa-
padogeorgou and Samanta, 2023]. These approaches typically rely on explicit
structure—e.g., smooth latent-field priors, parametric outcome models, or ex-
clusion restrictions—and often assume away interference or incorporate it only
implicitly (e.g., via spatial trends), limiting their ability to identify and inter-
pret spillover effects when interference is present and making results sensitive

to model misspecification.

In an orthogonal literature stream, the deconfounder framework [Wang and
Blei, 2019] shows that when each unit receives multiple causes, their joint dis-
tribution can reveal latent confounders. However, this method is designed for
ii.d. data with simultaneous treatments—not spatial domains with localized
interactions. Overall, no method can non-parametrically estimate treatment ef-

fects under both interference and unobserved confounding.

We close this gap with the Spatial Deconfounder. Our key insight is that
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interference creates the very multi-cause structure that deconfounders require:
each unit receives its own treatment together with those of its neighbors, all
shaped by the same latent spatial field. Rather than a nuisance, interference be-
comes a source of signal for recovering hidden confounders. Building on this, we
develop a non-parametric and model-agnostic two-stage framework that first
reconstructs a smooth substitute confounder using a conditional variational au-
toencoder (C-VAE) with a spatial prior!, then estimates direct and spillover ef-
fects via any flexible outcome model (e.g., U-Net, GNN). This enables causal
identification without requiring multiple treatment types, explicit latent-field
models, or parametric outcome model specification. Our contributions can be

summarized as follows:

1. We introduce the Spatial Deconfounder, a novel non-parametric and model-
agnostic framework to jointly address spatial interference and unmeasured
confounding by treating neighborhood treatment exposures as multi-

cause signals.

2. We prove identification of direct and spillover effects under localized inter-
ference and a weak latent-field sufficiency assumption, without requiring

a parametric model for the hidden process.

3. We extend the SpaCE benchmark to include structured interference and
show, across climate-, health-, and social-science datasets, that our method
consistently reduces bias relative to spatial autoregressive, matching, and

spline-based baselines.

By leveraging interference as a lens into the hidden structure, the Spatial

Deconfounder bridges spatial causal inference and multi-cause deconfounding,

'We use a C-VAE instantiation in this work, but the first-stage can be implemented with any
suitable factor model that captures shared latent spatial structure.
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opening a path to robust causal estimation in complex geographic systems.

8.2 Related Work

We give a brief overview of the related literature (see Appendix G.1 for a
comprehensive survey and discussion). Our work sits at the intersection of
three main areas: (i) spatial causal inference under interference and spatially
structured confounding, (ii) deconfounding in general average treatment effect
(ATE) estimation, and (iii) deep learning for spatial and latent structure model-

ing.

Classical Spatial Causal Inference Design- and model-based approaches as-
sume exchangeability after conditioning on observed covariates (given an expo-
sure mapping) [e.g., Hudgens and Halloran, 2008, Anselin, 1988, Hanks et al.,
2015, Forastiere et al., 2021, Tchetgen Tchetgen et al., 2021]. They capture spatial
dependence (splines/RSR, SAR, GNNSs; simulators for domain physics) but do

not address unobserved spatial confounding.

Spatial Confounding and Bias-Adjustment Methods Bias from unmeasured
spatial structure is mitigated using latent spatial effects, orthogonalization
methods such as S2SLS and SPATIAL+, proximity-based matching, instrumen-
tal variables, or Bayesian priors [e.g., Hodges and Reich, 2010, Dupont et al.,
2022, Papadogeorgou et al., 2019a, Angrist et al., 1996]. These methods rely on
explicit smooth-field models, IV assumptions, or strong priors; none can non-

parametrically reconstruct the hidden confounder.

ATE Estimation Under Unobserved Confounding With unmeasured con-
founding, point identification typically fails. Sensitivity analysis instead yields

assumption-indexed bounds, trading point identification for robustness [e.g.,

160



VanderWeele et al., 2015, Frauen et al., 2023]. Another approach is to recon-
struct the unobserved confounder via the deconfounder framework, which fits a
factor model to multiple causes to infer a substitute for the latent confounder
and thereby restore point identification [Wang and Blei, 2019, Bica et al., 2020a].
However, existing deconfounder methods require many simultaneous causes
and assume no interference. We invert this logic: interference itself yields multi-
cause treatment vectors, enabling latent-field recovery even with a single treat-

ment type.

Deep Learning for Spatial Representation and Latent Structure Deep learn-
ing architectures such as U-Nets, GNNSs, and patch-wise transformers capture
multi-scale and long-range spatial structure [e.g., Ronneberger et al., 2015b, Kipf
and Welling, 2017, Liu et al., 2021], while C-VAEs and related deep generative
models can recover latent factors from data [Kingma and Welling, 2013, Sohn
etal., 2015]. However, these methods are typically predictive rather than causal.
We combine these perspectives in a spatial causal setting: interference induces
a multi-cause treatment signal that allows a deep latent-variable model to non-
parametrically reconstruct a smooth latent confounder, enabling identification

of both direct and spillover effects without requiring a specified latent field.

Positioning of Our Work Most methods for spatial causal inference under in-
terference ignore unmeasured confounders or rely on strong priors, while “de-
confounder” methods are not adapted to spatial settings. We close this gap by
using interference as a multi-cause signal to nonparametrically reconstruct la-
tent confounders, identifying direct and spillover effects without specifying a

latent-field model.
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8.3 Background and Setup

Notation We use uppercase letters (e.g., X) for random variables and lower-
case letters (e.g., X) for realizations. Bold symbols denote vectors. We write the

distribution of X as Px, and omit subscripts when the meaning is clear.

Data Structure: Lattice, Neighborhoods, and Observed Variables We con-
sider a rectangular lattice S = {(i, j) | i € [Ny], J € [N,]}, where each site s = (i, j)
indexes a geographic cell. For a fixed radius r > 0, we define the neighborhood

of s using the ¢, metric,

Ns={ €S| =Sl I, S’ # 5}, (8.1)

where ||S" — S|lc = max{|i’ —i|,|}" — j|}.

Thus N is the (2r+1) x (2r+1) square centered at s, excluding s itself. We take
I to be in pixels (multiples of the cell size), though it may also be specified as
a physical distance and mapped to the grid resolution. Other shapes (e.g., {»
balls) are possible, but we use the square ¢, ball by default for computational

convenience.

At each site s we observe covariates X € R%, a binary treatment As € {0,1},
and an outcome Y € R. For a neighborhood N, we write Xy, = {Xy : 8" € N},
and analogously Ay, and Yy,. Realizations are denoted in lowercase, e.g., Xs,
as, ¥s, and Xy, = {Xy : 8" € Ng}. For clarity, we focus on binary treatments, but
the framework extends to continuous or multi-valued treatments via standard

generalizations of the potential outcomes framework.

Potential Outcomes and Interference We adopt Rubin’s potential outcomes
framework [Rubin, 2005]. Standard causal inference relies on SUTVA, which
rules out interference, i.e., one unit’s outcome cannot depend on others’ treat-

ments. In spatial settings, this assumption is often violated, since treatment
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(a) Humidity (U(s)) (b) PM35 (As) (c) Mortality (Ys)

Figure 8.2: Example spatial distributions of an unobserved confounder, treat-
ment, and outcome in a real-world environmental-health application. The con-
founder U(s) (summer humidity) varies smoothly across space, while the treat-
ment As (PM,5) shows more local heterogeneity. The outcome Y, (respiratory
and cardiovascular mortality) reflects broader spatial health patterns.

exposures spill over. We assume localized interference: the potential outcome at

site s depends only on its own treatment and those of its neighbors,
Ys(@) = Ys(as, an,), (8.2)

where a is the full treatment vector, as the treatment at s, and ay, = {ay : S € N}
The observed data contain only the realized outcome Ys = Ys(As, Ay,) under the

assigned intervention.

Causal Estimands Let aS\l/Z and aESZ be two realizations of the neighbor treat-
ments. Our targets are (i) the average direct effect, which varies the unit’s own

treatment while holding neighbors fixed,

Tair = HYs(1, an,) — Ys(0,ap,)], (8.3)

and (ii) the average spillover effect, which varies neighbors’ treatments while hold-

ing the unit fixed,
L —HY Dy_vy © 0,1 8.4
Tspill H s(a» a s) s(a, a S)], a €{0,1}, (8.4)
with expectations taken over the observed joint distribution of (X, Ay,).

Unobserved Spatial Confounding To identify the treatment effects in

Egs. (8.3) and (8.4), one typically assumes ignorability: potential outcomes
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Potential outcome
l Y(a,ax) = Elho(a,ay, X, Xy, 2)]
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ho(-) Treatment effects
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[ @ Spatial deconfounder ] { @ Potential outcome module J { Causal effect estimation ]

Figure 8.3: Architecture of the spatial deconfounder & estimation framework.
Stage @: The C-VAE takes and as input to
learn the latent substitute confounder. Stage ®: We employ the reconstructed
confounder together with the observed variables (now including the outcome)
to train the estimation module.

Ys(as, ay,) are independent of treatment assignment given observed covariates
(Xs, Xn,). This assumption is not testable, and violations induce biased causal
estimates. In practice, important drivers of both treatment exposure and out-
comes often remain unobserved. We therefore posit an unobserved spatial field
U : S — R% that captures latent influences such as topography, wind patterns,

or socioeconomic context. Since U(s) may affect both treatment and outcomes,

ignorability generally fails:
Cov(As,U(s)) #0 and Cov(Ys(a,an,), U(s)) # 0, (8.5)

where the covariances are understood component-wise when U(s) is vector-
valued. Thus, ignorability fails when conditioning only on X5 and Xy,. In Sec-
tion 8.5, we show that identification can nevertheless be recovered under mild
smoothness assumptions on U together with our deconfounding procedure, by

reconstructing a substitute latent field from treatment patterns.

Motivating Example Consider real environmental health data on a 0.25° X
0.25° grid covering the continental United States. At each grid cell s, the treat-
ment A, indicates whether fine particulate matter (PM;s) exceeds the WHO
guideline of 10 ug/m?®. Neighbor assignments are defined by a radius of one

to two grid cells (roughly 25-50 km). The outcome Y is the rate of respiratory
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and cardiovascular mortality aggregated from hospital records. Latent factors
can confound this relationship; for example, a meteorological driver such as hu-
midity varies smoothly across space and may jointly influence both pollution
exposures and health outcomes. Figure 8.2 illustrates treatment, outcome, and
such a confounder for this dataset. This example captures the type of smoothly
varying, spatially shared latent structure our method targets: large-scale mete-
orological drivers such as humidity form a latent field U(s) that jointly affects
PM, 5 exposures and mortality across neighboring counties, while any purely lo-
cal one-off factors are captured in (X, Xy,) or assumed negligible. We formalize

this as a latent-field sufficiency assumption in Section 8.5.

The remainder of this chapter shows how the joint vector (A, Ay,)—a
“multiple-cause” analogue supplied for free by interference—can be harnessed

to reconstruct U(s) and obtain unbiased estimates of Egs. (8.3) and (8.4).

8.4 Methodology

As illustrated in Algorithm 8.1, our approach proceeds in two stages. First, we
reconstruct a smooth substitute confounder from the joint distribution of local
and neighbor treatments, using a conditional variational autoencoder (C-VAE)
that leverages interference as a multi-cause signal. Second, we feed the recon-
structed confounder into a flexible outcome model for estimation. This sepa-
ration follows standard practice in deconfounding to prevent mediators from
being inadvertently learned into the substitute confounder, which would com-

promise identification of treatment effects.
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Algorithm 8.1 Spatial Deconfounder

Input: Spatial covariates {X;}scs, treatments {Ag}scs, outcomes {Y}scs, neigh-
borhood radius r, grid Laplacian L

1: Stage @: Confounder reconstruction (C-VAE)

2: Define encoder q4(Zs | As,An,, Xs, Xn,) = N(uy,diag 0'55), decoder py(As |
Xs, Xne» Zs), and prior pe(Z) = N(0, 7L + el)™?).

3: Minimize

La= Y Eq,[ —10g py(As | Xe. X Z9)] + Y KL I Py).

4: Set substitute confounder Z; « Eq,[Zs] for all s.
5. Stage @: Potential outcome module
6: Choose a spatial model h (e.g., U-Net) for E[Y | -] given the observed vari-
ables and substitute confounder, and fit it by minimizing
A 2
Ly = D (Ys = h(As, Ang, Xs, Xpg Z9)) -

S

7: Estimate effects by plug-in contrasts using (8.11).

Stage (1: Confounder Reconstruction We model the assignment of treatments

{As}ses using an interference-aware C-VAE. The encoder

Uo(Zs | As, An,, Xs, Xn,) = N(ug(-), diag o5 (")) (8.6)

maps the local treatment and neighborhood treatments, together with local and
neighborhood covariates (X, Xy,), into a latent embedding Z; of the unobserved

spatial field U(s). The decoder
Pu(As | Xs, Xngs Zs) = 0 (4 (Xs, X, Zs)) (87)

predicts A given covariates and the latent. To encode smoothness, we impose
a Gaussian-Markov random-field (GMRF) prior py(Z) = N(0, 77 (L + el)™!) with

grid Laplacian L, or equivalently a deterministic penalty AZ7LZ.

Formally, our generative model for the treatment field is
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Po(2) = N(O,77H(L + eD)™),

PA1X,Z) = | | PulAs | Xs, X, Z5),
seS

with As | Xs, X, Zs ~ Bernoulli(o(f,(Xs, Xn,, Zs))). Thus, conditional indepen-
dence of treatments holds across sites given (Z, X), and spatial dependence is en-
coded entirely via the GMREF prior on Z. The “multi-cause” structure of (As, Ax,)
enters on the inference side through the encoder q4(Zs | As, An,, Xs, Xn,), which
uses local treatment patterns (plus covariates) to infer a substitute confounder

for the local value of the spatial latent field.

This C-VAE is trained by minimizing
Lad,¥) = D | Bg [~ 10g py(As | X5, X, Z5)] (8.8)
S
+5 ) KL(GlIpy),
S

with KL warm-up (8 T 1). After convergence, we set Zs = Eq,[Zs] as the recon-

structed confounder.

Our C-VAE differs from standard C-VAE-type models in two ways tai-
lored to the spatial-interference setting: (i) the encoder explicitly conditions on
(As, Ax,, Xs, Xn,), using neighbor treatments as a multi-cause signal, and (ii) the
latent field Z is given a GMRF prior with grid Laplacian L, enforcing spatial
dependence consistent with our latent-field sufficiency assumption (Assump-

tion 8.5 below).

Stage 2: Potential Outcome Module Given Z,, we estimate outcomes using a

flexible function h:

Ys = E[Y | Ag, An,, Xo Xn., Zo] (8.9)

= h(As, An,, Xs, Xn,s Zs)
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by minimizing the squared error loss

Ly = 3 (Y~ h(As Ay, X Xni. 22)) (8.10)

S

This module can be instantiated with any spatial model capable of handling in-
terference and spatial confounding. For example, a U-Net architecture [Ron-
neberger et al.,, 2015b] captures multi-scale spatial dependencies through an
encoder—decoder with skip connections. Notably, Oprescu et al. [2025], Ali
et al. [2024] use a U-Net to account for interference and spatial confounding in
spatiotemporal settings. Other options include graph neural networks, patch-
wise transformers, or classical spatial regression models, depending on the data

modality.

Effect estimation proceeds by plug-in contrasts: the direct effect is

R 1 5
for =g ;[ha, Ane Xss X Z5) (8.11)

- h(oa ANs’ XS’ XNsa ZAS):I’

and analogously for spillover effects by varying Ay,. By drawing multiple Z;
from the full posterior g, instead of the mean, we can obtain uncertainty bands
on Z,. We can then obtain uncertainty bands (with respect to the substitute

confounder) by evaluating Eq. 8.11 on different draws of Z.

Remark 8.1 (End-to-end Variant). One may train a single network by minimizing
La + vy Ly while blocking gradients from Ly into the C-VAE. This preserves me-
diator avoidance while making the overall implementation and training more
straightforward. This separation ensures that the C-VAE is used only to recon-

struct a substitute confounder, not to perform outcome estimation end-to-end.

Predictive Checks Following Rubin [1984], we assess whether the substitute

confounder adequately explains the treatment assignment through posterior
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predictive checks. On a held-out validation set, we draw M replicated treat-
ment vectors a?,...,a™ from the decoder p, and compare them against the

observed assignment a. Specifically, we compute the predictive p-value
M

p= %Z 1T (@™) < T(a)}. (8.12)

m=1

where T (@) is a discrepancy statistic measuring model fit. Following Wang and

Blei [2019], we use
T(a) = Bz.q,[log py(a | X.2)] (8.13)

the marginal log-likelihood of the observed assignment under the posterior dis-
tribution of Z. A value of p close to 0.5 indicates that the C-VAE reproduces the
treatment assignment distribution well, whereas extreme values signal model
misspecification. In our experiments, we only consider C-VAE models with

0.25 < p < 0.75.

8.5 Theoretical Properties of the Spatial Deconfounder

We now provide conditions under which the Spatial Deconfounder establishes
causal identifiability of the direct and spillover effects in Egs. (8.3) and (8.4). Our
argument separates two steps: (i) an identification step showing that if a substi-
tute confounder from observed neighborhood exposures exists, then direct and
spillover effects are identified; and (ii) an estimation step stating conditions un-
der which our Stage @ procedure (a C-VAE instantiation of a conditional factor
model) consistently recovers this target. We begin with assumptions on consis-

tency, positivity, and interference structure.

Assumption 8.2 (Spatial consistency). The observed outcome is the potential

outcome under the realized individual and neighborhood treatments. That is,

Ys = Ys(as’ aNs)
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if a site s receives treatment a5 and its neighborhood N; receives the vector of

treatments ay.

Assumption 8.3 (Spatial positivity). For any site s, covariates (X, Xx,), and
treatment exposures (as, ay,), the probability of assignment is strictly positive:
0 < Pr(as, an, | Xs, Xp,) < 1. Furthermore, we require latent positivity conditional

onZ,ie., 0 <Pr(as, ay, | Xs, Xn,, Zs) < Lif Pr(as, an,, Xs, Xn;, Zs) > 0.

Assumption 8.4 (Localized interference). The potential outcome at site s de-
pends only on its own treatment and those of its neighbors Ns, not on treatments

outside N.

Assumptions 8.2-8.4 are standard in the causal inference literature [e.g.,
Chen et al., 2024b, Forastiere et al., 2021] and ensure that the potential outcomes
and the direct/spillover estimands in Egs. (8.3) and (8.4) are well-defined un-
der localized interference. Identification additionally requires assumptions on
the confounding structure. Classical approaches for spatial treatment effects
assume ignorability of the joint neighborhood exposure given observed covari-
ates; we relax this and allow unobserved confounding driven by a shared latent
spatial field U : 8§ — R% spanning the grid, while requiring that confounders

affecting purely local variation are observed in (Xs, Xy,).

Assumption 8.5 (Latent Field Sufficiency). All confounders that act only on a
single site are observed in (X, Xx,). Any remaining unobserved confounding
is mediated through a shared spatial latent field U : S — R% that affects treat-
ment assignments across multiple sites. In particular, there is no additional un-
observed confounder U that changes (As, Ay, Ys(a, ay,)) at some site s without

also influencing treatments at other sites s'.

Assumption 8.5 is the spatial analogue of the “no single-cause confounders”
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assumption in the deconfounder literature [e.g., Wang and Blei, 2019, Bica et al.,
2020a]: all purely local confounders are observed, and any remaining unob-
served confounding arises from a shared latent field U that induces dependence
across sites. This is precisely the regime in which the neighborhood exposure
(As, Ap,) can act as a multi-cause signal: multiple components of exposure are
jointly shaped by the same latent spatial structure. Under a factor-model rep-
resentation of the joint exposure, Proposition 5 of Wang and Blei [2019] implies
that there exists a population substitute confounder Z} (measurable with respect
to (As, Ax,, Xs, X,)) such that the joint assignment (As, Ay,) is ignorable given
(Xs, Xp» Z5)-

Finally, we connect this population target to what our Stage 1) model learns.

Assumption 8.6 (Recoverable Substitute Confounder and Stage (1) consistency).
There exists a population substitute confounder Z} that is a deterministic func-

tion of the observed neighborhood exposure and covariates,
Z; = f¢(AS’ ANs’ XS’ XNS)7

such that conditioning on (Xs, Xy, Z¢) renders the joint exposure (As, Ay,) ignor-

able as in Def. G.1. Moreover, the fitted Stage 1) model yields an estimator
25 = f&(AS’ ANS, XS’ XNS)

that converges to Z§ (e.g., 03(Zs | As, An,» Xs, Xy,) concentrates at Z{) as the sam-

ple size grows.

Assumption 8.6 has two parts. First, an identification requirement: there
exists a population substitute confounder Z}, measurable with respect to
(As, Ax,, Xs, Xy,), that restores ignorability. Second, an estimation requirement:

the chosen Stage (1 factor model consistently recovers Z¥. We do not claim that
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C-VAEs are identifiable in full generality; rather, this assumption should be read
as a well-specification or consistency condition on the chosen conditional factor-
model class. In practice, we encourage stable recovery by incorporating spatial
priors and can further regularize toward identifiability using objectives such as

the IMA-regularized loss of Reizinger et al. [2022].

Intuition Under interference, each site’s treatment is observed together with
those of its neighbors. Because both As; and Ay, are influenced by the same
latent field U, they provide multiple noisy “views” of the underlying spatial
structure. By fitting a factor model to the joint distribution of own and neighbor
treatments, we target the population substitute confounder Z; and estimate it
with Z;. Conditioning on this substitute confounder together with observed co-

variates restores ignorability, enabling estimation of direct and spillover effects.

Sensitivity to Proxy Error In Appendix G.2, we show that if the outcome re-
gression is Lipschitz in Z, then using Z instead of Z* induces O(Ellz — Z*||) error

in the direct and spillover treatment effects.

For notational simplicity, we write Zs for the population target Z; in what

follows.

Theorem 8.7 (Causal identifiability). Suppose Assumptions 8.2-8.6 hold. Let Z
be a piecewise constant function of the assigned neighborhood exposure and covariates
(&, an, X, Xy) and let the outcome be a separable function of the observed and unobserved
variables:
Ey[Ys(a, an) IXs = X, Xn, = Xy, Zs = Z]
= fi(a, an, X, Xy) + £(2), (8.14)
E\Ys | As = a,Ay, = an, Xs = X, Xp, = Xn, Zs = Z]

= f3(a, an, X, Xn) + f4(2), (8.15)
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for continuously differentiable functions fi, f,, f3, 2.  Consequently, the direct and

spillover effects are identifiable as

Tdir = Exs,st,z[EY[Ys | As = 1, An,, Xs, X, Zs]
—BYs | As = 0, Ay, X, X Z6. (8.16)
Tspill = EXS,XNS,Z[EY[YS | a, An, = aﬁ\l,z, Xss Xng» Zs)

—EdYs | a. Ay, = a0, X, X, Ze] |- (8.17)

Proof. The proof is provided in Appendix G.2. ]

Remark 8.8. Our identifiability result applies to settings with separable struc-
tural equations, a standard assumption in related work [e.g., Wang and Blei,
2019, Papadogeorgou and Samanta, 2023]. In spatial applications, this can cap-
ture latent factors that shift outcomes but are not fully observed, such as persis-
tent baseline differences in respiratory risk due to long-run pollution exposure,
chronic disease burden, or regional variation in care-seeking and reporting. Sys-

tematic measurement error in outcomes can be viewed similarly.

8.6 Experiments

We evaluate the Spatial Deconfounder on semi-synthetic datasets from the
SpaCE benchmark [Tec et al., 2024], modified to incorporate both local inter-
ference and spatial confounding on real-world environmental data. To simulate
unobserved confounding, we mask key covariates after data generation, i.e., we
completely remove them from the dataset. We then compare different instanti-
ations of our method against a range of spatial baselines under both local and
spatial confounding scenarios. The section proceeds as follows: we describe the
SpaCE environment and our data generation process, introduce the baselines

and evaluation metrics, and finally interpret the results.
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Additional details—including data generation, residual sampling, pack-
ages, hyperparameter tuning, and validation procedures—can be found in
Appendix G.3. Replication code is available at https://github.com/

moprescu/Spatial-CI.

Datasets and SpaCE Benchmark We build on the SpaCE benchmark [Tec
et al., 2024], which provides semi-synthetic spatial datasets for causal inference
under unobserved confounding. In its original form, SpaCE simulates causal ef-
fects by masking important covariates in real-world environmental and health
data, but it assumes independent treatments and does not account for interfer-
ence between neighboring units. This makes it inadequate for evaluating meth-
ods, such as ours, that explicitly address both unobserved spatial confounding

and localized spillovers.

To address this, we extend the SpaCE data generation process in two ways.
First, we project the raw environmental data onto a uniform 0.25° x 0.25° lati-
tude-longitude grid, allowing convolutional architectures to exploit spatial lo-
cality while preserving large-scale patterns. Second, we incorporate interference
into the potential outcome model by allowing outcomes to depend not only on
local treatment As but also on neighbor treatments Ay, within radius ry. We

generate outcomes under two confounding regimes:

A

(Local confounding) Ys = f(As, Ax,, Xs) + R, (8.18)

(Spatial confounding) Yo = f(As, An,> Xss Xn) + Rs, (8.19)

where f is a predictive function learned from the observed data, X, are observed
covariates, and Ry are exogenous residuals. The local setting restricts confound-
ing to site-level variables, while the spatial setting also allows neighborhood

covariates to act as confounders.
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Semi-Synthetic Data Generation To construct Ys, we proceed in four steps: (1)
tit f using ensembles of machine learning models to predict observed outcomes
Ys, (2) compute residuals Rs = Y — f(-) and estimate their spatial distribution
Pr, (3) replace endogenous residuals with exogenous noise Rs ~ P, and (4) gen-
erate counterfactuals by varying local and neighbor treatments while holding
confounders and residuals fixed. To simulate hidden confounding, we identify
influential covariates by measuring the change in predictive performance when

each is removed, then mask the most important ones at training and testing.

Raw Datasets From the full SpaCE suite, we focus in the main text on two

collections:

Air Pollution and Mortality: County-level data for the mainland US in 2010,
including elderly mortality (CDC), fine particulate matter (PM,s) treatment
exposure [Di et al., 2019], behavioral risk factors (BRFSS) [Centers for Dis-
ease Control and Prevention, 2010], and Census demographics [U.S. Census
Bureau, 2010]. We study the effect of PM, s exposure (treatment) on mortality
(PM;5 — m), with different masked confounders.

PM; 5 Components: High-resolution (1 x 1 km) gridded data on total PM,5 [Di
et al., 2019] and its chemical composition [Amini et al., 2022], using annual
averages for 2000. We focus on the effect of sulfate on overall PM,5 (SO, —
PM;5), with key latent drivers such as ammonium (NH,) and organic carbon

(OC) masked.

The datasets are complementary: the first captures socioeconomic and
demographic confounding, while the second reflects atmospheric chemistry.
Additional datasets and hidden-confounder variants are described in Ap-

pendix G .4.
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Baselines and Model Variants We benchmark against classical and modern
spatial methods: S2SLS [Anselin, 1988] with outcome autoregression; spline-
based SPATIAL and residualized SPATIAL+ [Dupont et al., 2022]; GCNN [Kipf
and Welling, 2017] for non-linear neighbor aggregation; DAPSM [Papadogeor-
gou et al., 2019a] for proximity-based matching; and UNET [Ronneberger et al.,
2015b], which can capture spillovers via neighbor treatments but does not adjust

for hidden confounding.

For the Spatial Deconfounder, we instantiate the potential outcome module
differently by setting the head to SPATIAL+ under local confounding (to ensure
fairness) and to UNET under spatial confounding (to flexibly capture multi-scale
structure). We also vary the neighborhood radius r € {1, 2} considered by the
model and the latent confounder dimension in the C-VAE (d; € {1, 2, 4, 8, 16, 32}).

Evaluation Metrics We assess performance on the direct (DIR) and spillover
(SPILL) effects. As standard in causal inference [Hill, 2011, Shi et al., 2019, Cheng
et al., 2022], we report standardized absolute bias, oy Y17 — 7|, with true effect 7,

estimate 7, and outcome standard deviation .

Results Tables 8.1 and 8.2 report performance under local and spatial con-
founding across different masked confounders (e.g., humidity, population den-
sity, ammonium, organic carbon). Across environments, the Spatial Decon-
founder (C-VAE) variants consistently achieve lower bias on direct effects than
existing spatial baselines. Even with non-smooth unobserved confounders like
population density (opep), our framework still achieves lower bias. Importantly,
unlike most benchmarks, both the Spatial Deconfounder and UNET can recover
spillover effects, with the Spatial Deconfounder generally providing more accu-

rate estimates.
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Table 8.1: Performance of the Spatial Deconfounder and baselines under local
confounding in the semi-synthetic spatial benchmark. Results are averaged over
10 runs with 95% confidence intervals. Here, ry denotes the neighborhood ra-
dius used in data generation, and r denotes the neighborhood radius used by
the deconfounder. Lower values of DIR and SPILL indicate lower bias; p is the
predictive-check p-value, with values closer to 0.5 indicating better fit.

Setup Conf. Method DIR SPILL p
PM,s Osummer C-VAE-SPATIAL+ (r=1) 0.04 +0.01 0.42 +0.08 0.37 +0.07
! C-VAE-SPATIAL+ (r=2) 0.04 £0.01 0.44 +0.09 0.36 =0.04
m DAPSM 0.30 = 0.03 n/a n/a
(rg=1) GCNN 0.41 +0.03 n/a n/a
S2SLS-LAG1 0.20 + 0.00 n/a n/a
SPATIAL+ 0.13 + 0.04 n/a n/a
SPATIAL 0.10 £ 0.07 n/a n/a
PM2s  ppop C-VAE-SPATIAL+ (r=1) 0.05+0.02 0.15+0.05 0.34 +0.04
! C-VAE-SPATIAL+ (r=2) 0.04 +0.03 0.24 +0.06 0.35+0.04
m DAPSM 0.16 + 0.01 n/a n/a
(rg =2) GCNN 0.18 £ 0.03 n/a n/a
S2SLS-LAG1 0.07 + 0.00 n/a n/a
SPATIAL+ 0.10 £ 0.02 n/a n/a
SPATIAL 0.17 = 0.03 n/a n/a
SOy NH,4 C-VAE-SPATIAL+ (r=1) 0.07+0.03 0.64+0.10 0.38 +0.04
l C-VAE-SPATIAL+ (r =2) 0.07 +0.03 0.16 + 0.06 0.39 +0.06
PM;5 DAPSM 1.44 + 0.00 n/a n/a
(rg=1) GCNN 0.52 £0.16 n/a n/a
S2SLS-LAG1 0.09 + 0.00 n/a n/a
SPATIAL+ 0.11 + 0.03 n/a n/a
SPATIAL 0.08 + 0.02 n/a n/a
SOy oC C-VAE-SPATIAL+ (r=1) 0.06 +0.03 0.18 + 0.09 0.43 +0.03
! C-VAE-SPATIAL+ (r=2) 0.12+0.06 0.35+0.08 0.43 +0.04
PM;5 DAPSM 1.24 + 0.01 n/a n/a
(rg =2) GCNN 0.30 + 0.10 n/a n/a
S2SLS-LAG1 0.21 = 0.00 n/a n/a
SPATIAL+ 0.13 £ 0.07 n/a n/a
SPATIAL 0.29 + 0.01 n/a n/a

Additional experiments in Appendix G.4 confirm these trends in broader
settings. In a few cases where classical baselines perform comparably or
slightly better, the scenarios involve very weak or highly smooth confounding—

conditions under which stronger parametric assumptions may help. Over-

all, the results show that leveraging interference as a multi-cause signal sub-
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Table 8.2: Performance of the Spatial Deconfounder and baselines under spatial
confounding in the semi-synthetic spatial benchmark. Results are averaged over
10 runs with 95% confidence intervals. Here, ry denotes the neighborhood ra-
dius used in data generation, and r denotes the neighborhood radius used by
the deconfounder. Lower values of DIR and SPILL indicate lower bias; p is the
predictive-check p-value, with values closer to 0.5 indicating better fit.

Setup  Conf. Method DIR SPILL p
PM2s  ppop C-VAE-UNET (r=1) 0.05+0.01 022+0.06 0.34+0.03
1 C-VAE-UNET (r=2) 0.04 £0.02 0.12+0.06 0.36 +0.06
m DAPSM 0.20 +£ 0.01 n/a n/a
(rg=1) GCNN 0.17 £ 0.06 n/a n/a
S2SLS-LAG1 0.05 + 0.00 n/a n/a
SPATIAL+ 0.27 +0.18 n/a n/a
SPATIAL 0.06 + 0.06 n/a n/a
UNET 0.06 +0.01 0.17 +£0.04 n/a
SO, oC C-VAE-UNET (r=1) 0.06+0.02 0.09+0.04 0.44 +0.03
! C-VAE-UNET (r=2) 0.06+0.02 0.18 +0.06 0.45+0.03
PMjsg DAPSM 1.57 £ 0.00 n/a n/a
(rg=1) GCNN 042 +0.15 n/a n/a
S2SLS-LAG1 0.13 + 0.00 n/a n/a
SPATIAL+ 0.06 +0.05 n/a n/a
SPATIAL 0.04 + 0.01 n/a n/a
UNET 0.07 +£0.02 0.05 + 0.02 n/a

stantially improves both direct and spillover effect estimation. These findings
support the core premise of the Spatial Deconfounder: interference can be ex-
ploited, rather than treated as a nuisance, to improve causal inference under

unobserved confounding.

Stress Tests We run several stress and robustness tests. For example, our the-
ory hinges on Assumption 8.5, which rules out purely local (“single-cause”)
unobserved confounders. We therefore run a targeted stress test that injects an
additional site-specific latent confounder, violating latent-field sufficiency; per-
formance degrades as this violation strengthens, and baselines that do not rely
on multi-cause structure can become competitive in the extreme. As an addi-

tional check, we evaluate cases with high treatment sparsity. The p-value sub-
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stantially declines relative to our values in Table G.3, demonstrating that this

metric can effectively flag poor reconstructions. See Appendix G.5 for details.

8.7 Conclusion

We introduce the Spatial Deconfounder, a framework that jointly addresses in-
terference and unobserved spatial confounding by treating neighborhood treat-
ments as a multi-cause signal. A C-VAE with a spatial prior reconstructs a sub-
stitute confounder, enabling estimation of direct and spillover effects with flex-
ible outcome models. We prove identification under assumptions on the latent

spatial field and outcome structure.

More broadly, our results suggest a shift in perspective: rather than treat-
ing interference solely as a nuisance, it can provide signal about hidden struc-
ture. While our guarantees rely on idealized assumptions, our semi-synthetic
experiments on minimally modified environmental-health data show consis-
tent bias reductions relative to strong spatial and deep-learning baselines, sup-
porting the practical value of interference-driven multi-cause representations.
Future work includes extensions to spatiotemporal settings, continuous treat-

ments, and larger-scale deployments.
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CHAPTER 9
CAUSAL INFERENCE ON NETWORKS UNDER MISSPECIFIED
EXPOSURE MAPPINGS: A PARTIAL IDENTIFICATION FRAMEWORK

This chapter is based on Schrdder et al. [2026], developed jointly with Maresa Schrider.
I contributed to the initial problem framing and to the theoretical development. The ver-
sion included here emphasizes the conceptual setup and theoretical results most closely

connected to the dissertation’s themes.

Network interference complicates causal inference because a unit’s outcome
may depend on treatments assigned to other units in the network. A standard
approach is to summarize neighbors’ treatments through an exposure mapping,
but this mapping is typically imposed by the analyst and may be misspecified.
When that occurs, conventional estimators of direct and spillover effects can be

substantially biased.

This chapter develops a partial identification framework for causal inference
under misspecified exposure mappings. We model misspecification through
sensitivity bounds on the ratio between the exposure propensity induced by
the analyst-specified mapping and that induced by the true, unknown inter-
terence mechanism. Under this formulation, we derive sharp bounds on con-
ditional and average potential outcomes, and hence on direct, spillover, and
overall treatment effects. We further develop an orthogonal estimation strategy
for these bounds and establish guarantees showing robustness to nuisance es-
timation error, recovery of the sharp identified set under suitable consistency
conditions, and asymptotic validity under weaker misspecification. The result-
ing framework extends sensitivity analysis and partial identification ideas to
network settings where uncertainty about how interference is summarized is

itself a central inferential challenge.
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9.1 Introduction

Interference is one of the main obstacles to causal inference in structured data.
In network settings, the treatment assigned to one unit may affect not only
its own outcome but also the outcomes of connected units, so the usual no-
interference formulation is no longer appropriate. This makes both identifica-
tion and estimation substantially more difficult, since in principle each unit’s
potential outcome may depend on a high-dimensional treatment configuration

over the network.

A common response is to impose an exposure mapping that compresses neigh-
bors’ treatments into a low-dimensional summary. Examples include the pro-
portion of treated neighbors, whether treated exposure exceeds a threshold, or
treatment within a fixed-radius neighborhood. Such summaries make causal
analysis tractable and are now standard in the literature on network interfer-
ence [Aronow and Samii, 2017, Forastiere et al., 2021, 2022, Ogburn et al., 2024].
But they also introduce a strong structural assumption: namely, that the chosen
summary correctly captures how spillovers operate. In many applications, that
assumption is difficult to justify. Social influence may vary with tie strength,
spatial spillovers may decay with distance in unknown ways, and effects may

extend beyond the neighborhood encoded by the analyst.

This work asks what can still be learned when the exposure mapping is not
trusted to be exactly correct. Rather than treating misspecification as a nuisance
to be ignored, we model it explicitly. Our starting point is that a misspecified
exposure mapping changes the induced exposure propensity, and that this shift
can be bounded in a sensitivity-analysis-style formulation. This leads naturally
to a partial identification perspective: instead of a single point estimate built

on a fragile exposure assumption, we derive identified intervals that quantify
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what remains learnable under controlled deviations from the analyst-specified

mapping in network settings.

The chapter develops this idea in three steps. First, we formulate a gen-
eral sensitivity model for exposure-mapping misspecification and derive sharp
bounds on conditional and average potential outcomes. Second, we show how
this framework specializes to several common forms of misspecification, includ-
ing weighted neighborhood exposure, threshold misspecification, and omitted
higher-order spillovers. Third, we develop an orthogonal estimation strategy
for the resulting bounds and summarize corresponding guarantees on robust-

ness, sharpness, and asymptotic validity.

The role of this chapter within the dissertation is primarily conceptual and
theoretical. It extends the broader theme of reliable causal inference under un-
reliable assumptions to network settings, where the fragile assumption is not
only unconfoundedness or overlap, but also the analyst’s representation of in-

terference itself.

9.2 Background and Setup

We consider causal inference on a known network under interference. Our goal
is to estimate potential outcomes and treatment effects when a unit’s outcome
may depend on both its own treatment and a summary of its neighbors’ treat-
ments. The key challenge is that this summary, usually encoded through an
exposure mapping, is rarely known with certainty. We therefore begin by for-

malizing the network setting and the causal estimands of interest.

Notation We use capital letters, such as X, to denote random variables, and

lowercase letters, such as X, to denote realizations. The distribution of X is writ-
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ten as Px, though we omit the subscript when the meaning is clear from context.
For discrete variables, we write the probability mass function as P(x) = P(X = x);
for continuous variables, we write the density as p(x). Throughout, we work in
the potential outcomes framework [Rubin, 2005]. A summary of notation is de-

ferred to Appendix H.1.

9.2.1 Network Setting

We follow the standard setting for causal inference on networks [Chen et al.,
2024c, Forastiere et al., 2021]. We consider an undirected network of known
structure with node set Ng, where |G| = N, and edge set &, where (i, j) = (], ) for
I, ] € G. For each node i, we define the partition (i, Nj, N_;), where N; denotes
the neighborhood of node i, that is, the set of nodes j such that (i, j) € & and N_;
denotes its complement in G. We write |Nj| = n; for the degree of node i, and omit

the subscript when it is clear from context.

Each unit i is associated with a binary treatment T; € {0, 1}, covariates X; €
XY, and an outcome Y; € Y. We allow the treatment assignment to depend
either on the unit’s own covariates, so that X; = X;, or on both the unit’s and its
neighbors’ covariates, so that Xj = (Xj, Xy;). In the latter case, we additionally
assume that every node has the same degree n. The treatment assignment of
unit i is assumed independent of the treatment assignments of other units given

Xi. We denote the unit-level propensity score by

a(x) = P(T =t| X =x). (9.1)

A standard device in network causal inference is the exposure mapping, a

function g : [0,1]" — Z that summarizes the treatments assigned to the neigh-
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bors of unit i. Writing

2 1= gltw), 9.2)

the exposure mapping reduces the potentially high-dimensional vector of
neighboring treatments to a scalar or low-dimensional exposure variable. Un-
der this representation, the potential outcome is written as Y;(t;, zj) and depends
on both the unit’s own treatment and the summarized neighborhood exposure.

We denote the corresponding network propensity by
7z %) = p(g(ty) = 2| Xi = X). 9.3)

9.2.2 Causal Estimands Under Interference

We are interested in the average potential outcome (APO) under individual treat-

ment T =t and neighborhood exposure Z = z, defined as

y(t.2) := E[Y(L.2)], (9.4)
and the conditional average potential outcome (CAPO),

u(t,z,x) ;= E[Y(t,z2) | X = X]. (9.5)
Under interference, total causal effects decompose naturally into direct and
spillover components.

Definition 9.1 (Direct Effects (ADE / IDE)). The average direct effect (ADE) and
individual direct effect (IDE) between individual treatment assignments T =t

and T = t’ while holding the neighborhood exposure Z = z fixed are

T(tl)» (t',2) — l//(t, Z) _ l//(t’, Z), (96)
d

742 O () = pu(t, 2, %) — p(t’, 2, ). (9.7)
d;
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Definition 9.2 (Spillover Effects (ASE / ISE)). The average spillover effect (ASE)
and individual spillover effect (ISE) between neighborhood treatment levels Z =

z and Z = 7’ while holding the individual treatment T =t fixed are

0=yt 2) — (. 2), (98)

w2 0006) = u(t 2, %) - p(t. 7, %). 9.9)

Definition 9.3 (Overall Effects (AOE / IOE)). The average overall effect (AOE)

and individual overall effect (IOE) between treatment-exposure pairs (t,z) and

(t',Z) are
T(()t’z)’ ©2) = y(t,2) — y(t',2), (9.10)
8D O () = p(t 2, %) — (', 7, %) (9.11)

As in prior work on causal inference with network interference [e.g., Chen
etal., 2024a, Forastiere et al., 2021], we assume consistency, interference through
a summary exposure, unconfoundedness, and positivity, adapted to the net-

work setting.

Assumption 9.4 (Network Consistency). The potential outcome equals the ob-
served outcome under the realized individual and neighborhood treatment as-
signments; that is, y; = Vi(ti,ty;) if unit i receives treatment t; and its neighbors

receive treatment vector ty;.

Assumption 9.5 (Network Interference). A unit’s treatment affects its own out-
come and possibly the outcomes of other units through a summary function g*.

Specifically, for all ty,, t}, satisfying g*(ty;) = 9°(t},), it holds that

Yilti, ta) = ilti, ty)- (9.12)
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Assumption 9.6 (Network unconfoundedness). Given the relevant covariates,
the potential outcome is independent of the individual and neighborhood treat-

ment assignments:
Vit ta) L Tita | Xi (9.13)
for all t, ty;. If the summary function g* is correctly specified, then

Yi(t, 9% (ta)) L Ti, 9" () | X (9.14)
for all t, ty.

Assumption 9.7 (Network positivity). Given the individual and neighborhood
covariates, every treatment pair (t,) is observed with positive probability: 0 <

p(t,z | xX) < 1 forall x,t,z.

Under Assumptions 9.4 to 9.7 and a correctly specified exposure mapping g*,
the potential outcomes are identified from observational data. However, if the
analyst uses an exposure mapping g # g%, then the key assumptions underlying

point identification may fail. We therefore move to partial identification.

9.3 Partial Identification Under Exposure-Mapping Misspecifi-

cation

When the exposure mapping is misspecified, direct point identification is gener-
ally unavailable. We therefore model misspecification explicitly through a sen-
sitivity formulation and derive identified intervals for potential outcomes and

treatment effects.
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9.3.1 Sensitivity Model for Misspecified Exposure Mappings

We formalize misspecification as a distribution shift in the exposure propensity

9z | X) == p(g(tn) =2 X) (9.15)

between the analyst-specified mapping g and the true but unknown mapping
g*. For a given level of misspecification, we introduce lower and upper bounds

b~(z,x) < b*(z,x), with b~(z,x) € (0, 1] and b*(z, X) € [1, o), such that

PO (tv) =21%) _

T

b*(z, x) (9.16)

for all (z, ).

This sensitivity model does not require parametric assumptions on the data-
generating process. Its interpretation depends on the form of the exposure map-
ping and the way misspecification is modeled. The next subsection develops
general sharp bounds under Eq. (9.16); concrete examples of how to construct

b* are deferred to Section 9.4.

9.3.2 Sharp Bounds on Potential Outcomes

We now derive sharp upper and lower bounds on the CAPO under the misspec-
ification model above. In Appendix H.2, we translate these into corresponding
bounds for direct, spillover, and overall effects. We then develop an orthogonal
estimator for these bounds in Section 9.5 and summarize its theoretical guaran-

tees in Section 9.6. All proofs are deferred to Appendix H.3.

Definition 9.8 (Sharp bounds). Let P denote a distribution on (X, T,Z,Y(T,Z))
such that: (i) P agrees with the observed distribution Pon (X, T,Z,Y), and (ii) the

corresponding conditional distribution 79(z | x) satisfies b™(z, X) < iig:g < b*(z,x)

almost surely. Let M denote the set of all such distributions P. Then the sharp
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upper and lower bounds on the CAPO are

K (t,z,X) = sup Eg[Y(t,2) | X = x], (9.17)
PeM

u(t,z,x) = inf Ez[Y(t,2) | X =X]. (9.18)
PeM

To understand these bounds, note that the problem is to bound the condi-

tional mean

E[YlT:t,Z:z,X:x]:fyp(ylt,z,x)dy. (9.19)
v

A naive construction based directly on Eq. (9.16) yields valid but generally non-
sharp bounds. To obtain sharp bounds, we follow ideas from causal sensitivity
analysis [Dorn et al., 2025a, Frauen et al., 2023] and characterize the optimal

redistribution of mass through a cutoff on the outcome distribution.

Let Fy(y) := Fy(y | t,z,X) denote the conditional cumulative distribution func-
tion of Y, and define

. (1-Db%(z,x))b*(z,X)
YT T x) - b x)

(9.20)
We then define the conditional quantile

inf{y | Fy(y) > o*}, ifb™ <1<Db",
Q*(t,z,x) := (9.21)

inf{y | Fy(y) > 1}, ifb™ =b".

Using this quantile as the cutoff, the sharp bounds admit a closed-form rep-

resentation.

Theorem 9.9. [Sharp Bounds] Let Q*(t,z, X) be defined as in Eq. (9.21), and let (u), =

max{u, 0}. Then the sharp CAPO upper and lower bounds are

w(t,z,x) = Q*(t,z,x) +

1

- E[(Y - Q*(t,z,X)); | t,Z,X]

b*(z,%) (9.22)
E[(Q*(t,z,x) - Y), |t,2,X].

- b*(z, x)
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Remark 9.10 (Limits of the Sensitivity Model). If b™(z,x) = b*(z,x) = 1, then the

identified set collapses and
wr(t,z,x) = E[Y | t,2,X]. (9.23)

As b*(z,X) — oo with b™(z, X) fixed, the upper bound concentrates on the upper
b~(z,x)-tail of Y | (t,z, X), and the lower bound concentrates on the corresponding
lower tail. In the extreme limit b~(z,x) — 0 and b*(z, X) — oo, the bounds become

vacuous and converge to the conditional support:

uh(t,z,x) — esssup(Y | t,z,x), (9.24)

u(t,z,x) — essinf(Y | t, z,x). (9.25)

Implications for Direct, Spillover, and Overall Effects The bounds in Theo-
rem 9.9 immediately induce bounds on treatment effects. Since direct, spillover,
and overall effects are all contrasts of potential outcomes, upper and lower ef-
fect bounds are obtained by combining upper and lower endpoint bounds on

the relevant potential outcomes.

For example, for a generic contrast between two treatment-exposure pairs

(a,b), the upper bound takes the form

= f"(a) - f7(b), (9.26)
while the lower bound takes the form

= f7(a) - f7(b), (9.27)

where f denotes either u or  depending on whether the estimand is conditional
or marginal. Applying this principle yields corresponding identified intervals
for direct, spillover, and overall effects. We defer the explicit formulas to Ap-

pendix H.2.
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9.4 Examples of Exposure-Mapping Misspecification

We now instantiate the general sensitivity model for several canonical forms of

exposure-mapping misspecification.
9.4.1 Weighted Neighborhood Exposure

Suppose the analyst specifies the exposure mapping as the proportion of treated

neighbors,

. b
gltw) 1= ) o =+ (9.28)
JeN
where Nt denotes the number of treated neighbors and n denotes the neighbor-
hood size. Now suppose the true exposure mapping g*(ty) is instead a weighted
proportion of treated neighbors, where each weight may differ from 1/n by at
most g, with 0 < & < 1/n. Then one can construct the sensitivity bounds

P(nS<NTSnZ|X) P(ns<NTSnZ|X)

l-en — 1+en l+en — 1-&n

b~ = inf b*(z,x) = su
(2.%) !eZ P(ns< Nt <nz|x) ’ (2.x) SEE P(ns < Nt <nz|x)

(9.29)

These characterize the degree to which using an unweighted exposure may dis-

tort the induced exposure propensity relative to the true weighted exposure.

9.4.2 Threshold Misspecification

Next suppose the analyst specifies a threshold exposure mapping. Let h(ty) :=
2ljeN %’ denote the proportion of treated neighbors, and define g(ty) := L=

Then
P(g(ty) = 11x) = P(Nr > nc | x).

If the true threshold is instead c* € [C — &,C + £], so that 9*(ty) = 1jny)=c]> then

the ratio in Eq. (9.16) can be bounded by

P(Nt > n(c+¢) | X) < P(g*(ty) =1 X%) < P(Nr > n(c-¢)|X)
P(Nr >nc|x) =~ P@(y)=1|x) = P(Nr>nc|x) ’

(9.30)
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with the corresponding bounds for z = 0 obtained by complement probabilities.

9.4.3 Higher-Order Spillovers

Finally, suppose the analyst truncates interference to direct neighbors, but the
true exposure depends also on treatments assigned to additional units ty C ty ;.
In that case, the exposure mapping is misspecified because the true exposure
depends on g(tyuu), rather than only on g(ty). This induces an unobserved dis-
tortion of the exposure summary and can be treated analogously to unobserved
confounding. Following the sensitivity analysis literature [Dorn and Guo, 2022,
Frauen et al., 2023], we assume user-specified functions b* satisfying

PO(tvuu) =21X)
pO(tv) = 21X)

b~(z,x) < < b*(z,x). (9.31)

This formulation allows for a broad class of higher-order spillover misspecifica-

tions and can be combined with different baseline exposure mappings g.

9.5 Orthogonal Estimation of the Bounds

The characterization in Theorem 9.9 suggests a natural plug-in strategy based
on estimating the cutoff Q*(t, z, X) and the corresponding conditional tail expec-
tations. However, plug-in estimators can be highly sensitive to nuisance esti-
mation error and may suffer substantial finite-sample bias, especially in flexible
nonparametric settings where the nuisance functions are more complex than
the bound function itself Kennedy [2023a]. To obtain a more robust procedure,
we therefore apply orthogonalization strategies [Dorn et al., 2025a, Oprescu
et al., 2023] and develop orthogonal pseudo-outcomes for the bounds whose

first-order sensitivity to nuisance estimation error vanishes.
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9.5.1 Orthogonal Pseudo-outcomes

Define the conditional tail moments
Yo, z,x) =E[(Y - Q*(): I T =t,Z=2,X=x], (9.32)
Yit,z,x) =E[(Q*()-Y): I T =t,Z=2,X=X]. (9.33)
We refer to (n', 79, Q*, y2, ¥;y) collectively as nuisance functions.

Recall that T € {0,1}, while Z may be discrete or continuous. When Z is
discrete, the target functional p*(t,z, X) is pathwise differentiable for fixed (t, z),
allowing efficient influence-function-based construction. When Z is continuous,
point evaluation at Z = z is not pathwise differentiable, so we instead localize

using a kernel Ky(Z — z) with bandwidth h.

For ease of presentation, we state the pseudo-outcome for the upper bound.

The corresponding lower-bound construction is deferred to Appendix H.2.
Theorem 9.11. Let S = (X,Y,T,Z) and fix (t,z). Define

17—, if Z is discrete,
(x)z,h(Z) ::

Kn(Z —2), if Z is continuous,
and let 19(Z | X) denote the conditional pmf when Z is discrete and the conditional

density when Z is continuous. Let

7= @7 Q VW) (9.34)
be estimates of the nuisance functions. Then an orthogonal pseudo-outcome for the

CAPO upper bound p*(t,z,x) is
e = Yit, z,X) _’)7,+(t, z,X)
¢I,Z(S ’ﬁ) - Q (t’ Za X) + b_(Z, X) b*(Z, X)
Ir—gwen(2) [(Y = Q*(t,Z, X)), % (t. Z,X)
7T (X)m9(Z | X) b-(Z, X)
C@Q@EZX) -V -FEZX)
b*(Z, X)

(9.35)
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Algorithm 9.1 Orthogonal Estimator for Sharp Bounds
1: Input: data {S; = (X, Y, Ti, Z)}L,, target (t,2), bandwidth h (if Z is continu-
ous), folds {1 k}l*le, nuisance estimators, regression learner En
fork=1,...,Kdo
Fit nuisances 7™ on {S; @ i ¢ T}
forie Iy do

a;tfz,i — ¢tJtz(Si;/ﬁ(_k))
end for
end for

U2 « § 5L 6
71\+(t,Z,X) A En[‘b{z(ﬁ ’ﬁ) | X = X]
Output: u*(t,2,-), y*(t,2)

—_
<

Moreover, when i = n, the pseudo-outcome is unbiased for its target bound functional.

Remark 9.12 (Unbiasedness of the pseudo-outcome). When 7 = n and Z is dis-

crete, we have

E[gf,(Sim I X =x| =p*(t.zx). E[¢(S:n)]=v"(t2) (9.36)
When Z is continuous, the kernel-localized pseudo-outcome targets a band-
width indexed functional (i}, ;). Under standard smoothness in z, y; (t,z,X) —
pr(t,z,x) and ¥4 (t,2) - y*(t,z) ash | 0.
9.5.2 Estimation Strategy

Motivated by Theorem 9.11, we estimate the bounds using a two-stage procedure
(Algorithm 9.1). We first estimate the nuisance functions, then evaluate the or-
thogonal pseudo-outcome, and finally estimate the bound functional by either

regression or sample averaging. Specifically, we obtain the CAPO upper bound
' (t,2,%) = Ealg,(S;m) | X = X] (9.37)

by regressing the pseudo-outcome on X, and the APO upper bound

¥ (t,2) == Enlg,(S: )] (9.38)
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by sample averaging.
To mitigate overfitting bias and enable standard orthogonalization guaran-
tees, we use K-fold cross-fitting [Chernozhukov et al., 2018a]. Each pseudo-

outcome ¢, ; is computed using nuisance estimates trained on data that do not

contain observation i.

9.6 Theoretical Guarantees

Theorem 9.9 establishes that the identified CAPO bounds u*(t,z,X) are sharp.
We now summarize three additional guarantees for the orthogonal estimator
from Theorem 9.11. First, orthogonality yields second-order sensitivity to nui-
sance estimation error, implying quasi-oracle rates for the CAPO bounds and,
when Z is discrete, root-n inference for the APO bounds. Second, if Q* is con-
sistently estimated and either the propensity block (7', 7%) or the moment block
(v4»7;) is consistently estimated, then the estimated endpoints converge to the
sharp bounds. Third, even when Q* is misspecified, the resulting intervals re-
main asymptotically valid, though potentially conservative, provided one nui-
sance block is learned consistently. We present the discrete-Z results in the main
text and defer the continuous-Z case to Appendix H.2.2. All proofs are deferred

to Appendix H.3.

9.6.1 Second-order Robustness to Nuisance Estimation

The key advantage of orthogonalization is that nuisance estimation errors enter
only through second-order products. We formalize this under the following

regularity condition.

Assumption 9.13 (Regularity and overlap). There exist constants & > 0 and M <

oo such that, almost surely:
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() e <n'(X), 7 (X) <1-g
(ii) if Z is discrete, then & < 79(z | X), 7%z | X) for all (z, X); if Z is continuous,

then there exists a neighborhood N; of z such that for all u € N,
e<a%u| X),7%u | X) < M; (9.39)

(iii) |Y], 72l 7], and |Q*| are all bounded by M.

Theorem 9.14. Assume Z is discrete and Assumption 9.13 holds. Let 1 =
@79, Q" 7 YY) be the cross-fitted nuisances used in ¢;,(S;7) from Theorem 9.11.
Define ty = [ = w'lly + 17 = 792, Fog = 1Q* = Q*llp, and tuy = 75 = 7u(Q*: )2 +

7 = (QF; Iz, where

(@5 X) = E[(Y - Q" (X)): I T =t,Z =2, X], (9.40)
Q5 X) =E[(Q*(X) - Y). IT=tZ=2X]. (9.41)

Then
HE [¢:Z(S M) — ¢,(S5m) | X]”2 = Op(rn,,,rn,y + rﬁ,Q). (9.42)

Thus, the nuisance contribution enters only through second-order terms. To
translate this into a rate for the final CAPO estimator, we impose a generic con-

dition on the second-stage regression learner.

Assumption 9.15 (Second-stage Regression Rate). Fix (t,z) and let Eﬁtfz,i denote
the cross-fitted pseudo-outcome. Let m{,(x) := E[atfz | X = x]. Assume the

regression learner used to form u*(t, z, -) satisfies

|W(t, Z, ) - m:z(')HZ = Op(én) (943)

for some possibly model-dependent rate ¢,.
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Remark 9.16 (Second-Stage Regression Assumption). Assumption 9.15 treats the
final-stage regression step as a black box: it assumes that, when regressing the
cross-fitted pseudo-outcomes on X, the learner attains an L, error rate ¢, uni-
formly over the admissible nuisance estimates 7 € Z. A broad class of learn-
ers satisfy this, including nonparametric least-squares/ERM estimators over a
bounded function class ¥ with bracketing entropy log N(7,€) e (0 <r < 2),
which yields the usual regression rate &, < n%@*) (up to approximation error);
in particular, for d-dimensional Hélder(8) classes, 6, = n#/@*9_ More gener-
ally, black-box regressors satisfying standard stability /oracle-inequality prop-
erties (e.g., linear smoothers) also fit this template [Kennedy, 2023b]. We there-
fore state our results in terms of 6,, which separates orthogonalization from the

choice of final-stage regression method.

Corollary 9.17. Suppose Assumptions 9.13 and 9.15 hold, and let ., I, Fnq be as in
Theorem 9.14. For the CAPO upper-bound estimator,

Iz (tz,-) — ut(t, z, )l = Op(én + My, + rﬁ,Q). (9.44)

In particular, if ¥y x¥n, + 12 o = 0p(6n), then [ (8,2, -) — ¥ (£, 2, )ll2 = Op(6n).
For the APO upper-bound estimator vt (t,2) = E, [Egz],

o (t2) - v (t,2)| = Op(n‘l/ 2 ¥ Tyl + rﬁ’Q). (9.45)
If moreover Yo nfny +Ih o = 0p(N"?), then
V(07 (t.2) - w* (t.2) > N(O,V*(t.2)), (9.46)
where V*(t,z) := Var(¢,(S; n)).

Corollary 9.17 establishes a quasi-oracle property: if the nuisance estimators

converge at rate 0,(65'?) for CAPO bounds (or 0,(n"'/4) for APO), the estimator
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achieves the oracle rate Oy(d,), as if the nuisances were known. This follows,
since nuisance errors enter only through the second-order remainder r,.r,, +

r2 o- For APOs, this additionally enables valid and tight inference.

9.6.2 Sharpness of the Estimated Bounds

The previous subsection controlled the effect of nuisance estimation error on
the estimator. We now give conditions under which the estimated intervals

converge to the sharp identified bounds from Theorem 9.9.

Proposition 9.18. Assume the conditions of Corollary 9.17 hold. Suppose 6, = 0,(1)

and rnq = 0p(1), and in addition either ry, = 0y(1) or Iy, = 0p(1). Then

||7P—(t’ Z, ) - /’li(t’ Z, )”2 = op(l) (947)

and

W= (t,2) — v (t 2)] = 0p(1). (9.48)

Consequently, the estimated CAPO and APQO intervals converge to the sharp identified

intervals.

Proposition 9.18 shows that consistency of the cutoff together with consis-
tency of either the propensity block or the conditional-moment block is suffi-

cient for the orthogonal estimator to recover the sharp bounds.

9.6.3 Validity Under Misspecified Cutoffs

Sharpness requires consistent estimation of Q*. We now show that even when
the cutoff is misspecified, the resulting intervals remain asymptotically valid,
though potentially conservative, provided that one nuisance block is consis-

tently estimated.
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Corollary 9.19. Assume the conditions of Corollary 9.17 hold. Let Q' (t,z,x) be any

measurable cutoff and define the induced bounds

FtzxQ) =Q (tz,x) +

1 .
ot (Y Q€2 tzx] (9.49)

B bi(z, X)E [(Gi(t, Z, X) - Y)+ | t, z, X] ’

and analogously define Ji(t, 2) := B[u*(t, z, X)]. Then

[ (t,z,x), 1" (t,2,X)] (9.50)

is a valid, though not necessarily sharp, CAPO interval, and likewise

[V (t2),9 (t.2)] (9.51)

is a valid APO interval. Moreover, if 6* — ﬁi in L, and either (i) (', 79%) is consistent,
or (ii) (yy, ;) is consistent for the tail-moment targets induced by Q, then the resulting

estimated CAPO and APQ intervals converge to

[, 7] and [ ,y'], (9.52)

respectively, and are asymptotically valid, though potentially conservative. If Q =Q

then the bounds coincide with the sharp bounds.

Remark 9.20 (Continuous Z). When Z is continuous, evaluation at a point z re-
quires kernel localization, leading to the usual bias-variance tradeoff in the
bandwidth. We defer the corresponding rates and inference results to Ap-

pendix H.2.2.

9.7 Conclusion

This chapter develops a partial identification framework for causal inference

on networks when the exposure mapping may be misspecified. The central
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point is that the choice of exposure mapping is itself a consequential modeling
assumption, and when it is uncertain, inference should reflect that uncertainty

rather than rely on brittle point identification.

By modeling misspecification through sensitivity bounds on the induced ex-
posure propensity, we derived sharp identified intervals for conditional and
average potential outcomes, and hence for direct, spillover, and overall treat-
ment effects. We further developed an orthogonal estimation strategy for these
bounds and summarized the resulting guarantees on robustness to nuisance es-

timation error, sharpness, and asymptotic validity.

Within the broader dissertation, this chapter extends the theme of reliable
causal inference under unreliable assumptions to network settings, where the
key fragility lies not only in confounding or overlap assumptions, but also in

how interference itself is represented.
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Part IV

Appendix
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APPENDIX A
APPENDIX FOR CHAPTER 2

A.1 Proofs of Main Theorems
A.1.1 Proof of Theorem 2.6

We first note the following useful identities:

1. (Functional analog of Taylor’s expansion - 2" order). Let F : ¥¢ — R,
where ¥ is a vector space of functions. For any h,h’ € 7 4 assume t —
F(t-h+(1-1t)-h") has second order derivatives in an open interval containing

[0,1], then 3 h € conv({h, h"}) such that

D D, F(n)(h; = hi)(h} - ;)

N~

d d d
F(h) = F(h)+ > Dy F()(N i) +
i=1 i=1 j=1

2. Foralliel,m+1,a€{0,1},x € X, the following hold:

Elpi(Y,vy)) | X=x,A=a] =0 (Moment equations)
m+1
Z @ai(X, v3)Dy, Bloi(Y,v) | X = x,A=a] = I[j = 1] (Definition of @)

i=1

Proof. We wish to bound the term:
&e, a,v) = |[E[y(Z,e,a,v) | X =X] - E[y(Z,e",a",v") | X =X]||

To simplify our calculations, we write  as a difference of two terms y! — y°

given by:

m+1
A

Z afl,i(X, V1,i)P(Y’ V1,i)
i=1

v'(Z. e a,v) = k(X) - %) 2

m+1

1-A
Z 0/1,i(X, Vo,i)P(Y, Vo,i)
i=1

lﬁo(z, € a, V) = KO(X) - 1— e(X)
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With this notation, we have:
1
&e )2 ) [EWAZ eav) -y (Z e e, v) | X =X]|
a=0

The inequality above follows from the inequalities (a + b)*> < 2(a® + b?) and
Va+b < va+ Vb (for non-negative a,b). Without loss of generality, we con-

sider the bound for y*. The proof for y° is very similar. We have:

E[&//l(Z, e,a,v)— 1//1(2, e, a",v) | X = X]
1
= E[wl(Z,e,a,v) —yMZ e a" V) | X =X, A= a] PA=al|X =x)

a=0
* m+1
= (%) - K0 - % S i Bl Y, ) | X = %, A = 1]
=
* m+1
= k1 (X) — K5(X) - % Z(au(X, v1) — @6 VI)ELi(Y vi) | X = X, A = 1]
=
A1
- ee*((;()) ; Q’;i(x, V;)E[p|(Y, V]_) | X = X, A= 1]

A2
where in the last equality we subtracted and then added back a term. We
now study A; and A,. For both these quantities, we do a Taylor expansion of
E[pi(Y,v1) | X = X, A = 1] around v;. For Ay, it suffices to use the Taylor expansion

to first order only. For A,, we perform a second order expansion:

E[pi(Y’ V]_) | X = XvA = 1]
m+1

= E[pi(Y.v) | X = x A=1]+ Y D,E[oi(Y.7) | X = X, A = 1(1(X) - v;(x))
=1

(first order expansion)
Eloi(Y,v) | X = x,A=1]

m+1

= E[p(Yv) | X = x A= 1]+ > D, Eloi(Y.v3) | X = x, A = 1J(1,1() - v} (X))
=1
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m+1 m+

= S DB | X = XA = 110,00 — ¥ (65100 — )

=1 1=1

I -

(second order expansion)

Then A; is given by:

Aq
e (x) o
=200 2,@1i067) = a1 )l v) | X = A = 1]
i=1
% m+1 0
- i((;()) ;(a“(x’ v1) — a3 (X, VD)(W
m+1

+ Y DLE(Y.9) | X = X, A= 1](j(¥) - v} j(x)))
=1

(first order expansion)

*

Z Z WELo(Y,7) | X = %, A = L% v1) = 3306 vD)) (1,100 = 4 5(9))
=1 j=1

m+1 m+
Al < =2 Z Z illors = @il lva j = vi i
=1 j=1

1 m+l

Z ijllasi — agll I = vl

i=1 j=1

We proceed in a similar way for A, using the second order expansion:

m+1
Ay = e(x) Z o (% VIE[oi(Y 1) | X = X, A = 1]
_ e*(x) m+1
e(x) ;
0
aii(x. >(W

m+1

+ Z D,,Eloi(Y,v}) | X = %, A = 1](v1,j(X) = v} (X))

- Z S D DB (7)1 X = 1A = 10000 200001106 )
=1 1=1
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* m+1 m+

= Z a1i(*% v1)DyBloi(Y, v1) [ X = X, A = 1](v1,j(X) = v (X))

e(X j=1 i=1
=I[j=1]
(see useful identities)
m+1 m+1 m+1
;ee ; >0 (a;i(x, v;)D,, D, Eloi(Y, %) | X = x, A = 1]
i=1 j=1 I=1
G100 =1 0100 - i, 0)
- & 29 - 50
1 e*(x) m+1 m+1 m+1 ( . . 3
+35 a i(X7 )DVjDV|E[pi(Y’ ) | X=XA= 1]
2 e(x) ; = = L5 M "

-wum—ﬁﬂm@mm—qmﬂ
Adding back the «; terms to A,, we have:

K1 (X) = k1(X) = Az = ——<(8(x) — &"(x))(k2(X) = &1 (X))

( )
1e X m+1 m+1 m+1
T2 ZZZ(“M(X v1)D, D, Efoi(Y,v1) | X = X, A = 1]
i=1 ]:1 =1
- (rj(X) = v ;) (vaa(X) - vil(x)))
1 3 Cs m+1 m+1
() = k1(x) = Acll < —llia — illlle — €l + Hillve, = vl va = vyl
Cq1 N
=1 I=1
m+1 m+1
S Ml = sllle = &7l + Z Z Hillva,j = vi il v = vl
j=1 1=1

Constants ¢y, Cy, C3, €4 and binary matrices H,G are defined in Assumption 2.5.

Putting everything together, we have:

HE [z/tl(Z, e,a,v) —yi(Z e a" V)| X = X]H
= Ik (X) — k1(X) = Az = A4l

< llxa(X) = k1(X) = Al + [|A4]l
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m+1 m+1

< Dk = sillle = el + > " Hillvej = v il Ivag = vi
=1 I1=1
m+1 m+1

+ 2 Gijllasi = il v = vi
=1 j=1
Putting the ¥° and ¢! bounds together, we obtain the desired result:
&e.a.v) s ) (lka = kil lle = €l + Y > Gijllerai — agll va = i

1 ( m+1 m+1
a=1 i=1 j=1

m+1 m+1

+ Z Z Hijllvai — viill IVaj — vall

i=1 j=1

A.1.2 Proof of Theorem 2.9

Proof. Let Iy = {i : i =k -1 (mod K)} and I¢ = {i : i # k— 1 (mod K)} be the k'
data fold and its complement, let n, = |ly| € {{n/K], [n/K1}, and let A« = n/n (note
none of Iy, Ny, A are random). Let Pg(Z) denote expectation over Z alone (that is,
conditioning on the data, should g depend on it) and Pyg(Z) denote empirical
expectation over ly. Further, let P(g(Z) | X) denote the conditional expectation,

lgll. = Pg?, and I1+(g) € argmin; || f — gll..

Define the pseudo-outcome random variables:

v =y(Z,e, a",v),

Ui = w(Z,80, oW 510y,
K
b= Ak
k=1
Further, define the squared-error objectives:
R(f) = Be(F(X) - )%,

K
R(F) = > ARK(f),
k=1
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R(f) = B(F(X) — )%,
& = > Ak,
k=1
R(f) = B(f(X) - ¥)>,
R(f) = P(F(X) - ¢)*.
Note that R(f) - R(f) = R(f") = R(f’) for any f, f’, that is, R(f) and R(f) are equal
up to additive constants. Finally, we have the predictors:

f € argmin R(f),
feF

f = HF(P( | X)) € argminR(f) = argmin R(f),
feF feF

f* = He(P(y | X)) € argminR(f).
feF

Note f = CDTE and f* = CDTE; we rename them for brevity.

We then have:

A

If =l <|f-f|+|f-f

= ||f = f|| + [T | X)) - T (Bl | X))

< || = || +|[P@ | X) =BG | X))
S

Errora Errorg

where the inequality is because ¥ is closed convex

We first tackle Errorg:

[P | X) - Py | X)|| =

K
D AP | X) — Py | X))
k=1

K
< > AP 1 X) - Py | X)

B

k
which we bound as < & by Theorem 2.6.

Next, we address Errora. Note that ||fA— f_|| > t means that R(f) — R(f) > t2

and R(f) - R( f_) < 0. By intermediate value theorem and convexity of R,R, ¥, we
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have for some f € [f, f] that R(f) — R(f) = t2 and R(f) - R(f) < 0. This in turn
implies that 3f € F with || - f|| < tand (R(f)-R(f)) - (R(f)—R(f)) > t2. Because
R-Ris average of Re — Ry, this in turn implies that for at least one k € 1, K we

have 3f € # with ||f - f|| < t and (Ru(f) - R(f)) — (Re(f) — Re(f)) = t Since

W1 < c5, || < cs, 1 (X)) < €5, we have (F(X) = )% = (F(X) = ) < 4cs|F(X) = F(X)]-

Now, consider ¢(Z) = (f(x)_{(x)ngﬂ{(X)_Z‘Z’k). Then (P — By)g > t?/(4cs) and |lg]| <

If — f]| < tsince |F(X) + f(X) = 20| < 4cs.

Let

gk:{(f—f)(f+f—2$k): fegc}

4C5

and define the event
A t2
Ek(t) = {Elg € Gy sz < tz, (P — Pk)g > —}
4cs
Therefore, by union bound and iterated expectations,

K
P(If - fl|>t) < > E[P(Et) 1{Zi:i e 1Y) |-
k=1

By lemma 3.4.2 of van der Vaart and Wellner [1996] and Markov’s inequality,

we have

}) B 4csJ(1 + csJ/(Nit?))

P(E) [(Zizielf 2

where J =t + fo Verde <t+5 t1 "2 Thus, Errora = Op(n~@M), O

A.1.3 Proof of Theorem 2.10

Proof. Using the stability conditions for the estimator E, outlined in Theorem
2.10, we can immediately apply Theorem 1 from Kennedy [2023a] (as appears

in the v2 preprint on arXiv) with the cross-fitted nuisances to obtain:
|(CDTE) - (CDTE)||
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< ||(CDTE) - (CDTE)||

K
+ ) [ 8, a9,59) | X = x] - Bly(Z.¢", 0", v") | X = X]|
k=1

< ||(CDTE) - (CDTE)|| + &

where the last inequality was obtained by applying Theorem 2.6 to nuisance

sets (X, @™, 1) in each fold k € 1, K. O

A.1.4 Proof of Theorem 2.11

Proof. Let Iy = {i : i = k— 1 (mod K)} be the data indices in the k-th data fold,
and let B f(Z) = II_lkl Yier, T(Zi) be the empirical expectation of data with indices

in 7. The linear regression parameters y*,’y and y are given by:

y" = E[¢(X)¢(X)" 1" E[CDTE(X)$(X)]

= E[¢(X)¢(X) 1 ElW(Z. ", ", v)¢(X)]

(consistency and iterated expectations)

¥ = Eale(X)p(X) 1" Ealp(Z, 6", ", v)$(X)]

= Ealp(X)8(X)1™ Edy(Z.e', o', v)p(X)]

DM~ 2D

Xl Xl

7 = Ealo(X)ep(X) "1™ Ex[y(2,89,9 39)p(X)]

=~
]
=

We note that we can rewrite yn(y — y*) as:

V@ - = ¥n(y =7) + Vn(y - v") (A.1)

~»N(0,2%)
The second term converges in distribution to the desired N(0,ZX*). Thus, it suf-
tices to show that the first term is 0,(1). We decompose the first term into two

components and study them separately:
V(' -7) (A2)
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1 1

K
= VRE[p()6()' 1™ ) (Blw(Z.89. @ 7)p(X)] - Blu(Z.e". 0" )s(X)])
k=1

| -

K
= VAELSO0O() T ) (B2 8,0, 7)¢(X)] - BU(Z. &', o,y )8(X)])
k=1

A1k

| [N

K
+ N [p(X)6(X) T > (B — B) [((Z, 89, @, 59 - y(Z,¢", 0", v))p(X)]
k=1

A2k

K

We now show that A;x and A,y in the equation above are both 0,(1/v/n). Let

T = E[¢(X)p(X)T]. Then, each element of A is given by:

(Al,k)i = E[w(z’?k)’b\(k)j;(k))((p(x))l] - E[‘P(Z, 6*7 CZ*, V*)¢(X)I]

= E[E[w(z”e\(k)’a\(k)’?\(k)) - (»[’(Za e*’ CZ*, V*) | X](ﬁ(X),]

= (Al < IE[w(Z,8%9, 2%, 39) —y(zZ,e%, ", v*) | X]Il lp(X)il (CS)
1 m+1 m+1
:%EMWL@MW—w+Z§pwﬁ—@mw%@m
a=1 i=1 j=1
1 1
+mz+:mz+: H“HA(k) « r(k) % -
iilVai = Vaill V2 — vajll vV (Zp)ii (Thm. 2.6)
i=1 j=1

By the theorem’s assumptions, we have that Ak is 0,(1/ V), as desired. We

now see how we can control Ayy. By Chebyshev’s inequality, Ay is
P
2 B[ 80,0, 79) —y(z e, o, v*))2(¢<X)i)2]“2] (A3)
i1

where we leveraged that |7,,| ~ n/K and K is a fixed integer constant that doesn’t

depend on n. The sum in the expression above further reduces to:
p
D EIW(Z,e9, a0, 59) - y(Z,e', 0", v)(B(X))1
i=1

(2,88, 2%, 370) — y(Z, e, ", v)lllgp(X)il

IN
- gMﬁ

=Z VN (289,59, 59) ~ y(z, " 0" )]
i=1
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We now study the convergence of |[y(Z, &%, a®,70) — y(Z, e, a*,v*)||. We have:

1
||w(za/e\(k)9a(k)9/l;(k)) - w(z7 e*9 a,*9 V*)” = Z ||wa(z7/e\(k)9a(k)77(k)) - wa(z9 e*a a*a V*)”
1

< > (wA(z e, 3%, 39) - ya(z, e, a9, )]

a=0
+ y2(Z e, @, 7) - yA(Z, €, 0, vl
(Cauchy-Schwartz)
where the y’s are defined in the proof of Theorem 2.6. Without loss of general-

ity, we study the convergence of y:
Il (2,89,3%, ) - y1(Z,e", 2%, FO)I

AEYN(X) - e°(X)) ”“Z”A@
e*(X)eM(X)

(m + 1)CqCs ;
< M50 g

))pl Y )

(from boundedness assumptions)
1

< % — e

lyt(Z, e, a®, 7)) —y(Z,e*, 0", )l
m+1 m+1

=00 ( Z AN = D et (X e, v’;))
i=1

K Cs K
< IR - kil + C—Z @ — ol

= |[FO(X) = 5(X) -

K K
< IR -« ||+Z||a*13—a1.
Therefore:

1 m
(289,30, 59) - y(Z.e", " V)l S 1BV - el + Y [||ng> — 3l + Y1 — oyl
i=1

a=0
Given our assumptions on the nuisance convergence rates, the term above is

0p(1). Putting everything together, we obtain that A;x = 0,(1/vn) and Ay +
Azk = 05(1/ v/n). Going back to Eq. A.2, we have that:

K
VA -7) = VB, [¢(x>¢(><)T]‘1% 2 (A Ao
k=1
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Using the continuous mapping theorem, we have that E,[¢(X)¢(X)"] 5 zh
Finally, by Slutsky’s theorem and the fact that K does not grow with n, we obtain
that vn(y — %) is 0p(1) and therefore:

V(G = y") ~» N(0,Z).

A.2 Applications of Theorem 2.6
A.2.1 Pseudo-outcomes and Rates for CQTE

Corollary A.1 (Pseudo-outcomes and rates for CQTE). Assume the distribution F
is continuous. Then, the pseudo-outcome for the conditional quantile treatment at level
7, CQTE(X; 1), is given by:

A-e(X) 1
e(X)(1 - e(X)) fa(x)

where f4(X) = fyx=xaza(da(X; 7)) is the conditional density of Y evaluated at the con-

Y OE(Z, 0,0, f) = qu(X; 1) — qo(X; 7) + (r —1I[Y < ga(x; D)

ditional quantile. Furthermore, if the conditions of Assumption 2.5 are satisfied, the

oracle rate deviation is given by:

&<

K 1
k= o

1
2, I8 —qll (|re‘<k> €'l +

1 a=0

+ (g% - q;n)

Remark A.2. We note that given Assumption 2.5, f, and f, are bounded
away from 0, and thus the rate deviation can be written as Yf, 31 ; [GY —
gl (|F€— el + ||f§k) - £+ ||'d(ak) - q;ll). When considering medians (o = 0.5), this

result reduces to the result in Leqi and Kennedy [2021] for median effects.

Proof. For continuous CDFs, the conditional quantile at level 7 is the solution to
the moment:

E[r-I[Y <ga(;7)] | X=x,A=a] =0
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The Jacobian is given by J;(X) = D {E[7—I[Y < qa(X; )] | X = X, A = a]} .

—f;(x) where fi(X) = fyjx=xa=a(da(X; 7)) is the conditional density evaluated at
the conditional quantile. By Definition 2.4, a;(X) = —-1/f;(X) and the pseudo-
outcome is given by:

A-e(X) 1
e(X)(1 - e(X)) fa(x)

We apply Theorem 2.6 with @, = 1/f,, va = 02 and obtain that the oracle devia-

yE(Z, 6,9, ) = q1(X; 7) — Qo(X; 7) +

(7 —I[Y < aa(x; 7)])

tion is given by:

K

1
< > IaP -ql (lrék’ €|+

k=1 a=0

1
I

+[g% — q;ll)

as desired.

A.2.2 Pseudo-outcomes and Rates for CSQTE

Corollary A.3 (Pseudo-outcomes and rates for CSQTE). Assume the distribution
F is continuous. Then, the pseudo-outcome for the conditional super-quantile treatment

at level T, CSQTE(X; 1), is given by:

ySUE(Z, e, 1, 0)
= w1 (X;7) = po(X; 7)

A —e(X) _ 1 . . |
+ M(qA(X,T) + E(Y - qA(X,T))I[[Y > qA(X,T)] _,UA(X,T))

Furthermore, if the conditions of Assumption 2.5 are satisfied, the oracle rate deviation
is given by:
&<

D (B = palie® — el + 16 - ;1)

K 1
k=1 a=0

Proof. From Example 2.4.2, we have that for continuous CDFs, the conditional

super-quantile at level 7 is the solution to the conditional moments:

E[(1 - 7)'YI[Y 2 a(X; )] — pa(X;7) | X = X, A=2] = 0

212



E[r —I[Y < Ga(x:7)] | X = X,A=a] = 0

Thus, the Jacobian J;(X) and its inverse if given by:

-1 -1-7)" alA, 7)1y = -7)t a
B e G )f(X)]’ (J;(X»l:[ 1 (-0 r)]

0 —fa(X) 0 —1/fa(X)

where fi(X) = fyjx=xa=a(da(X; 7)) is the conditional density evaluated at the condi-
tional quantile. By Definition 2.4 with @, = (-1, —(1 — 7)da(X; 7)), va = (4a> Ga),

the pseudo-outcome is given by:

wCSQTE (Z’ e u, q)

A-e(X) 1
e(X)(1—e(X) 1 T<

YI[Y > ga(X; 7)] = (1 = Dua(X; 7) = GaX; 7) (r = I[Y < da(X; D))
= w1 (X; 1) — po(X; 7)

A —e(X) _ 1 . . .
* SO0 = o0y O D)+ T (Y = GG INY > Ga(Xi7)] — pia(Xi )

= (X5 7) = o(X; 7) +

We now apply Theorem 2.6. We first note that the binary matrices G and H are

given by:

Moreover, ||Exﬂf)1 — a4l = 0 since aay1 = —11is a constant. Therefore, in the cross-
products II?igfi) —ay; |||ﬁé‘f} ~ Vi j||, the only surviving term is II?igf; —ag,ll va'% Vel =
|ch§k) - q;ll2 due to Gy = 0. Furthermore, given H, the only surviving term in the
cross-products I@k? - v;illll'vfi'% — vy illis| va'f; —v,lP = 6% — qzI2. Thus, the oracle

deviation is given by:

&<

DB - e — e +1g% - azl?)

K 1
k=1 a=0

as desired. O
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A.2.3 Pseudo-outcomes and Rates for CfRTE

Corollary A.4 (Pseudo-outcomes and rates for CfRTE). The conditional f-risk
treatment effect at level 5, CfRTE(X; 9), is given by:

A —e(X)

_ pfry. frx: —_—
w2, e R A) = Ry (X10) = Ry(X;6) + vy

(M(Y, Ba, Aa; 6) — R;(X; 6))

Furthermore, if the conditions of Assumption 2.5 are satisfied, the oracle rate deviation

is given by:

K 1
&= Z Z (”R;’(k) - R;*|||@k) - e*” + |/:(ik) _ﬁZHZ + ”’/igk) _ /12”2

k=1 a=0

+1BY - gl - A1)

Proof. From Example 2.4.3, we have that the CfRTE is identified by the follow-

ing conditional moments:

E[M(Z, B2 12,6) —RI(X;6) | X = x,A=a] =

0
E|+>M(Z,Ba, 4a; 0)| X =x,A=2a| =0
5| M |
E[aim(z ,Ba,/la,é)|x =XA= a] =0
a

where it is understood that 8, and 4, are functions of X. Thus, the Jacobian J;(X)

and its inverse if given by:

_1 0 O
TX) =10 o] oy (0 ecact] o] Xy (580 eoxay
0 5Lty (00 xmact| -8 iy (ry (S2862) [x=xA=1]
-1 0 0
@ =] o
0
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By Definition 2.4 with @, = (-1,0,0), v4 = (R;, Ba, a), the pseudo-outcome is
given by:

A —e(X)

_ f oy
m(m(YﬂA, Aa; 6) = RA(X; 6))

yCRTHZ e R.B.2) = Ry(X;6) = Ry(X;6) +

We now apply Theorem 2.6. We first note that the binary matrices G and H are

given by:
100 000
G=l01 1, H=]0 11
011 011
Moreover, II?igfi) — a,ll = 0 since the a,’s are constants. Therefore, the cross-

products ||Zigfi) - CY;illlﬁéﬂ — Vil vanish. Furthermore, given H, the only surviving
terms in the cross-products Irﬁkl) - v;illlﬁzf:)j = v, il involve only ; and A,. Thus,

the oracle deviation is given by:

&< (IREY = RyIIEY — el + 118X — Bl + 112X = A1 + 1B - BallIAL — 3]

K 1
k=1 a=0

O

We further provide a specific example of CfRTE for f(x) = xlog x which cor-
responds to the Kullback-Leibler (KL) divergence. The associated risk is known
as the entropic value-at-risk (EVaR). We term this conditional f-risk treatment
effect the CKLRTE. The convex conjugate of f is given by f*(x*) = e~1. From

the first-order optimality conditions, we obtain:

Ba(x;0) = arginfy .50 Ba(X; 6) (IogE [em X=xA= a] + 6) (A4)

X:KA:4+®

R¥M(x; 6) = Ba(x; 6) (Iog E [eﬁa{w)

A;(%; 6) = B3(x; 6) (Iog E [eﬁ%

X:x,A:a]—l)

= R*N(x; 6) — Bi(x; 6)(6 + 1) (A.5)
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Thus, the optimization problem contains only one variable of interest, Ba(X; 9).

The pseudo-outcome for CKLRTE at level ¢ is then given by:

Y THINZ 6, R B, ) = REH(X; 6) = Ry -(X; 0)+
A —e(X)

* S0 o) (9840 + 24 0) + Ba(X; ) 7~ REX(X;))

Remark A.5. A practical problem is the estimation of B;(X;d5). We observe
that the empirical analog of Eq. (A.4) requires fitting a regression function

—_ Y

En [eﬁa(x;b‘)

X=xA= a] for each candidate B,(X; 8). This can instead be mitigated
by learning similarity weights between X and the training data and then replac-

— y
ing E, [eﬁa(x;ﬁ)

X=XA= a] with a weighted sum. We can then use this approxi-
mation with any convex optimization method since the argument of Eq. (A.4) is

a convex function in ;.

A.3 Additional Experimental Results

The replication code is distributed under an MIT license. The results in Sec-
tion 2.8 were obtained using an Amazon Web Services instance with 32 vCPUs

and 64 GiB of RAM.

A.3.1 Simulation Study

In this section, we provide additional results on simulated data for CQTEs (Sec-
tion 2.4.1) and CfRTE (Section 2.4.3). Our analysis relies on the same data gener-
ating process and setup described in Section 2.8. For nuisance and second-stage
estimation, we use Python’s scikit-1learn library [Pedregosa et al., 2011] for
logistic and linear regression, random forest regression (RF) and linear quantile
regression (LQR). We employ the extension sklearn-quantile for quantile
random forest regression (QRF). We use the estimators” default hyperparame-

ters except for the RFs where we set the minimum leaf size to n/20 to control
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overfitting. For each comparison, we run 100 simulations for each sample size
n = 100, 200, ..., 12800 and evaluate the mean squared error (MSE) over a fixed

set of 500 random X values.

CQTE Experiments. We measure the conditional quantile treatment effect at
level 7 = 0.75. For the given DGP, the true CQTE at level 7 is given by
01 (X;7) — qo(X; 7) = 1.14(e"0** — ¢%0), a heterogenous function of X. Learning
CQTEs requires estimating three nuisances: the propensity score e(X), the con-

ditional quantile g,(X; 7), as well as the density at the conditional quantile, f,(X).

We estimate e(X) using logistic regression. Likewise, we learn f;(X) using
the method described in Section 2.5.2 with a Gaussian kernel (bandwidth b = 1)
for the estimates w; and a random forest (RF) regressor as the final estimator
En[w | X = X, A = a]. Finally, we consider three methods for estimating ga(X; 7).
First, we consider a quantile RF (QRF) [Meinshausen and Ridgeway, 2006] as
the flexible learner. Then, we consider a "misspecified” model such as the linear
quantile regressor (LQR) [Koenker, 2005]. Lastly, we consider an estimator that
uses a Gaussian kernel for calculating weights and then computes G, using the
weighted version of the moment in Eq. (2.3). We choose the kernel bandwidth
by Silverman’s rule [Silverman, 2018]. This will be our slow estimator as we

expect it to suffer from the curse of dimensionality. For the final stage, we use

an ordinary least squares model (CQTE+OLS) or an RF (CQTE+RF).

For the performance comparisons, we proceed similarly to Section 2.8. Thus,
we compare the out-of-sample MSE of the CQTE estimator with that of the plug-
in estimator from Eq. 2.7. We also construct Plugin+OLS and Plugin+RF given
by running an additional OLS/RF model on the cross-fitted plug-in predictions.
We do so to account for additional smoothing from the last stage regressor.

When the second stage algorithm is OLS, we check whether the 95%-confidence
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—— CQTE+OLS
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---= Plugin

=== Plugin+0LS
-=- Plugin+RF

Mean Squared Error
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(a) Flexible § (b) Misspecified § (c) Slow §

Figure A.1: Mean squared error (MSE) and 95% confidence interval coverage
for different conditional quantile treatment effect (CQTE) learners in the syn-
thetic experiment. Shaded regions show plus/minus one standard error over
100 simulations.

interval OLS returns for the X; coefficient contains the coefficient from the true
projection. The results are shown in Figure A.1. Our CQTE learner provides
uniformly better MSE performance that the plugin counterparts, and the results
show this is not just a consequence of the second-stage regression. For infer-
ence, we achieve better coverage than the plug-in approaches. However, for the
flexible and ”“misspecified” estimator, the coverage does not reach the desired
level of 95%. This is most likely due to misspecifcation in the conditional den-
sity learner. Note: we put misspecified in quotes since the MSE of this estimator
is better than that of the flexible estimator. We attribute this to the fact that for
small t we can approximate €' ~ 1 + t which makes the true CQTE close to a

linear approximation.

CfRTE Experiments. We now turn to estimating the conditional f-risk treat-
ment effects when we set the f-divergence to be the KL divergence. This f-risk
measures the difference between conditional entropic values-at-risk (EVaRs).

We call this risk treatment effect the CKLRTE (see Appendix A.2.3). We now
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wish to measure the CKLRTE at level 7 = 0.75 (6 = — log(1 —7)). We note that our
DGP does not admit EVaRs as the moment generating function of a lognormal
distribution diverges. Thus, we modify the DGP to truncate any values above
the 99" conditional quantile. For the truncated DGP, the true CKLRTE at level §
is given by RKH(X; 6) —REH(X; 6) = 1.42(e”0*1 — ), a heterogeneous function of X.
Learning CKLRTESs requires estimating the following nuisances: the propensity
score e(X), the conditional EVaR RE-(X; 6) and the S,(X; §) optimization parame-

ter.

As before, we estimate e(X) using logistic regression. We learn REN(X; )
and the optimization parameter B,(X;J) jointly via the procedure described
in Appendix A.2.3. In particular, we first learn weights for approximating
E, [eY/ﬁa(X“S) | X =x,A= a] by a weighted average, and then solve the convex op-
timization problem in Eq. (A.4). For the weights, we use either a random forest
(a flexible learner) or a Gaussian kernel (a slow learner, expected to suffer from
the curse of dimensionality), with bandwidth chosen by Silverman’s rule [Sil-
verman, 2018]. For the final stage, we use either ordinary least squares (CKL-

RTE+OLS) or a random forest (CKLRTE+RF).

Similar to our other experimental benchmarks, we compare the out-of-
sample MSE of the CKLRTE estimator with that of the plug-in estimator from
Eq. 2.7. We also construct Plugin+OLS and Plugin+RF given by running an
additional OLS/RF model on the cross-fitted plug-in predictions. This will ac-
count for any additional smoothing from the last stage regressor. When the
second stage algorithm is OLS, we check whether the 95%-confidence interval
for the X, coefficient contains the coefficient from the true projection. We display
the results in Figure A.2. Our CKLRTE learner provides uniformly better MSE

performance than the plugin counterparts, regardless of the second stage re-
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Figure A.2: Mean squared error (MSE) and 95% confidence interval coverage
for different conditional KL-risk treatment effect (CKLRTE) learners in the syn-
thetic experiment. Shaded regions show plus/minus one standard error over
100 simulations.

gression. For inference, we achieve good coverage whereas plug-in approaches

yield little to no coverage.

A.3.2 Impact of 401(k) Eligibility on Financial Wealth

We provide a detailed description the 401(k) dataset features in Table A.1. We
then compare the feature importances given by the random forest final stage of
the CSQTE estimators and the DR-Learner. Figure A.3 shows that the features
driving the treatment effects for the three estimators have the same importance
profile across tasks. For example, income, age and education are the most im-
portant features when determining the conditional average treatment effect, as

well as the conditional average effects in the left 25% tail and right 25% tail.

A.4 Practical Considerations for CDTE Estimation

One of the limitations of our work is that the interpretation of our estimands
as causal effects only hold when the unconfoundedness assumption holds.

Whether it holds or does not, our estimands are differences in distributional
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Table A.1: Covariates included in the 401(k) dataset used in the Chapter 2 ap-
plication.

Name Description Type

age age continuous
inc income continuous
educ years of completed education continuous
tsize family size continuous
marr marital status binary
two_earn whether dual-earning household binary

db defined benefit pension status binary
pira IRA participation binary
hown home ownership binary
e401 401 (k) eligibility binary
net_tfa net financial assets continuous

Feature Importances

Income -

Age -

Education -

Family size -

Has IRA -

Features
LN |

Two earners -

Has pension -

CSQTE,
bottom 25%

CATE

CSQTE,
W op 25%

Marital status -

Owns home

0.0 0.2 0.4 0.6
Relative Importance

Figure A.3: Feature importances from the final-stage learner in the 401(k) ap-
plication, for CSQTE on the bottom 25% of financial-asset holders, CATE, and
CSQTE on the top 25% of financial-asset holders.

statistics between the distributions of Y | X,A=1and Y | X,A = 0. If it does
hold, this coincides with the differences in distributional statistics between the
distributions of Y(1) | X and Y(0) | X. While unconfoundedness can usually
be guaranteed in experiments barring any non-compliance, there is no way to
test for it in observational data. Thus, the onus is on the researcher to deter-

mine whether unconfoundedness is plausible in their data and to interpret the

estimands carefully.
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Another possible concern in practice is the possibility for biased selection,
where the sample may not be representative of the population of interest. To
the extent that any unrepresentativeness is explained by X (known as, selection
at random), the CDTEs given X will be unaffected. Therefore, we can alleviate
this issue in the application of our method by learning CDTEs with a second-
stage regression that is a universal approximator (such as nonparametric regres-
sion, forests, or deep networks) so it learns the true CDTEs, thus adjusting for
X fully. If there is unrepresentativeness not reflected in X (known as, selection
not at random), then even the true CDTEs given X = X only reflect effects on
the data-generating subpopulation with X = x. This may be alleviated by con-
sidering richer X so as to minimize the discrepancy and/or by acknowledging
possible biases. Finally, whether selection is at random or not, any best-in-class
prediction guarantees (such as for simple second-stage regressions like OLS)
only hold with respect to the data-generating population, and therefore “best-
performance” may be unrepresentative of performance in the population of in-

terest. If selection is at random, this is nonetheless easily fixable by reweighting.

Yet another practical concern is whether the outcome we observe truly re-
flects the appropriate notion of benefit/risk. Otherwise, CDTEs similarly may
not reflect the right risk measure, and our estimators could further propagate

undesirable biases and choices encoded in the data [Passi and Barocas, 2019].

Lastly, there may be issues of calibrating risk profiles to human preferences,
so as to make CDTEs informative for decision making. In particular, there may
be conflicting risk preferences between the decision making entity (e.g., doctor,
policymaker, product manager) and the individual (e.g., patient, citizen, plat-
form user). If the risk measure employed is in conflict with individual prefer-

ences, it is possible to have a negative impact on individuals from their own
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perspective. Nonetheless, using the outputs of our models using different risk
measures on an individualized basis could potentially be used to make policy

decisions for individuals based on their own risk preferences.
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APPENDIX B
APPENDIX FOR CHAPTER 3

Note: Throughout the appendix, we use + notation to encode either upper/

lower bounds results. This allows us to unify upper/ lower results and proofs

at the cost of some readability.

B.1 Notation

We summarize the notation we use throughout this work in Table B.1. In addi-

tion, note that we use upper case letters (e.g. X) to denote random variables and

lower case letters (e.g. X) to refer to specific values of a random variable.

Table B.1: Notation used in Chapter 3.

Symbol Meaning

X The observed covariates in RY

A A binary treatment (A € {0, 1})

Y The outcome

z (X,A,Y) drawn from an observed distribution P

Y(1),Y(0) Real-valued treated and untreated potential outcomes,
respectively

U The unobserved confounder in R¥

Ptan An unobservable distribution over (X, A, Y(1), Y(0),U)

a LA e[05,1)forA>1

{b}.,{b}_ max{b, 0} and min{b, 0}, respectively, for a real number b

b<d b < Cd, for b,d € R, and for some universal constant C

g The true value of a function g

g A putative value of a function ¢

) An estimated value of a function g from data

lgll == Er[g(2)*]"?
+’_

=+, +

The L, norm of g under a probability distribution F(z)
Indicators denoting upper and lower bounds,
respectively

Symbols indicating that an equation should be read
twice, once with + = +,F = —and once with + = —, F = +

Continued on next page
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Table B.1 continued from previous page

Symbol Meaning
E.g.,a* = b* + c* encodes two equalities: a* = b* + ¢~ and
a =b +c*

e(x) The observed propensity score P(A = 1| X = X)

e(x, u) The full propensity score Pgy(A=1|X = Xx,U =u)

F(y| x,a) The conditional outcome distribution,
P(Y<y|X=Xx,A=a)

f(y| x, a) The conditional outcome density, OIin(y | X, a)

w(x,a) E[Y | X = X, A = a], the outcome regression

gs(x, ) inf{8 : F(B8| x,a) > c}, the conditional outcome quantile

q;(x,a) q.(x, a), shorthand o' quantile notation

g-(x,a) d;_,(x,a), shorthand (1 - @)t quantile notation

H.(z,q) q(x,a) + 7= {y — 4(x,a)},, Conditional Value at Risk
pseudo-outcome

CVaR.(x, a) E[H.(z,q;) | X = X, A = a], the Conditional Value at Risk

CVaR,(x,a) The expectation above the (1 — @) quantile

CVaR_(x, a) The expectation below the @ quantile

R.(z,Q) Aty + (1 - AYH.(z,q), pseudo-outcome for the
(conditional) unobserved potential outcome

pi(x,a,q) E[R.(z,Q) | X = x, A = a], the (conditional) expected
unobserved potential outcome

pi(x,a) Shorthand for pi(X,a,q}), i.e., p. evaluated at the true

conditional quantiles .

CATE Bounds Pseudo-Outcomes

$12.7)
¢5(2.7)
$:(2.7)

AY + (1= A (X 1) + S (RU(Z.T(X, 1) = £ (X, 1))

(1= A)Y + A5 (X, 0) + TR (RLZ.T-(X.0)) - (X, 0))
H1(Z.7) — 45 (Z.7)

B.2 Results for CATE Lower Bounds

The results for the CATE lower bound 77(X) can be obtained by interchanging +

and - symbols in the nuisances and/or replacing A with 1 — A. We state them

here for completeness.
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CATE Lower Bounds Identification (Result 3.4) The sharp CATE lower
bound is given by 77(x) = Y~(x,1) — Y*(X,0), where the relevant bounds on the

conditional average potential outcomes can be expressed as:

Y7(x 1) =e"(u(x. 1) + (1 - e (x)pZ(x, 1),

Y*(x,0) = (1 - e"()u"(x. 0) + e*(x)0’ (X, 0).

Thus, the lower bounds can be expressed as a convex combination of quantities

that can be estimated from the observed data, i.e. they are identifiable from data.

Pseudo-outcome for CATE Bounds (Definition 3.5) Let

7= E0.(.0).9-(.1).0:(.0).p-(-.1) € E

be a set of nuisances. The pseudo-outcomes for the bounds Y (X, 1), Y*(x, 0), and

77(X) are given by

6@ =AY + - AE D+ CER R @ 1) -7k 1),
K@ = A-AY + 7.0+ D RLET K 0) X 0).

¢ (Z.7) = ¢1(Z.7) — ¢5(Z. 7).

Validity and Sharpness for CATE Lower Bounds We call lower bound esti-
mates 7 (X) valid if T (X) — 77(X) < —0p(1). Similarly, the lower bound estimates

7 (x) are sharp if T-(x) = 77(X) + 0p(1).

Pseudo-outcome Bias for CATE Lower Bounds The absolute bias of the CATE

lower bound pseudo-outcome has the form:

&:067)| < B0 — (9] [B-(x, 1) — o (x, D] + B(X) — ' ()] [72(x, 0) = i, (x, O)
(@06 1) — 2 1)) + @ (%, 0) — 4. (x, ).
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whereas the signed bias bound is given by:

& (x;m) < [e(x) — e"(¥)| [o-(x, 1) — pZ(x, 1,T-)|
— [e(x) — " (91 o+ (x, 0) — oL (%, 0,T,)L.

The proofs of the theorems and corollaries in the chapter (Appendix B.4) are
unified across lower/upper bounds by using the + notation described above.

For example, we will write the consolidated pseudo-outcome bias bounds as:

|E2(x7)| < TB(X) — e (X o2 (x, @) — pi(x, @)l + (Gu(X, @) — (X, @))?
FE;(x;7) < [e(x) — e* ()| [p=(x, @) — pi(X, &, Tl

which, together with E(x;77) = &7(x;77) — E§(X;77), yield the bias bounds for the

lower and upper CATE bounds.

B.3 More Estimation Results
B.3.1 More ERM Results

Corollary B.1 (Conditions for ERM Oracle Efficiency). Let ¥ be a class of B-smooth
functions in d dimensions (i.e. Holder) and let e, p., 0. be e, ¥, and yq-smooth func-
tions, respectively. Then, the L, error rate of Algorithm 3.1 is Op(n~Y/(@+4/8) 4 n=2/(2+d/va) 4

—(1/@+d/ve)+1/(2+d/y,) . d/2 &2 (p+d/2)(e+d/2)
n e »)). Furthermore, if yq > o575 and yyye > T — 55—

, OUT es-
timator is oracle efficient in the sense that the leading order error is that of the oracle

estimator, En[¢f(z, n) | X =x].

B.3.2 Doubly Robust-Style Smoothing Estimators

We now study the behavior of Algorithm 3.1 with a DR Learner-style smooth-
ing estimator as the second-stage learner. This technique was introduced in
Kennedy [2023a] and includes a wide range of estimators satisfying certain sta-

bility conditions, with linear smoothers as the archetype of this class. In this
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section, we analyze a generic linear smoother defined as follows:
— 1 < —
&wﬂdezﬁgwmma

where the wi(x)’s are weights learned on a different sample than Eﬁfl (which can
be achieved by sample splitting). Under mild regularity assumptions, this esti-

mator can yield stronger guarantees in the form of pointwise error bounds.

Theorem B.2 (Rates for Linear Smoothing Estimators). Assume the conditions of

Assumption 3.7. Then:

n 1/2
(%) = 75(%)| < [F5(X) = 75(X)| + b (x) + O, [(llEf — Iz + 0p(1)) (% Z Wi(X)Z] ]
i=1

where T(X) corresponds to the linear smoother procedure with oracle first-stage nui-
sances, || - |l is the empirical wi(X)>-weighted distance of Kennedy [2023c], and the

by (X) bias function is of the form:

WM=EZMM$Mﬂ
i=1

Second-stage Sharp Consistency and Robustness 7 consistency follows un-
der weak conditions like %Zi”:l Iw;(Xj)| < C Stone [1977]. Thus, we can state
corollaries that prove consistent estimation of sharp bounds under either strong
restrictions on weights or strong requirements on consistency. We show one
such corollary for a wide class of linear smoothers that includes linear and ridge
regression, local polynomial and RKHS regression, kernel estimators, and some
tree methods Wasserman [2006]. In this corollary, we ask for uniform nuisance

consistency to make the bias term b tend to zero.

Corollary B.3 (Pointwise Consistency of Sharp CATE Bounds). Assume the condi-
tions of Theorem B.2 are satisfied, the "‘% weighting functions satisfy the requirements
of Stone [1977] Theorem 1, and = 3, Wi(X)| = Op(1). If G and either € or p are uniformly

consistent, then T*(X) converges to the true pointwise sharp CATE bounds.
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Second-stage Sharp Rates Take 7*,¢,p.,0. be y4 to be Holder with smooth-
ness B8, ve, ¥p, and yq. Then, the pointwise error rate of Algorithm 3.1 is
Op(n~Y@d/B) 4 n=2/2+d/va) 4 n-(U/(2+d/re)+1/(2+d/7%)) and the estimator will be oracle
efficient, though the error bounds here are pointwise (local), whereas the ERM-

based bounds are L, (global).

Second-stage Validity The linear smoothers also have pointwise validity. Un-
like in the ERM case where the best model fit to conservative bounds might
extrapolate to invalid bounds for some regions of the covariates, the linear

smoothers will have pointwise validity guarantees.

Corollary B.4 (Pointwise Validity of Lax CATE Bounds). Assume the conditions of
Theorem B.2 are satisfied, W;(X) satisfies the requirements of Theorem 1 in Stone [1977],
and % Y Wi(X)| = Op(1). If Q. is uniformly consistent to some limiting quantile d.
and € is uniformly consistent for €* or p.. is uniformly consistent for p%(X, A, 0.) and

f(0.(x,a) | x,a) > 0. Then the estimated bounds are pointwise valid in the sense that

+ (T=(X) — 75(X)) > —0p(1).

B.4 Proofs

Note: we assume throughout that X, U, Y(0), and Y (1) to have probability mea-
sures absolutely continuous w.r.t. the Lebesgue measure so that we can condi-

tion on the event X = x.

Proof of Theorem 3.8. We start with the bound for the unsigned bias. Consider
the Y*(X,1) bound for simplicity. We first show that our problem fits into the
framework of Kallus and Oprescu [2023a] since the estimand and the oracle

nuisances are the solutions of following conditional moment restrictions:

E[AY + (1 - A)p;(X,1) - Y*(X,1) | X]=0 (Estimand moment)
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E[R:(Z,q:(X,1)) —pi(X,1) | X,A=1] =0 (Modified outcome moment)

Ela -I(Y <q;(X,1)) | X,A=1] =0 (Quantile moment)

Let v; be the nuisance set corresponding to this set of moments (as defined in
Kallus and Oprescu [2023a]). Then vi(X) = (Y*(X,1),0:(X,1),q;(X,1)). This is
different from n* since the propensity does not have an estimating conditional

moment. The Jacobian of the moments with respect to v] is thus given by:

-1 1-e*(X) 0
Ji(X)={o0 -1 0
0 0 (O (X,1) | X, 1)

where f(y | X, 1) be the conditional density at a point y for a = 1. The first row of
the inverse is then given by «;(X) := (J;(X));! = (-1,e*(X) —1,0). Thus, using the
pseudo-outcome in Definition 3 of Kallus and Oprescu [2023a], replacing v;, a]
with their estimated counterparts v1(X) = (Y*(X, 1), 5-(X, 1), G (X, 1)), @r(X) =
(-1,8(X) - 1,0), and noting that the first moment is conditional only on X, we

obtain the pseudo-outcome:

A -=X)A
e(X)

as desired. Therefore, our Assumption 3.7 is a direct application of the bounded-

$1Z7) = AY + (1 - AB (X, 1) + CRAZ.T) - P4 (X, 1))

ness assumption (Assumption 1) in Kallus and Oprescu [2023a] and the bound
for the unsigned bias follows largely from their Theorem 1. We first note that
the results of Theorem 1 in Kallus and Oprescu [2023a] also hold pointwise (see
the proof in their Appendix A). It now remains to calculate the H and G matrices

in their Assumption 1:

110 0 00O
G=|0 1 0f, H=|0 0O
0 01 0 01
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since G is just a binary mask for Jj(X) and H involves second order derivatives

of the moments. Plugging these into the bound for the unsigned bias, we obtain:

3 3
E106m)| < ) > Gis[ani(x) - a3,(0] 7,500 = 1 (%)

i=1 j=1
3 3

£ 7 D Hig P09 = v 00] P00 = v 59
i=1 j=1

< [e(x) = &' (¥)] P+ (x, 1) = pi(x D + (@ (%, 1) = g (x, 1))%

The result for & (x;7) follows from replacing a = 1 with a = 0 everywhere. The
bound for &; (x;7) follows from writing the corresponding conditional moments
for Y=(X,a). We now study the bound for the signed bias. We first take the

expectation of ¢7(Z,7):

. ) A 1-8X)
E[¢71(Z,7) | X] = E[AY + (1 - éﬁ)m(x 1)+A ) R.(Z,T.) | X]
A - &' (X) o
= e 00u 0 2) + L5 o 0+ (ax> )p+(x, 1.4.)
o e'(X)\ - o
- (K1) + ( = )<p+(x, 1) - (X, L.G,)

+(1-e'(X))pi (X, 1,7,)

As a result, we can write write:

’TX) e*(X)
X))

+ (2 (X 1q) - pi(X. 1) (1 - e (X))

E[¢1(Z.7) - ¢1(Z.7") | X] = +(X.1) - pi(X.1,7)))

Recall the CVaR property that p%(X,1) = infzp%(X,1,q), so that pi(X,1,7q:) >

05 (X, 1). Therefore we have:

~E1(6M) =E[¢{(Z.7") - ¢1(Z.7) | X = X]

TX){X(; ) G (% 1) - 1% L8)) - (0 (% L) - (% 1) (4 — ()
A(x)axe; ) — V(% 1) — pr (%, 1,G)
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< - e - e ([ (6. 1) - p1 (%, 13|

The result for Y*(X, 0) follows by symmetry. The result for Y~ (X, a) follows
by negating Y, applying the argument, and negating the argument. Results for
7*(X) follow by Result 3.4. m]

Proof of Corollary 3.9. Since we showed in the proof of Theorem 3.8 that our
pseudo-outcomes fit into the framework of Kallus and Oprescu [2023a] and our
Assumption 3.7 maps to their Assumption 1, we can apply their Theorem 2 di-

rectly to our setting, yielding the statement of our theorem. o

Proof of Corollary 3.10. Using lax notation, choose an estimated f* € ¥ to mini-
mize Equation (3.1) and then an estimated C* € R such that f*+T* is a minimizer

of Equation (3.1). By construction, we must have f* + 0 is an optimizer.

If we differentiate (3.1) with respect to C*, evaluate it at 0, and divide by 2,

we obtain the requirement on any optimizer that & 3}, (afl - f;(Xi)) = 0. Thus:

. [% D) - ri(Xi)) T (% > - fi(xo]

i=1
By applying Chebyshev’s inequality to the average of zero-meaned bounded

random variables 7*(X;) — 7*(X;) — 82(Xi;77), we can further obtain:
+ (% i;’#(xi) - Ti(xi)) = i—% .Z:‘ EX(Xi;7) — Op(n™112)
>=30 [rem - 001 ) P06 -1 a,a;n)
— 0p(n*?)
> -0 [m— 'l > 1P (- 2) —pz(-,a,a;)n] —0y(1) = ~0,(1).

demonstrating the desired bound. o

232



Proof of Corollary B.1. The L, convergence rate for a Holder S-smooth func-
tions in d dimension is Op(n"/?*9/A). Taking e,p.,d. to be e, y,, and yq-
Holder, we have that their convergence rates are Op(n~Y/(2+4/7%)) Op(n~1/2+d/%)),
and Op(n~2*4/7)) respectively. Thus, the L, conditional bias in Theorem 3.8
is bounded above by a term that is Op(n %@ d/7) 4 n-W/E+d/e))  Applying
Corollary 3.9 with a g-smooth function class ¥, we obtain the desired rate
Op(NY@EHdIB) 4 n=2/@+d/ye) 4 n=(1/2+d/ye)+1/(2+0/%)) The rest follows by algebraic ma-

nipulation. m|

Proof of Theorem B.2. We first derive:

() -7 ()| =

|7 (X) — T5(%) + TH(X) — T=(X)|

= [75(x) - T5(X) + % 21] wi(X) (¢7(Zi. ) — 67 (Z, ’7*)»‘

=[O0 00+ T D W0 (€T + 62 T) — () — 620X )
i=1

<[F00 -] + % 3 wix)E(X:7)
i=1
+ % ; Wi(X) (¢$(Ziaﬁ) - ¢$(Zi, 7]*) - Sf(xi;ﬁ))

Since ¢ (Zi, 1) — ¢7(Zi, n) — Ex(Xi; 77) is zero-meaned conditional on X and nui-
sances (including weights), we can apply Chebyshev’s inequality to random-

ness in (A,Y) | X to obtain:

[ (X) — T (%)| < [F£(%) — 75 ()| +

% D Wit0E: (% 7)
i=1

Tt + + 1 \
+Op [I|¢; — ¢ — &l > Wi(x)z)
i=1

Since EX(X;7) = E [af - ¢ | X], we can take advantage of the weighted L? norm

and the weak law of large numbers to further bound ||$f —¢F =&l < ||$f -
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B:lle + 0p(1):
[700 = (9] < [0 = (9] + b (¥)
: 12
ﬁ%@&—ﬁw+%m%$2ymwy],
which is the desired inequality. O

Proof of Corollary B.3. By Stone [1977] Theorem 1 and since |¢7| is bounded,
7(X) =P E[¢:(Z,n) | X = X] = 7"(X). For the second term, we use the Theorem 3.8

and the supremum assumptions to derive:
1 n
bECOI < = >~ i)l supIEE(; )
n i=1 X

s@mﬁ@—€uﬂG@$M&®—@Uﬂﬂ+wmmwﬂ%ﬂlkmf

= 0p(1)
For the final term, the sup consistency implies |[¢* — ¢*|| = 0,(1). We also have:
1 1 i
pe Z;W‘(X)Z < (ﬁ le |Wi(X)|) =0p(1)
1= 1=
So that Op (& S, Wi(X)?/[6* — ¢2llwz) = 0p(1). O

Proof of Corollary B.4. If we define 7%(x) for the linear smoother estimate that

uses 7 as first-stage nuisances, we can similarly argue that:
[0 = ()| = [F*(%) = 75 () + T(x) — (%)
1 n

sﬁ;wm|

N 12
+ Op (”(bf(’ﬁ) - ¢-rl(’ ﬁ)”wz + Op(l)) (% Z Wi(x)z) J
i=1

EE(Xi; ) — &% )|

= 0p(1)
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By Stone [1977] Theorem 1, 7(X) —P E[¢Z(Z, 1) | X = X].
By Theorem 3.8, + (E[¢:(Z,n) | X = x] — 7*(X)) = 0.

Therefore + (7%(x) — (X)) > —0,(1). m|

B.5 Detailed Algorithm

We present a more detailed version of the B-Learner pseudocode in Algo-

rithm B.1.

Algorithm B.1 The B-Learner: Detailed

Input: Data {(Xi, Ai,Yi) : i1 € {1,...,n}}, folds K > 2, sensitivity parameter A > 1,
nuisance estimators, regression learner En
1: forke{l,...,K}do
Set Sk = {(Xi, A, Yi) ;i £k -1 (mod K)}
Using S, learn outcome model z¥(x,a) = E[Y | X = x, A = a]
Learn propensity model €¥9(x) = P(A = 1| X = X)
Learn conditional outcome quantile models G9(x,a) = inf{B: F(B| X =
X, A=2a)>A/(A+1)}andG¥(x,a) = inf(8: FB| X =x,A=2a)>1/(A +1)}
Learn conditional value-at-risk models (,(Vﬁ?ik)(x, a) = T9(x,a) + (A +
DE|Y -q¥(x ). | X = x,A=a]

Set 59 (x,a) = A0 (x, ) + (1 - A)CVARY (x, a)
8: for each i such thati=k -1 (mod K) do

A

N

9: Set R.j = A7+ (1 - A7) ([@(X0 A) + 22 (Yi - T (Xi AL
10: Set pseudo-outcomes for Y*(X, 1):
— _alk) x. .
1: Fri = AYi+ (L - AP (X, 1) + BB (R, - (X, 1))
12: Set pseudo-outcomes for Y*(X, 0):
et TX)(A-A;
13: 5= (L= A)Yi + AP (X, 0) + SEIEA (R - p (X, 0))
14: Set pseudo-outcomes for CATE: Efl = Eﬁfl — agl
15: end for
16: end for

17: Create datasets 7* = {(X, ¢%,)}

18: Learn upper- and lower-bound functions 7°(x) = En [?Jf | X = X] from the
datasets 7*
Output: 7*
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B.6 Additional Experimental Details

The replication code for all simulations is distributed under an MIT license.

B.6.1 Simulated Data

The results in Section 3.6 were obtained using an Amazon Web Services in-
stance with 32 vCPUs and 64 GiB of RAM. For the Random Forest (RF) mod-
els, we use the RandomForestRegressor model from scikit-learn. For
Gaussian Kernels (GK), we use the RBF (radial basis function) method from
scikit-learn. Finally, for the Bayesian Neural Networks (NN) we use sev-
eral functions from the PyTorch package. The quantile estimators use weights
from the nuisance regressors when RFs or GKs are used or are calculated from
the sampled outcome distributions when NNs are used. We include the hyper-

parameters for the different models used with the synthetic data in Table B.2.

Table B.2: Hyperparameters for the synthetic-data models in the Chapter 3
hidden-confounding experiments.

Model Hyperparameter Value

Random Forest (scikit-learn) max.-depth 6
min_samples_leaf 0.05

RBF (scikit—-learn) length_scale 0.9 x n#a

Neural Network (PyTorch) hidden units 100
network depth 4
negative slope 0.3
dropout rate 0.2
batch size 50
learning rate 5e-4

B.6.2 TIHDP Dataset

We use Jesson et al. [2021]’s hidden confounding version of the Infant Health
and Development Program (IHDP) that was introduced by Hill [2011]. The

data comes from an experiment that targeted “low-birth-weight, premature in-
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Table B.3: Continuous covariates in the IHDP dataset used in the Chapter 3
semi-synthetic experiment, together with their descriptions.

Covariate  Description

X1 birth weight

X2 head circumference

X3 number of weeks pre-term
X4 birth order

X5 “neo-natal health index”
Xs mom’s age

fants, and provided the treatment group with both intensive high-quality child
care and home visits from a trained provider” [Hill, 2011]. For the purpose
of simulating an observational study, Hill [2011] generates simulated outcomes
using the following features: measurements on the child-birth weight, head cir-
cumference, weeks born preterm, birth order, firstborn, neonatal health index,
sex, twin status—as well as behaviors engaged in during pregnancy-smoked
cigarettes, drank alcohol, took drugs—and measurements on the mother at the
time she gave birth-age, marital status, educational attainment (did not grad-
uate from high school, graduated from high school, attended some college but
did not graduate, graduated from college), whether she worked during preg-
nancy, whether she received prenatal care, and the site (8 total) in which the fam-
ily resided at the start of the intervention. A non-random portion of the treat-
ment group, the children of non-white mothers, are excluded from the study
in order to mimic confounding in an otherwise randomized trial. Covariates
consist of 6 continuous variables and 19 binary variables. We use the covariate
descriptions from Jesson et al. [2021] which we replicate in Tables B.3 and B.4
for completeness. The dataset consists of 747 samples, of which 139 are in the

treatment group.
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Table B.4: Binary covariates in the IHDP dataset used in the Chapter 3 semi-
synthetic experiment. Covariates Xg—X;g describe maternal attributes; “College”
corresponds to Xjp — X1z, and site 8 corresponds to Xi9 — X5 = 0. The table also
reports the frequency of occurrence for each binary covariate, p(x = 1), as well
as the adjusted mutual information I(X;t) between the binary covariate and the
treatment variable.

Covariate  Description I(x; 1) p(x =1)
X7 child’s gender (female= 1) 0.00 0.51
Xg is child a twin 0.00 0.09
Xg married when child born 0.02 0.52
X10 left High School 0.00 0.36
X11 completed High School 0.00 0.27
X12 some College 0.00 0.22
X13 child is first born 0.00 0.36
X14 smoked cigarettes when pregnant 0.01 0.48
Xi5 consumed alcohol when pregnant 0.00 0.14
X16 used drugs when pregnant 0.00 0.96
X17 worked during pregnancy 0.01 0.59
X1g received any prenatal care 0.01 0.96
X19 site 1 0.00 0.14
X20 site 2 0.01 0.14
Xo1 site 3 0.00 0.16
X22 site 4 0.01 0.08
X23 site 5 0.02 0.07
Xo4 site 6 0.01 0.13
Xo5 site 7 0.02 0.16

Jesson et al. [2021] create the Hidden Confounding of IHDP by hiding the
covariate Xy from models during training, however, the causal model depends
on it for the data generation. Following is the data generation process of the
Hidden Confounding version of response surface B Hill [2011], we restate the

data generation process from Jesson et al. [2021]:

u:= Ny, (B.1a)
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X = Ny, (B.1b)
ti= N, (B.1c)

y = (t = 1)(exp(Bx(X + W) + By(u + 0.5)) + Nyo) + t(ByX + BuU — w® + Ny1)), (B.1d)

where (Ny, Ny, NY) ~ pp(Xg, {X1,...,Xg, X105 -.,X25},1), Nyo ~ N(0,1), and Ny: ~
N(0,1). The coefficient g, is randomly sampled from (0.1,0.2,0.3,0.4,0.5) with
probabilities (0.2,0.2,0.2,0.2,0.2), By is a vector of randomly sampled values
(0.0,0.1,0.2,0.3,0.4) with probabilities (0.6,0.1,0.1,0.1,0.1), w is a vector with all
the coordinates equals 0.5, where w® was chosen as in Hill [2011]: “for the sth
simulation, it was chosen in the overlap setting, where we estimate the effect of
the treatment on the treated, such that CATT equals 4; similarly it was chosen
in the incomplete setting, where we estimate the effect of the treatment on the

controls so that CATC equals 4”.

Following Jesson et al. [2021]'s Hidden Confounding experiment, we gener-
ate 400 realizations of the IHDP dataset, such that the seed for each realization
is the corresponding index of the realization, where the indices are 0, 1, ...., 400.
Each realization is split into training (n = 470), validation (n = 202), and test
(n = 75) subsets. For the B-Learner with NNs, we use the same models and hy-
perparameters used by Quince in Jesson et al. [2021]. For the B-Learner with RF
base estimators, we use the RandomForestRegressor from scikit—-learn
and ForestRegressor from econml . grf where we control for forest growth
only through the max_depth (= 6) and min_samples_leaf (= 0.01) parameters. As
for Kernel Sensitivity and Quince, to replicate the results from Jesson et al. [2021],
we use the same models and hyperparameters they used for the Hidden Con-
founding IHDP experiment. Note: we exclude 5 of the 400 IHDP trials from the
original analysis due to poor data quality (e.g. low overlap) that affects the NN

training. These issues seem to be mitigated by ensembling which is why they do
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not pose a problem for the experiments in Jesson et al. [2021]. We will perform

a comparison of the ensembled methods in a future iteration of this work.

B.6.3 401(k) Eligibility Study

The dataset includes 9,915 observations with 9 covariates such as age, in-
come, education, family size, marital status, IRA participation, etc. We de-
scribe the features of the 401(k) dataset in Table B.5. In order to repli-
cate the CATEs obtained by Chernozhukov et al. [2018a], we use the same
models (RandomForestRegressor and RandomForestClassifier from
scikit-1learn) and hyperparameters (n_estimators = 100, max_depth = 7,
max_features = 3, min_samples_leaf = 10) for our nuisance estimators and sec-

ond stage models.

Table B.5: Covariates included in the 401(k) dataset used in the Chapter 3 appli-
cation.

Name Description Type

age age continuous
inc income continuous
educ years of completed education continuous
tsize family size continuous
marr marital status binary
two_earn whether dual-earning household binary

db defined benefit pension status binary
pira IRA participation binary
hown home ownership binary
e401 401 (k) eligibility binary
net_tfa net financial assets continuous
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APPENDIX C
APPENDIX FOR CHAPTER 4

C.1 Notations

Table C.1: Notation used in Chapter 4.

Notation Meaning

S,A State and action spaces.

A(S) The set of distributions supported on S.

d; The initial state distribution.

A(s, @) Tolerance parameter for kernel shift at (s, a). Takes
values in [1, oo].

7(s, @) 7(s,a) = m €[0,1].

V*, Q* Robust value and quality functions of the target policy
Tt

f(s,n) (s, 7) 1= Bare)[T(S, Q)]

U=(s’|s,a) Robust transition kernel attaining the best- or
worst-case value.

Tu>T i Bellman operator under U and the robust Bellman
operators.

jU jUf(S’a) = yEU[f(S,’T(t) | S’a]_ f(S,a).

Bi(s,a) The upper 7-th quantile of V*(s") and lower 7-th
quantile of V=(s"), where s" ~ P(s, a).

di'y The y-discounted average visitation of 7; under the
MDP with transition U, starting from dj.

d=* d== = di'{..

v(s), v(s,a) Data-generating distribution. v(s) marginalizes over
actions.

w* w* = dd**/q,. This is valid both as a function of s or (s, a).

w(s, a) w(s, @) = 289,

X4y X— max(0, x) and min(0, x), respectively, for x € R.

XSy X < Cy for some constant C.

En Empirical average over n samples.

11, LP norm, (E| f (X)")Y/°.

fr True (oracle) value of a parameter or function f.

f, f Putative value of a parameter or function f.

f Estimated value of a parameter or function f.
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C.2 Results for OPE Under Best-Case Perturbations

In this section, we present analogous results for the best-case perturbation under
the uncertainty set, corresponding to the supremum case of Eq. (4.2). We derive
a similar orthogonal estimator with the properties outlined in Theorem 4.11,

following the same reasoning presented in the main text.
Q" Identification and Estimation We give the results of Lemma 4.1 for 7/ :
Tropd(s:@) = r(s,a) + YA~ (s, 2)E[V(s") | 5,a] + ¥(1 — A™(s,@)) CVaR} 4[V(s') | s,a].

Next, applying Assumption 4.2 and Assumption 4.3 to 7 , we derive from

rob”’

Theorem 4.4 for Q™ that:

G — Q"llay < (1—%)2({[C}, - & + errdp(n/2M.5/2M)), and

(1 = 7)Ba [T (s0)] - Vi < Y™ + (L =97 \/E &2 + el (n/2M, 6/2M)).

wt Identification and Estimation We first state the identification result for U~

as in Lemma 4.5:
U*(s' | s,a)/P(s" | s,a) = A™%(s,a) + (1 — A™D)r(s,a) I[(V* () — B (s, a)) > 0.

Then, under Assumption 4.6 and Assumption 4.7 formulated for U*, the mini-

max rates from Theorem 4.8 are given by:

TG @ = w)|, < & + 11" = £l + log(L/6)/n.

Orthogonal and Efficient Estimator for V. Let the set of nuisance parame-
ters be denoted by n* = (W*,q",5%). Then, the (recentered) efficient influence

function (R)EIF (see Theorem 4.9) for in Vj is formulated as:
Y(s,a,8';n") = Vg +W'(s,a)(r(s,a) + yp*(s,a,s;v",87) —q'(s,a)), where
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Algorithm C.1 Orthogonal Estimator for V§,

1: Input: Dataset O, number of splits K.
2: fork=1,2,...,Kdo

: Use data D\ Dy to learn (q*M, g+K) with Algorithm 4.1 and w* with
Algorithm 4.2.

4: fori=[(k-1n/K],...,[kn/K]-1do
5 U = (s 2 S, T).

6: end for

7: end for

8:

Output: Vi =130y

p*(s,a,85v",B7) = A(s,a) V() + (1 - A(s, @) )(B7(s, @) + 71 (V' () = B (5, )).).

Using this (R)EIF, the orthogonal estimator for V is presented in Algorithm C.1.

We now restate Theorem 4.11 for Vgl :

Theorem C.1 (Efficiency of Vgl ). Let ry

n,p»

1T WK —w)p <y, T = gPllp < i, and |IBHM - ||, < rh, for any k € [K].

MM.ps Thp be functions of n = |D| such that

Furthermore, assume that the regularity conditions in Assumption 4.6 hold. Then:

Vi = Va,| < Op(n™?) + Op(ryar, + () + (2 )% (Rates)
Furthermore, if r¥, v 11, = 0p(1), r¥,ri, = 0p(n"Y2), 1l = 0p(n"Y4), and 1. =

op(nN~Y4), then Vgl satisfies:
\/ﬁ(Vgl - Vq,) 4 N(0,%), X=Var(y(s,a,s;n")). (Normality & Efficiency)

Moreover, T is the minimum achievable asymptotic variance among RAL estimators in

the nonparametric model for (S, a, s’) (the efficiency bound).

C.3 Additional Related Works

Robust MDPs There is a rich literature on Robust MDPs [Ilyengar, 2005,
Wiesemann et al., 2013, Mannor et al., 2016, Goyal and Grand-Clement, 2023]
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with s, a-rectangular uncertainty sets, but these foundational works assumed
knowledge of the transition kernel. Recently, learning-based robust MDP algo-
rithms have been proposed for uncertainty sets under the total variation [Pana-
ganti et al., 2022, Kumar et al., 2023] and more generally L, balls [Kumar et al.,
2022]. These L, uncertainty sets are additive in nature, i.e., the adversary adds
or subtracts a vector in the ¢, ball to P(- | s,a), whereas our uncertainty set is
multiplicative in nature, i.e., the adversary can multiply or divide a bounded
factor and is more commonly used in causal inference to model unobserved
confounding. In the contextual bandit setting, [Kallus et al., 2022] also derived
efficiency bounds for robust OPE where both state distribution and reward dis-
tributions may shift — their work is however restricted to the one-step bandit

setting while our full RL setting is more challenging.

Risk-Sensitive RL Risk-sensitive RL is the problem of optimizing the risk
measure of cumulative rewards [Howard and Matheson, 1972] and is tightly
related to robust MDPs [Chow et al., 2015]. For example, as we proved in
Lemma 4.1, the MSM uncertainty set is indeed equivalent to risk-sensitive RL
with the dynamic risk measure AE + (1 — A) CVaR,. We note that efficient on-
line RL algorithms have been proposed for similar measures Du et al. [2022], Xu
et al. [2023]. Static risk-sensitive RL also modifies the Bellman equations in an
augmented MDP [Wang et al., 2023a, 2024b]. Our focus is on deriving the op-
timal off-policy evaluation estimators for the problem, which involves a different
set of challenges such as deriving the efficiency bound and ensuring sharpness

guarantees even when nuisances are estimated slowly.
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C.4 Additional Technical Details

C.4.1 Higher Order Norms via Smoothness

For any x € R*, define | x] as the greatest integer that is strictly less than x, and
let x and {X} = x — | X] represent the fractional part. Thus, we obtain the distinct

decomposition x = [ X] + {x}, where [ X] € N and {x} € (0, 1].

Definition C.2 (a-smooth functions). Given a € (0,0) and X CR"™, f : X - R
is an a-smooth function if (1) the mixed derivatives up to |aJ-order exist and
are bounded; and (2) all | «]-order derivatives are {a}-Holder continuous [Leoni,

2017].

Lemma C.3 (L* Bound for @-Smooth Functions). Let f : X —» R,X C R™ be an
a-smooth function as in Definition C.2. Then, if X is R™, a half-space or a bounded
Lipschitz domain in R", there exists a constant C such the following inequality holds:

pa

1l < ClIFIIE™.

Proof. This lemma is a direct application of the fractional Gagliardo-Nirenberg
interpolation inequality (Theorem 1 in Brezis and Mironescu [2019]) from the
functional analysis literature. For a more comprehensive exposition on this re-

sult, see Appendix A.1 in Oprescu et al. [2024]. o

C.4.2 Localized Rademacher Complexity and Critical Radius

Here, we recap the localized Rademacher complexity and critical radius which
is a standard complexity measure for obtaining fast rates for squared loss [Wain-
wright, 2019]. Let G be a class of functions g : Z — R. Given n datapoints

21,2y, . .., In, the empirical localized Rademacher complexity is:

n

1
Rn(e,G) =E-| sup — > &9(z)|,
" geGilighh<e N ;
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where E, is expectation over n independent Rademacher random variables
01,02,...,00, Le, B[] = % Yo 1apl-]. Note that when & = oo, there is no
localization and Rn(o0, G) reduces to the vanilla Rademacher complexity. Let
C = supyg il be the envelope of G. Then, the critical radius of G with n,

called &, is the smallest ¢ that satisfies R,(g, G) < ¢’/c.

Unless otherwise stated, we will posit that G is star-shaped: there exists go €
G such that for all g € G and « € [0, 1], we have ago + (1 — @)g € G. If not, we can
replace G by its star-hull, i.e., the smallest star-shaped set containing G. We will

also posit that G is symmetric for simplicity.

The critical radius is a well-studied quantity in statistics [Wainwright, 2019]
and also recently in RL [Duan et al., 2021, Uehara et al., 2021]. For example
if G has d VC-subgraph dimension, then w.p. 1 -6, &, < O(4/dlogn/n). For
nonparametric models with metric entropy at most 1/t%, the critical radius can

also be bounded by O(n~Y/(m(2+£.20)) [Uehara et al., 2021], e.g., is O(n~**) if g = 2.

C.5 Proofs for Identification Results

Identification of robust Q

Lemma 4.1. Set 7(s,a) = (A(s,a) + 1)™. Then, forany q: Sx A — R,

Tapd(s: @) = r(s,a) + yA™ (s, Q)E[v(s) | 5,a] + (1 — A7(s,a)) CVaR; 5 [v(s') | 5, ],

where V(8') = By xs)[A(s’, @')], and E, CVaR are under the observed kernel P(- | s, a).

Proof. Consider the uncertainty set in 7o, where the constraint on U (Eq. (4.1))

can be rewritten as:

U(s'|s,a)-A"1(s,a)P(s']s.a) -1
0< P(s'Is.a) = A(S, a) -A (S’ a)-
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Therefore, we can write U(s’ | s,a) = A™(s,a)P(s’ | s,a) + (1 - A™H)G(s" | s,a)

U(s'|s,a)-A~1(s,a)P(s']s.a)
1-A-1(s,a)

where we define G(§’ | s,a) := . Thus, the constraints on G are

that G(- | s,a) < P(- | s,a) and || 55183 < A(s,a) + 1. Setting 7(s,a) =

dP(s’|s,a) we

_1
A(s,2)+1”

can apply the primal form of CVaR [Dorn et al., 2025a, Ang et al., 2018] to obtain

inf Eo[f(s')] = CVaRy,,[f(5) | s,a].

G<PI S o<t (52)

Therefore, the supremum in 77, can be expressed as A7(s, a) times the expecta-
tion under nominal P and (1-A~%(s, a)) times the above CVaR expression, which

finishes the proof of the — case.

For the + case, we can simply use sup instead of inf and upper CVaR instead

of lower CVaR. i
Identification of robust kernel and visitation
Lemma 4.5. Suppose F~(B;(s,a) | S,a) = 7, where 37 (s, @) is the lower t-th quantile of
F=(-1s,a). Then,

U=(s'|s,a)/P(s" | s,a) = A™%(s,a) + (1 - A™)r(s,a) [V~ (s) - B (s,a)) < 0]. (4.4)

Lemma C.4. Fix any Vv : S — R and define the pushforward F,(y | s,a) = P(v(s’) <
y | s,8). Suppose Fy(Bir s0(S@) | 5,8) = 5 + (3 — 7), where B¢ is the up-
per/lower t-quantile of Fy. Then, supy.qpy EulV(s) | s,a] = Es.ujsalv(s)] and

infucupy) BulV(S') | s, @] = Es~u;(s)[V(S')], where
UZ(s' | s,a)/P(s’ | s,a) = A7(s,a) + (1 — A™)7(s, @) I[=(v(s") - Bir,sa)(S:@) = 0.

Proof. We start with some intuitions. First, if the CDF of v(s’) is differentiable
Bi(s,a), then CVaRI(v(s") | s,a) = E[v(s’) | f(s') = BI(s,a),s,a] and the result
follows immediately from Lemma 4.1 by noticing that the form of U* exactly

recovers the convex combination of expectation and CVaR. Alternatively, one
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can use the closed form solution of the primal CVaR as derived in [Ang et al.,

2018] to obtain the result.

We now provide a formal proof. Fix any s,a and let 7 = 7(s, a). Fix any func-
tion v(s’) € R. We want to show that the worst-case U* = arg maxXyeqp) Eu[V(S’) |
s,a] has a closed form expression as shown in line 725. By the proof of Lemma
3.1 above, we can rewrite U*(s’ | s,a) = A7(s,a)P(s’ | s,a) + (1 — A7(s,a))G*(s’ |
s,a), where G* = arg MmaxXg«p.c((s.a)/dP(is.a).<r1(s.a) BEc[V(S)]. Thus, it suffices to
simplify G*. To do so, we invoke the premise that the CDF of v(s’) is differ-
entiable at 87, i.e. Fy (B (s.a) | s,a) = 1 — 7. This implies that the CVaR is
exactly the conditional expectation of the 1 — 7(s, a)-fraction of best outcomes,
ie. CVaR;(v(s") | s,a) = E[v(s') | v(s') > Bi(s,a),s,al, which in turn is equal
to T LE[V(s)I[V(s") > B7(s,a)] | s,a]. Thus, G*(s' | s,a) = 71P(s’ | s,a)I[v(s') >
Bi(s,a)]. This concludes the proof for the + case. The proof for the — case fol-

lows identical steps. m|

C.6 Proofs for Robust FQE

We prove a more general result with approximate completeness, which shows

that Theorem 4.4 is robust to approximate completeness.

Assumption C.5 (Approximate Completeness). MaXqeq MiNgeqllg — T& 10l <
£QComp-

Theorem C.6. Assume Assumption C.5. Under the same setup as Theorem 4.4, we

have

1

o -l <

([ - (& + eacomp) + errda(n/2K, 6/2K)),
and

+ 1 +
Vi = (1 - 7)Ee, [ (51, 7)]| <7< + m( JC: - (8 + sacomp) + errap(n/2K, 6/2K))

248



Proof. Let U* denote the worst-case kernel that satisfies Vg = (1 — Y)Eq, V(. (51).

Then,

Vci — (1 = 7)Eq,[qic (51, m)] = (1 - ?’)Edl[VGti(Sl) — Ok (81, 71)]
= Edf;i" [7740k (s, @) — Tk (s, a)] (Lemma C.7)

4 - _
< —— max — T O
1—y k:1,2,...||qk u=Ok-1

g Y*2. (Lemma C.8)
(VRS

Consider any k = 1,2, .... By definition of U*, we have

[k = T3 s , (by def of U*)

Mp,00 — - Ti;A_
dUti ”/q\k Bk qk 1

d=

where gy (s, @) is the true quantile of Vi_1(s"). Denote ¢ := 73, Ok-1 and let 5 be

the true upper/lower quantile of G_;. Recall the population loss function is

L@B) = | ((s.8.5) - a(s. ) |
Yi(s,a,8) = r(s,a) + yA™(s, a)Via(s)

+ ’)/(1 - A_l(S, a))(ﬁ(s’ a) + T_l(s’ a)(v\k—l(s/) - ﬁ(S, a))i)'

The empirical loss L«(q, B) is defined by replacing E with E,. Note that 0x =

argmin,.q Li(d. B).

Nonparametric Least Squares with Model Misspecification We will directly
invoke Wainwright [2019, Theorem 13.13], which gives a fast rate for misspeci-
tied least squares with general nonparametric classes. We now bound the mis-
specification. Recall that at the k-th iteration, our regression Bayes-optimal is
E[yfk(s, a,s) | s,a] = 730c-1(s,a). By Lemma C.14, we know this is close to

75 Gk-1(S, @) with second order errors in g: for any y, we have

= gt
HTEKQk—l (rﬁ:qk—l

) 2
e S 1Bk = BRI
d

Finally, by approximate completeness (Assumption C.5), there exists g € Q such

that ||7'ﬁk*ﬁk_1(s, a) — gl < eqcomp- Putting this together: for any kK, there exists a
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g € Q such that

19 = T5.8k-1(S, Allgz= < NI = Tz Q-1.(S, Al + 175 u-1(S, @) = T5,Ti-1(S, A)llgz

o 2
< dci * EQComp T (18« _ﬁ;Hoo

Therefore, Wainwright [2019, Theorem 13.13], along with concentration of least

squares, certifies that:

G = T30kl < \/CTT (Sooomp + 8n) + 1B - B

Therefore, we have proven:

< ”ﬁk - 7%@-1

) 2
< |G- (3QComp + 3n) + 118k — Byl

T — TGk + |7 - TG
qu pr Y-t o 5. 0k-1 = 7 pe Q-2

+,00 +,00
d d

This concludes the proof. o

Lemma C.7 (Performance Difference). For any n, transition kernel P, and function

f:SXA— R, we have

Vi~ Esg[f(s.0)] =

By [T f(s,a) - f(s,)].
l—-y "

Proof. See Lemma C.1 of [Chang et al., 2022]. o

Lemma C.8 (Unrolling). For any n, transition kernel P, and functions fo, f1, ..., fx :

S X A — Rsatisfying fo(s, a) = 0, we have:

4 4 4 K/2
|| fK - Tp fK g < m kgg?(” fk - TP fk—l g +vy
Proof. See Lemma C.2 of [Chang et al., 2022]. O
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C.7 Proofs for Robust Minimax Algorithm

Assumption C.9 (Approximate W-realizability and completeness). Assume the
tollowing hold for ‘W and 7
(A) Approximate realizability: minye || Tu=(W* — W)ll, < wRear;

(B) Approximate completeness: MmaXyey minfer]-‘”f -~ J(W - W”—')”2 < Ewcomp-

We prove a more general result with approximate realizability and complete-
ness, which implies Theorem 4.8 that is robust to misspecification in its assump-

tions.

Theorem C.10. Under Assumption C.9 and the same setup as Theorem 4.8, we have

’ (S + P + lo 1/6
T @ = wH), < e + 117 =l + 4 g(n ) 4 owrea + EWComp-

P*(s'ls,a) _
P(s'ls,@)

Proof. For this proof, we focus on the worst-case kernel P* of the form
(s, a)[[¢*(s,a,8") < 0] where ¢*(s,a,8) = V(') — B7(s,a). This corresponds
to the pure CVaR case of 7, ; the E part is identical to standard non-robust RL

so we omit it. The best-case kernel U* can be handled similarly. Let P(s' | s,a)

. . . Bs. _ —~ )
denote our estimated robust kernel, which satisfies PE::::; =17Y(s,a)[(s,a,8) <

0], where Z(s, a, ') is the given prior stage estimate of £*(s,a,s") = V7 (s')-B87(s, a).

The key and only difference between our Algorithm 4.2 and the MIL algo-
rithm (Wp;) of Uehara et al. [2021] is that our next-state samples are importance
weighted with £*(s, a, s’), which is the density ratio of the estimated robust ker-
nel E(s’ | s,a) and the nominal kernel P(s’ | s,a). Note also that £*(s,a,s’) <
77Y(s,a) < o0, and hence [Eq[¢(s.a, 8') F()] - Eq ¢ sl F ()]  yI0g(1/5)/n w.p.
1 - 6. Therefore, up to O(+/log(1/6)/n) errors, our Algorithm 4.2 can be viewed
as MIL applied to the MDP with kernel P.

To invoke the result of Uehara et al. [2021, Theorem 6.1] (in MDP with

kernel P), we need to show that its assumptions are met by bounding the

251



model misspecification, i.e., Eq.(6) and Appendix C of Uehara et al. [2021].
Note that these misspecifications are w.r.t. the MDP with kernel P, since this
is the MDP in which we’re applying Theorem 6.1 of Uehara et al. [2021].
Specifically, the two errors we need to bound are, (A) approximate realizabil-
ity: ea = minwe(wlljé(wﬁ — W)|l;; and (B) approximate completeness: £g =
MaXyew MiN¢er || T — T ,%(W — Wp)llz where recall that Jp is the linear operator de-

tined as Jpf(s,a) := yEp[f(s',m) | s,a] — f(s,a) and J}, is the adjoint.

Bounding misspecifications by [ — {*|l.  Since £*(8, a, §') has a marginal CDF
that’s boundedly differentiable around 0 (i.e., (ii) of Assumption 4.6), Kallus
[2022, Lemma 3] implies that {*(s,a, s’) satisfies a 1-margin (Definition C.13).

Hence, Lemma C.14 and the continuity of {*(s, a, s") implies that

Pr(IlZ(s.a,s") < 0] # I[¢*(s.a.5") < 0])

= Pr((I[Z(s.a.5') < 0] # I[¢*(s.a,8') < 0]).£*(s.a,8') # 0) SN = & lleos
Thus, foranyv:S = R,
]E|(E5 — Eps)[V(s) | s, a]| < E[r7}(s, a)(I[[?(s, a,s") <0] £I[Z*(s,a,s") <0]) - V("]

< IVl - Pr(JI[Z(s, a,8) <0] #I[*(s,a,8) < 0])

S IMlellg = £ leos

or equivalently

EIP(- | s,a) — P*(- | s,@)llty < I — ¢*lleo- (C.1)

Equipped with Eq. (C.1), we can now bound the following two types of er-
rors: (i) (f, (Tp«—75)9), and (ii) (Ws—Wps«, h), where f,g : SXA - Randh: S - R,
and 7p and Wp are the Bellman operator and visitation density of target policy

i in the MDP with kernel P.
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For (i):

(1, (To- = Te)0)| = [ELT (5, a)((B- - BR)g(s', 1) | s, 4|
< YIfIlwE| e+ ~ Ep)lg(s'. ) | 5. 4|
< Y llellgCs 7)ol = £*leo-
For (ii):
(Wg = Wp+., h) = E[W5(S) — We+ (S))h(S)]
< [Inlllids - dp-lirv
< ||h||m1%yEdp*nﬁ(- |'s.8) = P*(- | s.@)llry (Eq. (C.3))
< cnhnmryyiauﬁc |s,8) - P*(|s.a)lv  (Assumption 4.6(i))
< cnhnml%ynf— Ml

where C = ||9""/a)||, < co. For approximate realizability (¢4): for any w € ‘W, we
have

KT 5(ws = W,

<I(Ts = Tp+) Wg = W)llz2 + IT 5 (W5 — Wps)ll2 + 1T pe (W* = W)J2

= (Wp =W, (J5 — Tp+)01) + (Wp — Wpx, Tp+02) + lTpe (W* — W)|l2

S IZ = 2l + 175 (W* = Wl
where g; and g are given by g1 = (Jp+ — J5)' (Ws — W))/I(Tpx — T5) (Ws — W)ll2,
02 = (Jpe (W —Wp+)) /1T 5. (Ws—Wp+)|l2. The last inequality uses (i) and (ii) with the
fact that [|g1lc < o0 and |02/l < oo as the w terms are bounded by our premise.

Therefore, taking min over w and using Assumption C.9, we have &x < IIZ—

Ml + EwReal-

For approximate completeness (g): for any w € ‘W and f € ¥, we have

If = 5w = wa)llz
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<N = TpeW = We)ll2 + I((Tpr = Tp) (W = Wes)ll2 + T pe (Wp — Wes)ll2

S = TheW = Wps)llz + I = £*[leos

using a similar reasoning as for ea. Thus, &g < I = ¥l + EWGomp-

To sum up, we have shown that the misspecification is at most O([Z — Z*||. +
EWReal + Ewcomp)- Therefore, Uehara et al. [2021, Theorem 6.1 and Appendix C]

ensures that w.p. 1 — §, our learned W satisfies,
| 7@ - wa)||, < &3 +1I7 = "l + ewRear + ewcomp + VI0GE/G)/n.

Concluding the proof. The final step is to translate the above guarantee to

1T 5+ (W = Wpx)|l2. The following shows that the switching cost is O(IIZ\— M loo):

KT (= W)l
< (T — To) (@ — Wer)ll2 + T — Wil + LT 5(Ws — W)l

5 8;1W + ||?_ *loo + EWReal + EwWComp + V|09(1/5)/n.
This concludes the proof. |

Lemma C.11 (Visitation performance-difference). Let P,U : & — R, be non-
negative measures, which should be thought of as transitions in a discounted Markov
chain. Assume U satisfies Y, U(S' | S) < 1. Define dy = (1 —y) Yooy ¥ 1dl, where

dth = fsl,sz,...,sh,l di(s1)U(sz | S1) ... U(S| Sh-1)dS1:h-1. Assume the same for P.

Let ¥ ¢ S — R be a function class that satisfies f € F = 9(S) = Ey-p5)[f(S")] €
¥, i.e., closed under projection with P. Then, define the integral (probability) metric
IP = Ullg = sup;I(Ep — Eu)[f(S)]l. Then we have,

lldp — dullF < Ea,lIP(-1'8) = U( | S)lly (C2)

Y
1-vy
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Proof. Recall Bellman’s flow, which is dp(S) = (1 —y)d1(S) + YEs.q, P(s | S). Fix any

f € F. The initial state distributions cancel, so we have,

|(Eqo — B, )[F(9)]]

= |yEstoBs-p(m [ f (S)] = YEs-0, Bs-u(m [ F(9)]]
< [VEs-apEs-peml f(5)] = YEs-a, Es-pem[F(5)]|
+ [YEs-ay Es~p(m [ f ()] = VEs-0, Es-u(g [ (S)]]

< ¥|(Bswgp — Eseay)[Es-peg F (]| + ¥YEseao|(Es-peg) — Escuem)[F(S)]].

Thus, taking supremum over ¥, we have

lldp — duyll#

<v SfUp|(E's‘~dp — Esdy)[Eser f(S)]] + YEs-a, ?up|(Es~P(~|"S) — Ecuee)[F(9)]]
eF eF

= ylldp — dully + YEsea, [IP(¢- 1S) — U(- | 9)ll#. (¥ closed under P-projection)
Rearranging terms finishes the proof. o

If F is the class of functions with || ||, < 1, then this recovers the TV distance,

which gives,

Ide — dullry < 5 ZyEdUnP(- 5) = U( | 9)lh. (C3)

This generalizes Lemma E.3 of Agarwal et al. [2023] to infinite horizon.

C.8 Proofs and Details for the Orthogonal Estimator

C.8.1 Intuition for Theorem 4.11

We provide some intuition for the results in Theorem 4.11. Consider the V-
bound and let us decouple the indicator I[v(s’) — 3(s,a) < 0] that appears im-

plicitly in the (v7(s’) — 87(s,a))- notation of Theorem 4.9. We augment the set
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of nuisances with (s,a,s’) = v (s’) — 87(s,a) such that (v (s') — g7(s,a)). =
(v (s) =B (s,a)I[<(s,a,8") < 0]. We state the following lemma (which we elabo-

rate upon in Lemmas C.15 and C.16 in the Appendix):

Lemma C.12 (Double sharpness with correct ¢*). Let E[y(s,a,s’;q,W,8,*)] be
the expectation of the (R)EIF with an arbitrary nuisance set n = (W, g, 8), but where the
indicator I[v=(s") < B7(S, a)] has been replaced with the correct indicator I[{* (s, a, ") <

0]. Then:
Vg, =Ely(s,a,5;0,w*, 8%, %) = E[y(s.a, 8", 9", w, 8, ()]

This lemma implies that if 5~ = (8*)” and { = ¢, then the estimator Vd‘l
has a property known as “double-robustness” Kennedy [2023b] or “double-
sharpness” Dorn et al. [2025a] in q and w, meaning the bias vanishes when ei-
ther g or w is consistent. Moreover, the convergence rate would be Op(r}, rﬂ’z).
This condition holds provided that g and ¢ are correctly specified. However,
estimation errors in § introduce an additional O, ((rﬁm)z) term, reflecting that 8
is first-order optimal for the CVaR component. Additionally, discrepancies be-
tween ¢ and ¢ contribute an extra O, ((rﬁ,w)z) to the error. While this discussion

gives some insight into how we achieve the results in Theorem 4.11, we provide

a a rigorous analysis in the next section.

Preliminaries

For this proof, our focus will be on Vd‘l. The argument for Vgl is analogous,
following a symmetric approach. To improve the clarity of our exposition, we

will omit the — and 7 indices, assuming their presence is clear from the context.

For simplicity, we assume that n is a multiple of K such that n = Kng, where

Nk is the size of a fold. We let E,, Ex denote the empirical averages over the
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entire sample and the k' fold, respectively. Recall that we use 77 = (W, 5, 8) and

n* = (W*, g%, 8%) to denote the estimated and oracle nuisances, respectively.

We further suppress the dependency on s,a in A and r and we write the p

term in Theorem 4.9 as

o(s,a,s";v,B8) = (L - )v(s') + /l(ﬁ(s, a) + 7 (v(s") - B(s, a))_). (C.4)

We justify this by noting that the analysis holds regardless of whether 1 and
7 depend on s,a. Sometimes, it will be useful to decouple the indicator
I[v(s’) — B(s, a) < 0] implicit in the definition of p. In this case, we augment the

set of nuisances with (s, a, s’) = v(s’) — B(s, a) and write p as
p(s.a. 53V, B.0) = (1= DV(S") + A(B(s.a) + T (v(s') - B(s. @)[{(s.a,5") < 0]).
(C.5)

Similarly define y/(-; w, 0, 8, {) with the p(:; Vv, 8, {).

Auxiliary Lemmas

Definition C.13 (Margin Condition). A function f : X — R of some random
variable X is said to satisfy the margin condition with sharpness a € [0, o] (or

more succinctly, an a-margin) if there exist a fixed constant ¢ > 0 such that

Vt>0:P(0 < |f(X) < 1) < ct.

If f(X) is either zero or bounded away from zero almost surely, then f sat-
isfies an infinite margin, i.e., @ = oo [Kallus, 2022, Lemma 2]. If f(X) is con-
tinuously distributed in a neighborhood around 0, i.e., its CDF is boundedly
differentiable on (—¢,0) U (0, &) for some & > 0, then f has a 1-margin [Kallus,

2022, Lemma 3].
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Lemma C.14 (Margin Guarantees). For any f : X — R satisfying a-margin (Defi-
nition C.13), p € [1,00], and any g : X — R, the following statements hold for some
constant C > O:

p(L+a)

E[(I[g(X) =< 0] = I[f(X) < ODF(X)] < ClIf —gll,™ . (C.6)

pa

PI[g(X) < 0] # I[f(X) < 0], f(X) # O] < ClIf —gllp"™, (C.7)

where |||, is the LP norm and we set oot/co = t in the exponents.

The proof of Eq. (C.6) for any p € [1, o] and of Eq. (C.7) for p = co is given in
Audibert and Tsybakov [2007, Lemmas 5.1 and 5.2]. The proof of Eq. (C.7) for

p < oo is given in Kallus [2022, Lemma 5].

Lemma C.15 (Sharpness with correct g* and g*). % Dsas)-n ¥(s,a,8W,q,B) is an

unbiased estimator of Vg when g = q*,8 = p*, ie.,
(1= ¥)Eq,V*(s1) = Ely(s, a, 83w, g%, Bx)].

Proof. Since q* and B* are correct, the robust Bellman equation holds, and so for

every s, a,
E[(1 - V() + AB*(s. @) + T H(v*(s') - B*(s.@))-) | s.a| = 0.

Thus, multiplying by any w does not change the fact that the debiasing term
in ¢ has expectation zero. Since we have v*, the first term in ¢ is exactly the

estimand, which concludes the proof. o

Lemma C.16 (Sharpness with correct w* and ¢*). % Dsas)n ¥(s,a,8W,q,5,0) is

an unbiased estimator of Vd*1 whenw =wW*,¢ =%, i.e,,

(1 - )Eq,V*(s1) = E[y(s.a. 8,0, W*, 8,{7)]
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Proof. Let P* denote the robust transition kernel and let d* denote the robust

visitation measure under &, which satisfies: for all functions f,
Eg«[f(s,a)] = (1 — ¥)Eq, (S, 7) + YEsa-dx s-p(sa) T (S, 7)].

Since {* is correct, for any v, s, a, we have

By -psa)| (1 — V(S) + A (B(s,8) + TH(W(s") - A(s, a))I[£* (5,3, ") < O])|
= By-psa| (1~ V() + V(S (5.2,8) < O] (%)
= Egpx(s.9)[ V()] (Lemma 4.5)

where in % we used Espr(s,a)[ﬂ(s, a)(l —17[*(s,a,8) < O])] = f(s, a)(l - 7-—17-) =

0. That is, for all function f, we have

(1 = ¥)Eq,V(s1) + E[w*(s, a)(r(s, @) + yp(s, a,s";v. 8. {*) — d(s, a))]
= (1 = ¥)Eq, V(1) + Esa-a+[r(s,a) + yp(s,a,s";v,5,{*) — q(s, a)]
= Es,a~d* [r(s, a)] + (1 - ’)/)Ed1V(Sl) + Es,a~d* [7E3’~P*(s,a) [V(S,)] - Q(S, a)]

= Eqaa+[r(s,a)] (robust Bellman flow)

= (1 = 9)Eq, V" (s0).

This concludes the proof. |

C.8.2 Proof of Rates

The estimation error is given by:

K
S [Budyts. a, 5579 - Vi,
k=1

N/ * 1 : ’ * 1
Vo, = Vil = |7 ) Bilus.a, 7)) - Vg | < =
k=1

We wish to bound [E¢[y(s, a, s';7)] - V; |- We have that:

|Ek[l//(s’ a, S’;ﬁk])] - V(}kl

< |Ek[¢/(s’ a, S,;#k])] - E[w(sa a, S,177{k])]|

+ [Ely(s,a, ", 71M)] - Vg,
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The first term is Op(n™Y/?) by the CLT. We are now interested in bounding the

second term:

() := [E[u(s.a, s, 7)] - V4, |. (C.8)

where we dropped the [K] indicator without loss of generality. We further de-

compose &(7) into two error terms, €4 and &g, as follows:

(Lemma C.16)

&) = ‘E[w(s, 3,5 G.W.8)| - E[y(s.a. 8 G.w*. 5.8")]
< ’E[w(s, 3,5, q.W.f)| - Elu(s.a. s G W.5.")|
+ [Blus.a s G WE )| - Elu(s.a s G w 5.0

. (eB)

Bounding &*: Error from the incorrect indicator ¢

e = yAT'BW(s, a)(W(s") - (s, ) )(I[W(s") - B(s. @) < 0| - I[v*(s) — B*(s.a) < 0])

< CyAar'B(W(s") - B(s,a))(I[W(s') - (s, @) < 0] — I[v*(s") - B*(s.a) < 0])
(Assumption 4.6)

s B(s") - A(s.))(I[W(s) - A(s. ) < 0] ~1[v*(s") - *(s.2) < 0])

We break these terms down as follows:

E(V(s) - A(s. 8))(I[W(s") - B(s. @) < 0] - I[v*(s') - B*(s.2) < 0])

= B(v*(s) - B*(s,@)(I[W(s") — B(s, ) < O] - I[v*(s) - B*(s. @) < 0]) (e})
+ ]E(V(s’) —B(s,a) = V*(5) + B*(s, a))(]I[Ws’) —B(s,a) < O] —Iv*(s') - B*(s,a) < O]).
(e5)

We first bound &f. Assumption 4.6 implies
PO < [v*(s') = B*(s,a)| <t) < c”t, Vt e [0,c"), P(v*(s’) —B*(s,a)=0) =0,

where ¢’ < 1 is the min of 1 and the given neighborhood of zero and ¢” > 1is
the max of 1 and the bound on the density in that neighborhood. This implies a

margin condition with @ =1 and ¢ = ¢”/c’.
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We can instantiate the first part of Lemma C.14 with f(X) = v*(s’) — 5*(s, a),

g(X) =W(s') — B(s, a) and obtain

2p
L
p

V(') = B(s,2) = VIS') + (s, @)

A
& S

2p
il
p

<[ts) - v " + [Bes. @) - (s, 2)

To bound &, first write

'E(V(s’) —B(s,a) = V*(5) + B*(s, a))(]I[Ws’) —B(s,a) < O] —Iv*(s') - B*(s,a) < O])‘
< H’v‘(s’) —B(s,8) = V*(5') + B*(s, a)“IO
B(I[W(s) - (s, ) < 0] # Iv*(s) - B*(s,2) < 0])* " (Holder’s inequality)
We can bound P(JI[V(S’) —B(s,a) < 0] # I[v*(s') = B*(s,a) < O]) using the second
part of Lemma C.14 such that

p-1
p+1

& 5 [() - Bs.a) - v*(s) + p*(s.0)]| [(s) ~ Bls.a) - v*(s) + 8*(s.)

2p
p+1
p

= [(s) - Bls.0) - v () + 55, 2)
< |M(s") - v*(s")

2p
P+l

o s - g (s.2)

p
)
Putting the £} and &} together, we have

2p
P+
p

e < [() - v ()27 +|[Bs.2) - (5. 2)
< ) - v @), + [Bs.a) - .2 - (when p = o)

(when p € [1, ))

Bounding £®: Error with correct indicator but wrong nuisances Now we fo-

cus on bounding .

es = B|y(s.2, G W,5.0%)| - E[u(s.a, 8, G w", 5.0
= E(W(s, a) - w*(s,2))(r(s,a) + (s, 2,5V, 8,¢*) - (s, a))

= E(W(s,a) - w*(s,))(r(s,a) + (s, 2,5V, ,¢*) - (s, a))
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— B(W(s,a) - W*(s5,2))(r(s, @) + yp(s,a, 5, v*,8*) ~4*(5,8))  (Lemma C.15)
= E(W(s, ) - w*(s,2))(T(s. @) — 4*(5,8) + ¥(p(s, 3, 8"V, B,£*) = p(5. 2, 8/ V%, ).
In the Lemma C.15 step, we used
0 = (1 - ¥)Eq,v*(s1) — E[y(s.a,5; 0%, W, 5%)]
= (1 - ¥)Eq,V*(s1) - E[y(s,a,s"; 0%, w*, B%)].
Finally, note that
p(s,a,5' V. ,{*) — p(s, a8 v*, B¥)
= (L= YW) = V¥ () + AT (W) = v (SNI[L*(5,2,8) < 0]
+ A(B(s,a) - B*(s.@)(L - 7 1[¢* (5,2, 8) < 0])

Due to the continuity of the CDF of v*(s’) at §*(s,a) for all s,a, we have
Pr(c*(s’,s,a) < 0] s,a) = 7 and so the last term vanishes. Thus, we’re left with a

quantity that is at most < (V(s’) — v*(s’)). Therefore,

es < BE(W(s,a) — w*(s,))(Ju=(T(s,a) — 9*(s,a)))

< NT G- (W = W)l = g*]l2- (Holder’s inequality)

Putting everything together, we obtain the desired rates:

Vo, — Vel < 0p(n7) + TG (T~ WG — ¥l + [7— v 2% + [B - p
= 057 + Oy + ()P + (B)%)  (when pe [L,0))
< 0y + TG (@~ WG q*ll + [T v*[F, + [
= Op(N™2) + Op(1Nd + (1)? + (r5..)7)- (when p = )

C.8.3 Proof of Normality & Efficiency
In this part of the theorem, we let:

AN -
Vo, = ¢ 0 Blu(s.a.8'0)]
k=1
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Then, we can write the following equality:

Vn(Va, - V§) = Vn(Vg, — Vg,) + V(Vg, — V)

SN0
The second term converges in distribution to N(0,X) from the CLT and the fact
that ¢ is the efficient influence function. Thus, it remains to show that the first

term is 0,(1). We decompose the first term as follows:

Vs, ~ V) = Vg 3" (Blw(s.a. )] - Blu(s. 2.5 7)]) 9)
k=1

F VA Y B BG.a ST -yasin)]  (C10)
k=1

&
In Eq. (C.9), we have that [E[y(s,a, s;7)] - E[y(s,a, s';7)]| is bounded as in
Eq. (Rates). Given the theorem’s assumption about the nuisance rates, this term
is 0p(n"12) and Eq. (C.9) is 05(1). We now seek to control the g term in Eq. (C.10).
Letting D represent the samples in the k™ fold, we leverage sample splitting to

show that the mean of g | Dy is 0:

Elex | D]
= E[Ex[y(s,a, s 7M) — y(s,a,8;7°)] — Ely(s.a, 8" 71™) — w(s.a, s'; )] | D]

=0

where we consider 7 fixed with respect to the second expectation. The result
follows from the fact that 7 does not depend on Dy. Then, we can invoke

Chebyshev’s inequality to obtain the following bound:

&k
Pl —— >
Var[ey | D]Y? — €

1
Dk)ﬁ—z, Ye >0
€

We have shown that & | Dx = Op(Var[ex | D]Y?) = Op(n~M2E[(¥(s, a, s';7) —

w(s,a,8;179))? | DJY?). Here, we used the fact that ng = n/K (the size of D)
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and that K is a fixed integer that doesn’t grow with n. Moreover, g has 0 condi-
tional mean. For the remainder of the analysis, we leave the conditioning on Dy

implicit for simplicity.

To bound E[(¥(s, a, 8;7M) —y(s,a, ;7)) | DJY? = Iy (s, a, s';7M) - (s, a, 8; 7))z,

we use similar notation and techniques as in Appendix C.8.2:

(s, a s 71) — w(s,a, 8" 1)z < (s, a, ;G W, B) — (5,8, S G W, 8. ) (0r1)
+ (s, a, 8 G W, 8,47 — (s, a8 45 W, B, )2
(02)

where we invoked Cauchy-Schwarz for the L, norm. We bound o as follows:

o2 < Ily(s,8, 8" W, B) — ¥(s, 2,8 4", W, 8,4l (022)
+ ||'//(5, a, S/; q*aW’E’ {*) - W(S, a, S,; q*’w’ﬁ*’ é/*)HZ (O-Zb)
+ W(Sa a, S/; q*,W,ﬁ*, 5*) - lﬁ(s, a, S,; q*’W*’ﬁ*a {*)”2 (O-ZC)

<V = Vllz + y(1 = DW= V[l + yAr WAV = V¥l + WG - gll2 (072a)
+ YAIWILB = Bllz + yAr W8 - Bl2 (T2v)

+ [[W = wllz (1IFllz + ¥(L = DIVllz + yAlB"ll + yAT IV = 5l2) (o2c)

Given our rate assumptions, our boundedness assumptions for W, the implicit
boundedness of q*, v, w*, 5*, as well as the ordering of the L, and L., norms, o,

is 0p(1). We now bound the o term:

o = yar ™ [W(s, )W) - Bls, )A() < Bls, )] - Iv'(s) < B (s, D),
There are two cases in which the difference of indicators is non-zero:

V(') < B(s,a) and v*(s') > B*(s,a) = I[V(s') < B(s,a)] - I[v*(s') < B*(s,a)] = 1
V(s') > E(s, a) and v*(s’) < B(s,a) = I[V(¢') < E(s, a)] - Iv'(s’) < B (s,a)] = -1
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In the first case, V(s') — B(S, a) < 0,5°(s,a) — v*(s') < 0 and thus

I(W(s")—B(s, @) (IV(S") < B(s, )]~V (") < (s, Q)])| < M(s")—B(s, @)+ (s, 8)—V"(S')].

In the second case, V(s') — A(s, a) > 0, 5°(s,a) — v*(s') < 0 and

I(W(s")—B(s, Q) IV(S") < B(s, ]IV (s') < (s, Q)])| < (") —B(s, @)+ (s, ) —v"(s')].

Going back to o1, we have:

oy < YA WLIN(S") — B(s, @) + B(s, @) — V' (S))Il2

< yAT WLV = VII2 + 118 - B7l2)

By out theorem’s assumptions, this term is also 0,(1). Putting o and o7, together,
we have that [ly(s, a, s';7™) — y(s,a, s'; 77)ll2 is 0p(1) and & | Dy is 0p(n~?). By the
bounded convergence theorem, this implies that & is also 0,(n"*/?). Then, the
term in C.10 is 0,(1), which further means that \/ﬁ(vdl — \7d1) = 0p(1). Our proof

is now complete.

C.9 Derivation of the Efficient Influence Function

We use the e-contamination approach of Hines et al. [2022] to derive an influ-
ence function (IF) for our estimand V; . The proof for V§ follows symmetrically.
We note that since our tangent space is the whole space as it factorizes in the
trivial way (as in [Kallus and Uehara, 2022, Page 54]), the IF we derive is actu-

ally the efficient influence function (EIF).

Let P(s,a,s’) denote the data distribution. Consider the e-contamination
P.(s,a,8) = (1 — &)P(s,a,9) + &5(s,a,5’), where §(z) is the dirac delta at z, i.e.,
5(2) has infinite mass at z and 0 mass elsewhere. Let V_ denote the robust value

function under the transition kernel P.(s’ | s, a). Omitting the & subscript means
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e = 0. The IF of V;_is then given by
d -
d_(l - Y)Edlvs (Sl)|£:0'
£

We dedicate the rest of this section towards this goal, which will be obtained in

Theorem C.21.

Lemma C.17.

d 5.8)
Pu(S' [ 5,8)l0 = g((ssz)) 6(8) = P(s' | 5,3)).

Proof. Use the fact P.(s' | s,a) = P;(SE’:":)') - azf)_zgfji‘ssagiiggz)s) and take derivative.

O

Lemma C.18 (IF of conditional expectation). For any s,a and f,,

d o ih oo L 0E) d.
dSEPS[fs(S) |'s,a]ls=0 = PGs. a)(f(s) Ep[f(s’) | s.a]) + Ep & fo(8)e=0 | S, a],
where f = f,.
Proof.

d d d
—Ep, [fo(S)) | S,@]le=0 = Z f(s’)$P8(s’ | S,a)|s=0 + Z £f8(s’)|£:0P(s’ | s,a)
5

de =
_4(s,a)
~ P(s,a)

(fo(s") = Ep[fo(s) | s,a]) + Ep

d . o
&fs(s )ls:O | S, a] P

Lemma C.19 (IF of conditional CVaR). For any 7, s,a and f,,

i CVaR.p,[f.(s") | S,a]le=0
de i

©5(5.3)
"~ P(s,a)

FHIE) <A A LE o 5],

(Bx(s.@) + TH(F(5) - Be(5,@))- — CVaR(f(5) | 5,2))

+ Ep

where f = fy and (s, a) be the (1 — 7)-th quantile of f(s'),s’ ~ P(s, a).
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Proof.

- CVaRp, [ (') | 5, all-=o0 (C.11)

de

= dgg mbin Epa[b + T_l(fg(S’) -b)_|s, a]|g=0 (C.12)

- diEpg[ﬁT(s, a) + 7 1(f.(8) = Bo(s,a))_ | s, a]|8:0, (C.13)
&

where the last equality is due to Danskin’s theorem and the fact that §-(s, a) is

the maximizer of the CVaR dual form at ¢ = 0. Continuing, let g.(s’;s,a) :=

B(s,a) + T71(f.(s") — B.(s,a))_, so

d
—Ep,[9:(5"; S,a) | 5, 4]

de
_ 058 o : d o
= p(s.a) 935 Ep[g(s'.s.8) [ 5,a]) + Ep | -0:(S'; S.@)l—0 | 5.2
(Lemma C.18)
_ 058 o :
B [T H(5) < (s Al Sl 5.8
This concludes the proof. o

We now prove the key “one-step forward” lemma.

Lemma C.20 (One-Step Forward). For any state distribution v(S), we have

Es~v[ivg_ (S)|€:O]

de
_ v<i>zf§<,aél)_§)(r(g, a) + (L~ V) + A(B.(5.8) + TV () - 8,5 B)-))
- Q(5.3)

e Bur (1= 4 AV ) < @) Vel 9

Proof. For any $;, we have
y

d
&V; (s1)
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d
= d_SEal"ﬂ(Sl)[r(sl’ a1) + y((1 = A)Ep, [V, (S2) | sS1,81] + ACVaR p, [V (S2) | 81, a1]],_g

d d
= an1~ﬂ(sl)[(1 - A)EET,F; [V-(S2) | S1,@1]ls=0 + 0 CVaR,p, [V, (S2) | s1, al]ls:o]
(s, a)

B ag ¥ )~ EelV(s2) I al])]

= 7(1 - /l)Ear?T(Sl)[

d
+y(1- /I)Eapﬂ(sl)Ep[@Vg_ (S2)le=0 | S1, al]

(s, a)

P(s1,21) (ﬁr(sl, a) + 71V (8") = B-(s1,a1))- — CVaR.(V(s2) | s1, al))]

+ 'y/UEarﬂ(Sl)[
Lo d,,
+ YABayr(sEp| T I[V7(s2) SﬁT(Sl’al)]EVﬂ,PS(SZ) :

Taking expectation over s; ~ v, we have

B Ve O = 7 By (A= V(€)M 6.D) + TV (E) - G.).)
~ (1= DEIV(5) | §,8] + ACVAR(V () | §.3))
7B (1= 4 ATV ) < B A Vel 9]
Finally recall that V™ satisfies the Bellman equation, so
(1- DE[V(s') | 5] + ACVaR,(V~(s) | 5,3) = Q(5,3) — r(5,3).

This concludes the proof. o

Equipped with our main one-step lemma, we can now unroll it an infinite

number of steps to derive the IF of our estimand.

Theorem C.21 (IF of Estimand). Let us denote
9(5.2,5) :=1(5,8) + ¥((1 = YV (5) + A(B:(5.8) + T (V" (5) - B:(5.2))-)).

Then, we have

d, _ ,
Ed1|:£vg (Sl)|8:0:| - P(— é g(s9 a’ S )
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Proof. Let d denote the h-th step visitation in the robust MDP, with transition

P.ob satisfying P;’E’s(,slls[sa’f ) = (1 - 2) + AT [V (s') <B:(s,a)]. Then notice that the

tinal term of Lemma C.20 is exactly ESNV[E”’Pmb [dd—sVS‘ (8)le=0 | S” Therefore,

d
Eq, [_d > (Sl)|£:0]
£

OLCID d.
= paa IS 1B Vo (S)leo
_diSn@l18) o= o L@l -~ L d
= TpGa) Y)Y pa g9 S) +y Ee| Ve (Ss)leo ).
Iterating the process, we have
d- RN HOLICIID JP. iy - S
Edlldgvg (Sl)lszo] = h:ly PG.3) g(s,a,s’) = PG.3) g(s.a, s),
as desired. O

Finally, we can conclude that the IF in Theorem C.21 is in fact the efficient
IF (EIF) because it is in the tangent space, as the tangent space is contains all

functions [Kallus and Uehara, 2022].

C.10 Additional Validity Guarantees for Orthogonal Estimator

Our orthogonal estimator has additional desirable properties such as validity
when some nuisances are misspecified. Specifically, the bounds returned by our
orthogonal estimator will be asymptotically valid, though possibly loose, when
some nuisances are inconsistent, i.e., do not converge to the their true values.
Below, we detail conditions under which we achieve validity. To be concise, we

focus on the — case as the + case is symmetric.

Validity with correct Q* If Q = Q*, we obtain valid bounds even if w, 3 are
inconsistent.
Lemma C.22. For any w, 3, we have E[y(s,a,s"; Q7, 3, w)] < Vg, with equality when

B =B
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Validity with Q = 7';Q Even if (3 is misspecified, we still have a valid bound
if it solves a Bellman-type equation of the dual CVaR form. Forag: SxA — R,

define:

75 f(s,a) :=r(s,a) + YA\ (s,@)E[f(s', m) | 5. 2]

+y(1 - A7(s,Q)E|B(s. a) + (s, a)(f(s'. m) - B(s.a)), | s.a].

Lemma C.23. Fix any w,B. If Qz = 7 7Qg, then E[y(s,a,s"; Qz, B, W)] < Vg .

Remark C.24. Lemmas C.22 and C.23 are dual to each other: in Lemma C.22, the
plug-in is consistent while the debiasing correction errs in the valid direction
(ie., > 0 for + and < O for —). In Lemma C.23, the plug-in is valid while the

debiasing correction has expectation zero.

C.10.1 Proofs for Validity

Lemma C.22. For any W, 3, we have E[y(s,a,s’; Q~,3,W)] < Vg with equality when
B =p:.

Proof.

E[y(s.a,s"; Q7. 8,W)] < (1 - ¥)Eq, [V (s1)] + E[w(s, a)(Q7(s,a) - TcyerQ (5. @))]

:Vd‘1+O:Vd‘l,

where the inequality comes from the fact that 8 is sub-optimal for E[5(S,a) +

71(V=(s") — B(s,a))_]. The same proof applies for Q*. O

We now prove Lemma C.23. First, we show that the 7 perspective gives rise

to a dual definition of Q* (dual to Eq. (4.2)).
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Lemma C.25.
Q*(s,a) = argminﬁ:Qﬁ:(,.gQﬁ Qs(s,a), Q7 (s,a) = argMaXs.q,-7. q, Qgp(s, ).

Proof. Unroll Q(s,a) = r(s,a) +vy infycype) Eulr(s’,a") +yinfycye) Eul. . . 1], replac-
ing each infycqp) with the convex combination of E and CVaR from Lemma 4.1.
Then, write each CVaR using the dual form, i.e., maxs{3(s,a) + 7-(s, Q)E[(- - - —
B(s,a)).]}. By s,a-rectangularity, the scalar max; separates per s,a, so we can
pull all the maxes out front as a max over (s, a) functions. Note that not all
B(s,a) functions have a well-defined infinite sum in this manner, as 7 is not
always a contraction. The condition Qs = 7, Qs exactly characterizes when this
unrolling is well-defined. Thus, Q™ is exactly the minimum Q; whenever this

procedure of unrolling with  is well-defined. This concludes the proof. o

Lemma C.23. Fix any w,B. If Qz = 7 7Qg, then E[y(s,a,s"; Qz, B, W)] < Vg .
Proof.

E[y(s.a,5"; Q4. 8. W)] = (1 - )Eq,[V; (s1)] + 0 = Vg,

Ely(s,a,s"; Qs 8 W) = (1 = ¥)Eq, [V (s1)] + 0 < Vg,.

The first equality is because the correction term is 7, Q; — Q;, which is zero since

Qg is a fixed point. The inequality is due to Lemma C.25. ]

C.11 Additional Details for Main Experiment

Environment We consider a simple MDP with a one-dimensional state space

S =[0, 5], a binary action space A = {0, 1}, reward function

26 — s> —I[a = 1]

r(s,a) = 6
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which we note takes values in the range [0, 1], and with transitions given by

P(- | s,a =0) = UnifClip[s - 0.2, s + 1]

P(- | s,a = 1) = UnifClip[0.2s — 0.02, s+ 0.5],

where UnifClip[a, b] denotes a uniform distribution between max(a,0) and
min(b,5). In addition, the environment always starts in initial state s, = 2. Es-
sentially, this is a simple control environment, where high rewards are obtained
by maintaining state as close to zero as possible, the action a = 1 is a control
action that (in expectation) moves the state closer to zero, and which occurs a
small reward cost, and the action a = 0 is a passive action that allows the state

to freely drift (with an overall drift away from zero).

Target Policy We focus on estimating the worst-case policy value V; for the
simple threshold-based target policy m; which takes action a = 1 when s > 2,

and a = 0 whenever s < 2.

Logging Policy and Data Sampling Procedure We sample data using an eval-
uation policy 7, which is an e-smoothed threshold policy similar to 7;. Specifi-
cally, m, takes action a = 1 when s > 1.5 with probability 0.95, and takes action
a = 0 when s < 1.5 with probability 0.95. We obtain a dataset {s;, a;, s/, ri} by
tirst rolling out with m, for 1000 burn-in time steps, and then sampling the tuple
(s,a, s, r)every 10 time steps. For each replication of our experiment, we sample

10,000 tuples in total.

Calculation of True Worst-Case Policy Values A major challenge in study-
ing robust policy value estimation is that, even with ground truth knowledge
of the MDP and/or access to a simulator, it may be intractable to estimate the
robust policy values Vg . Fortunately, the above environment has the desirable

property that we can analytically compute the best/worst-case transition dis-
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tributions allowed by our sensitivity model, since no matter what policy ; the
agent is acting with, it always strictly prefers transitions to smaller states. In de-
tail, suppose that for some state, action pair (s, a) we have P(- | s,a) = Unif[x, Y],
for some 0 < x <y < 5]. Then, letting @ = 1/(1 + A(S, @)), it is easy to verify that

the worst case transition kernel is given by
U~(-|s,a) = (1 - A'(s,a))Unif[y — ey — X),y] + A™*(s, a)Uniffx, y] .

That is, the worst case transition kernel is given by a mixture of two uniform
distributions. Therefore, we can easily simulate rollouts with the best/worst
case transition kernels, and accurately estimate the robust policy values. This
allows us to validate our methodology in this synthetic environment. Specifi-
cally, for each A(s,a) we experiment with, we can compute the corresponding
ground truth V; up to arbitrary precision via Monte Carlo sampling, by rolling
out trajectories with mr; in the adversarial MDP according to the above worst-case

transition kernel.

Note as well that if one wanted to estimate the best-case policy value, analo-

gous reasoning would give us
U*(-| s,a) = (1 — A™(s,a))Unif[x, x + a(y — X)] + A™*(s, a)Unif[x, y] .

However, in our experiments we only concern ourselves with worst-case policy

value estimation.

Nuisance Estimation We instantiate variations of Algorithms 4.1 and 4.2 us-
ing neural nets for the classes Q, 8, and ‘W used for fitting Q~, 7, and w™ re-
spectively, and linear sieves for the corresponding critic class Q that we perform
maximization over for the minimax estimation of w~. Specifically, we grow the

linear sieve for the critic class in a data-driven way, as follows: at each step k
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of the respective algorithm, we compute the best response gy € Q to the previ-
ous iterate solution wy € W by optimizing over a neural net class, and then we
append this best-response function to the set of functions in our linear sieve for
the corresponding critic class. Full exact nuisance estimation details necessary

for reproducibility will be available in our code release.

Estimators We estimate the worst-case policy value using three different esti-

mators:

* Q: Direct estimator given by:

Vg, = Q (st m(s1)).
where s; is the deterministic initial state.
¢ W: Importance sampling-style estimator using W-, which is given by:
_ 1 <« _
Ve =~ i;:W(s,i,ai)giri :
where
&=A"+ (- AL+ NIV () <B (s a).
® Orth: Our orthogonal estimator using EIF, given by
_ 1< -
Ve =~ Zl’, u(si s QB W).

Note as well that we used a simpler data splitting procedure rather than
the cross-fitting procedure described in Algorithm 4.3. Specifically, we used the
tirst 10,000 tuples for estimating nuisances, and the second 10,000 tuples for the
final estimators. This was done for the sake of computational ease in running

experiments with many replications, and was performed in the same way for

all methods.

In addition, for extra robustness, in each experiment replication we ran the

nuisance estimation pipeline 5 times (on the same fixed sampled dataset), and
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took the 80th percentile policy value estimates, since the estimators tend to
under-estimate the true policy value by design, with greater under-estimation

when the nuisance estimates are less well optimized.

C.12 Empirical Investigation on Medical Application

Here, we describe an additional empirical investigation of our methodology on
medical data. Specifically, we consider the problem of sepsis management using
RL. For all parts of the investigation described below, fully complete details can

be obtained from our code release.

Motivation of Investigation Training RL models in simulated environments
derived from real-world data is an exciting avenue for leveraging Al towards
critical medical use cases. However, doing this obviously has the downside that,
unless one undergoes the very risky process of training an RL agent online via
real medical interventions, one has to resort to training within simulators, and
then has to account for the inevitable “sim-to-real” gap. Therefore, our robust
OPE methodology provides an interesting approach for estimating worst-case
performance of RL models under potential changes in dynamics when moving

to real application.

RL Environment Our RL environment is based on the OpenAl Gym sepsis
simulator environment of Kiani et al. [2019]. This RL environment allows for
simulation of dynamic sepsis management, which was created by training a
blackbox ML model to mimic observed transition dynamics from the real-world
electronic health record-based MIMIC-III dataset [Johnson et al., 2016]. This ex-
isting sepsis simulator is an episodic environment that continues until the agent
either recovers or dies. It has a 46-dimensional state space containing various vi-

tal measurements, a discrete action space containing 24 possible actions (where
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an action is essentially the Cartesian product of some independent base actions).
The reward function in this original simulator gives zero reward whenever an
episode has not terminated, a +15 reward at termination when if the patient sur-
vives, or a -15 reward at termination if the patient dies. Please see Kiani et al.

[2019] and the code release linked therein for additional details.

We built an RL environment for our investigation by creating a simple wrap-
per around this existing sepsis simulator, in order to make it fit our setup. In

particular, we made the following key changes:

1. We made the environment infinite-horizon, by automatically looping to a
new random starting state for a fresh patient whenever the episode in the
base simulator terminates

2. We normalized the reward function so that it lies in range [0, 1], where:

(a) r(s,a) = 0if patient dies
(b) r(s,a) = 1if patient recovers and is discharged

(c) r(s,a) = 0.5 if treatment has not terminated for current patient

In addition, for this environment, we perform all experiments with y = 0.95.

Policies for Investigation We constructed RL policies for our empirical inves-
tigation by training some deep RL models using the sepsis simulator environ-

ment.

In the case of the behavioral policy n, used to generate the observational
offline data, we trained this policy by running Proximal Policy Optimization
(PPO: Schulman et al. [2017]) over a relatively large (16,000) number timesteps,
in order to emulate a reasonably good “current best practices” model for creat-

ing observational data.

In the case of the target policy 7 to be evaluated, we trained this policy using
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Deep Q Learning (DQL: Mnih [2013]), over a relatively small (1,600) number of

timesteps, in order to emulate a potentially risky new candidate model.

Creating an Offline Dataset Using our behavioral policy 7, which we created
as above, we generated a fixed offline dataset consisting of 20,000 observed tu-
ples of state, action, reward, and next state. Unlike with our main empirical
investigation in the main chapter, we did not perform any “thinning” on these
sampled tuples to make them more independent, so that the observed transi-

tions are sequentially correlated as with real-world medical data.

Nuisance Estimation We perform nuisance estimation almost identically as
in our main empirical investigation, with the only change being a slight change
to our neural network architectures to better handle the large discrete action
space. Specifically, instead of training neural networks that take state as input
and produce |A| outputs (one per action), we train neural networks that take
both state and action as inputs, using a learnt low-dimensional encoding of the

actions, and produce a single output. Please see our code release for details.

Estimators We consider the same three estimators (Q, W, and Orth) as in our
main empirical investigation. As in that investigation, we use these to estimate
the worst-case policy value for the given A(s,a). In addition, as in the main
experiments, we consider these estimators for various fixed A(s,a) that do not
depend on s or a. In this case, we consider A € {1, 2,4}, as these reflect a reason-

able range of possible confounding strength for real application.

Results Below, in Table C.2 we show the estimated policy value for all three
estimators for each fixed A € {1, 2, 4}. Here, we present the median policy value

estimate over 5 runs of our estimators from random starting seeds after remov-
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A Median Policy Value Estimate

Q \%Y Orth
1 .546+.003 .386+.087 .532+.008
2
4

454 +.040 534 +.141 .515+.036
381 +.077 .287 +.106 .338 +.086

Table C.2: Median policy-value estimates for the sepsis-management experi-
ment in Chapter 4, for each estimator and each value of A, over 5 random-seed
runs. The + values denote half the difference between 80th and 20th percentiles.

ing outliers.! In addition, we present a + spread given by half the difference

between the 80th and 20th percentiles.

Although for this investigation we cannot analytically compute the ground
truth “true” adversarial policy values to evaluate against when A > 1, we can
still analyze the trends of these estimators and compare them to those observed
in our main synthetic experiment, and we can also compare their accuracy when

A=1.

First, in the case of A = 1, we computed the true policy value of 7 to be
within the range 0.532 + 0.002 with 95% confidence. This is almost exactly equal
to the median Orth estimator, but far outside the spread of outputs of the Q
estimator. That is, although the Q estimator has somewhat lower variance in
outputs over multiple runs for A = 1 compared with Orth, it appears to be far

more biased.

Next, looking more broadly across all values of A, as in our main experiment,
the Q and Orth estimators generally result in similar estimates to each other,
and the W estimators are very variable. This may reflect the relative difficulty
of estimating the w™ nuisance function compared with Q™ and 8~; although both

Orth and W are affected by this difficulty, the Orth estimator has a theoretical

!Specifically, we exclude policy value estimates that lie outside the possible range of [0, 1],
which occasionally occur due to bad optimization from the starting seed.
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robustness to the errors of these nuisance functions that the W estimator does

not, as outlined in our theory.

We also observe that when A = 1 the Q estimator is significantly more sta-
ble than Orth, but when A > 1 the stability of Orth is either comparable to
or superior to Q. In order to understand this, we first note that unlike in our
main experiments, here the repetitions are re-runs of the estimators with the
same offline sepsis dataset, so these + spreads reflect potential computational
errors rather than statistical errors. Given this, this pattern of errors could be
explained by the fact that when A = 1 the Q estimation is extremely simple, re-
ducing to standard FQI, whereas when A > 1 it requires a more complex robust
FQI estimation with simultaneous estimation of f~. That is, the difference in

computational difficulty of estimating Orth versus Q may be smaller for A > 1.

Overall, although it is hard to definitively compare the accuracy of these esti-
mators for A > 1 given a fundamental lack of ground truth, given both a similar
pattern of results as in our synthetic experiments, as well as the far greater accu-
racy of Orth when A = 1, it seems reasonably to believe based on these results
that our proposed Orth estimator may be more reliable than the existing robust

FQI approach of the Q estimator.

Finally, we consider the implication of our results for the problem of learn-
ing sepsis management policies from simulators. Our Orth estimator suggests
that there is relatively little sensitivity of this environment to deviations allowed
by A = 2, but very significant deviation allowed by A = 4. Indeed, given the
reward structure described above, the worst-case results under A = 4 imply an
extremely high mortality rate. Whether worst-case deviations of this magni-
tude are reasonable or not is unclear, and this is something that requires further

investigation for future work on RL for sepsis management.
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APPENDIX D
APPENDIX FOR CHAPTER 5

D.1 Additional Related Works

Heterogeneous treatment effect estimation from observational data Re-
cently, there has been a significant interest in applying machine learning to
estimate CATEs using observational data. This field has seen adaptations of
a wide range of machine learning techniques, from random forests [Wager and
Athey, 2018b, Oprescu et al., 2019] and Bayesian algorithms e.g.[Hill, 2011, Hahn
et al., 2020] to deep learning [Johansson et al., 2016, Atan et al., 2018, Shi et al.,
2019] and blackbox meta-learners [Kiinzel et al., 2019, Nie and Wager, 2021]
that utilize efficient influence functions [Kennedy, 2023d, Curth et al., 2020]
and Neyman orthogonality [Chernozhukov et al., 2018a, Foster and Syrgka-
nis, 2023b]. Despite these advancements, a significant challenge remains as
these methods typically assume the absence of confounding in observational
data (ignorability) — an often unrealistic and unverifiable assumption — limiting
their real-world applicability. Without ignorability, point identification of ef-
fects is impossible, although some studies propose methods to construct bounds
on treatment effect estimates under assumptions about the structure of unob-
served confounding [Rosenbaum et al., 2010, Kallus and Zhou, 2018, Oprescu
et al., 2023, Frauen et al., 2024]. Nonetheless, these bounds often have limited
practical utility. Other efforts to address confounding bias in CATE estimation
rely on latent variable models to recover unobserved confounders from noisy
proxies [Louizos et al., 2017, Kuzmanovic et al., 2021] or utilize multiple or se-
quential treatments [Wang and Blei, 2019, Bica et al., 2020a, Hatt and Feuer-

riegel, 2024]. However, these methods also have limited practical impact, as
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they depend on either the availability of additional accurate proxy data or un-

verifiable assumptions such as no unobserved single-cause confounders.

Heterogeneous treatment effect estimation using IVs Machine learning tech-
niques have recently been integrated with instrumental variable methods, of-
fering significant advantages over traditional approaches, including the flexible
estimation of CATEs. Singh et al. [2019] and Xu et al. [2021] expand on two-
stage least squares (25LS) to incorporate complex feature mappings via kernel
methods and deep learning. In the same vein, Hartford et al. [2017] introduced
a two-stage neural network for conditional density estimation, while Bennett
et al. [2019] applied moment conditions for IV estimation. Syrgkanis et al. [2019]
propose novel IV estimators that exhibit Neyman orthogonality. However, these
techniques rely on the assumption that instruments are relevant across all co-

variate groups, a condition that is not consistently met with weak instruments.

Treatment effect estimation with weak instruments Weak instruments com-
promise the reliability of traditional IV methods like 2SLS, often producing bi-
ased, high-variance estimates and undermining causal claims. To mitigate these
issues, several approaches have been developed, including bias-adjusted 2SLS
estimators, limited information maximum likelihood (LIML), and jackknife in-
strumental variable (JIVE) estimators (see Huang et al. [2021] and references
therein). Recent methods reduce 2SLS estimator variance by exploiting first-
stage heterogeneity (variation in compliance) through a weighting scheme, as
detailed in Kennedy et al. [2020], Coussens and Spiess [2021], Abadie et al.
[2024]. However, these methods do not extend to estimating conditional aver-
age treatment effects. Another strand of research focuses on combining multiple
weak instruments into a robust composite, showing promise in genetic studies

using Mendelian randomization ([Kang et al., 2016, Lin et al., 2024]). These ap-
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proaches require access to multiple weak instruments for the same treatment.
Our work aligns most closely with Kennedy et al. [2020], Coussens and Spiess
[2021], Abadie et al. [2024] in that we leverage compliance heterogeneity and
employ compliance weighting to merge IV studies with observational data for
efficient confounding bias estimation. Unlike these studies, however, our ap-
proach distinctively estimates heterogeneous effects and leverages additional

observational data to address challenges posed by weak instruments.

Combining observational and randomized data There has been a prolifera-
tion of research in combining observational datasets with randomized control
trials — experimental data with perfect compliance — to mitigate bias from obser-
vational studies. One of the strategies is to impose structural assumptions such
as strong parametric assumptions for the confounding bias [Kallus et al., 2018]
or a shared structure between the biased and unbiased CATE functions that can
be estimated from the two datasets [Hatt et al., 2022]. Other studies advocate
for dual estimators from both data types, optimizing bias correction through a
weighted average [Yang and Ding, 2019, Cheng and Cai, 2021, Rosenman et al.,
2023]. Additionally, approaches like those by Athey et al. [2020] and Imbens
et al. [2025] leverage outcomes from different time-steps, such as short-term and
long-term effects, to enhance estimation accuracy. Our work is closest to Kallus
et al. [2018] and Hatt et al. [2022]. However, our study faces additional com-
plexities: firstly, the CATE estimation techniques differ between the datasets,
requiring us to debias the overall effect function rather than just individual out-
come functions. Secondly, RCTs may not represent the target population due
to their narrow scope, our instrumental variable (IV) study faces representation
issues due to minimal or absent compliance in strata that are not known a pri-

ori. Thirdly, the CATE estimation in our IV study uses a ratio estimator, which
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is highly sensitive to changes in the compliance denominator, adding a layer of

complexity to our analysis.

D.2 Proofs of Theorems and Lemmas
D.2.1 Proof of Equation 5.3

The exclusion and independence conditions in Assumption 5.1 imply that the
following identification equation holds:
E[YE (AR(1)) - YE (A%(0)) | XE = x] (D.1)
=E[YF|ZF =1, XF =x] -E[YF|ZF =0, XF =x].
By noting that
AS(D)

YE(AF(0)) = Y(1) - Y(0), if A5(1) = 1,AF(0) = O (compliers)

Y(0) - Y(1), if AE(1)=0,AE(0) = 1 (defiers)

AE(1)) - YE (AE(0)

0, if AE(1) = 1, AF(0) = 1 (always-takers)

(A%(D) - Y& (A5(0)
YE (AE(1)) - YE (AR (0))
(A%(W) - Y& (A5(0))

YE (AR(1)) - YE (A%(0)) =0, if AE(1) = 0, AE(0) = 0 (never-takers)

the left-hand side of this equation can further be written as:

E[YE(AR(1)) - YE(AR(0) | XE = X] (D.2)
= E[(YE(1) - YE(0)(AR(1) - A%(0)) | X = X]
= E[YE(1) - YE(0) | XF = x] - E[AF(1) — AF(0) | XF = X] (Assumption 5.2)

=7(x) - (B[A® | ZF = 1, XF = x] - E[A® | ZF = 0,XF =X])  (Assumption 5.1)

Since the claim of Equation 5.3 holds for x € X’, we have that E[AF | ZF = 1, XE =
x] — E[AF | ZF = 0,XE = Xx] # 0 by the relevance condition in Assumption 5.1.
From Egs. D.1 and D.2, we obtain:

_ B[YE|ZF = 1,XE = x] - E[YF | ZF = 0,XE = x]

_ . WXeX.
E[AE[ZE = LXE=xX]—E[AE[ZE=O.XE=x 'X€4

7(x)
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D.2.2 Proof of Lemma 5.3

Recall that for any x € X’, we have that y(x) # 0 by Assumption 5.2. Then,

assuming that 7z(x) > 0, we use the law of total expectation as follows:

[ YEZE O YR(A-ZF) e _ X]
2 ()y(x)  (L-m )y
YEzE YE(l _ ZE) B ) ) .
[ﬂz(X)y(X) T A= (0)(x) 25 =1.X" = X] P(Z" =1|X"=x)
YEZE  YR(-Z%) e _ g yE- 0| XE=
E[ﬂz(X)y(X) T @ = ()X 28 =0,X" = X] P(ZE = 0| XE = x)

—E[LZE—le—x]n(x)
I P10 70 I

YE
_E[
(1 = mz(X)y(x)
E[YE|ZE =1, XE :x]—E[YE | ZE = 0, XE :x]
- ¥(X)
E[YE|ZE =1, XE :x]—E[YE | ZE = 0, XE :x]
T E[AE|ZE = 1, XE = x| - E[AE | ZE = 0, XE = ]

ZF =0,XF = x] (1 = 72(X))

= 7(X) (Equation 5.3)

where the intermediate steps follow from the definitions of 77(x) and y(x) and

the last equality comes from the identification result in Equation 5.3.

D.2.3 Proof of Theorem 5.5

For simplicity, we omit the E subscripts from XF,ZE, AF YE throughout this
proof. Furthermore, assume that ng is an integer multiple of the number of
folds K. Let Ekf(Z) = ﬁZieIk f(Z;), recalling that 7y = {i € {1,...,ng} : 1 =
k — 1 (mod K)}, which indexes the subset of data in the k! fold. Then, we can

write the estimated parameter 6 as:

K -1
b= [% 2 E [W<k>(X)2¢(X)¢(X)T]]
k=1
K
D UE(YZ( - 7PX)) - Y (1 - 2)70(X) - WX X)) WOX)(X) |
k=1

x|~
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We also define the following quantities:

bre = Ene [WCXO?(X)600T] "

Ene |(YZ(L = 72(X)) = Y (1 = Z)mz(X) — w(X)72(X)) w(X)¢y(X)
7= E[w)2e()s00| "

CE[(YZ(L - 72(X)) = Y(1 = Z2)m2(X) = w(X)72(X)) w(X)o(X) |

We note that these quantities are well defined because E [W(X)2¢(X)¢(X)T] is in-
vertible. This follows from the first and last conditions of Assumption 5.4, along
with the stipulation in Assumption 5.1 that y(x) # O for all x in a set of non-zero

measure. Using these definitions, we can write

”5_ HHz - Hb\_E”E + 0 —0+0 - 0“2

= Hb\_g”E )
——————

A1

||’6'nE - ?9_”2 + ||5— 9”2 (Triangle Inequality)
A2 A3

We study these terms separately. We notice that A is just linear regression of
the modified outcome YZ(1 — mz(X)) — Y(1 — Z)rz(X) — w(X)7°(X) on ¢(X) using
weights w(X). Given the regularity conditions in Assumption 5.4 (which sub-
sume the standard regularity conditions of linear regression), we have that 1, is

Op(1/ y/ng). Then, consider the 6 term. We have:

6 = B[w(X)?6(X)e(X)T|
CE[(YZ(1 - m2(X)) = Y(1 = Z)m2(X) — w(X)72(X)) w(X)p(X)]
= B[W(X)?(X)e ()|
CE[(YZ( = 72(X)) = Y(1 = 2)mz(X) = wX)(X) + W(X)6" (X)) w(X)e(X)]|
(Realizability of b(X))
= B[W(X)?6(X)80)T [ ¥(X) # 0| " P(x(X) % 0)"

(BLYZ(L = m2(X)) = Y (L = Z)m2(X) = w(X)T(X) W(X)$(X) | 7(X) # O]
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+ E [W(X)26(X)g(X)"0 | ¥(X) # 0] )P(¥(X) # 0)
= B[W(X)?6(X)e(0)" [ ¥(X) # 0] "
CE[(YZ(1 - m2(X)) - Y(1 = Z)mz(X) = w(X)T(X)) W(X)$(X) | ¥(X) # O] + 6

= B [WO0%00600T 1 7(0) % 0]
[ ( YZ Y(1-2)

720070~ @ =72 00) (%) o

(Since y(X) # 0 implies w(X) # 0 by Assumption 5.4)

_ T<><))vv(><>2¢(><)|y<><) +0

=0. (Lemma 5.3)

Thus, @ = § which implies A3 = 0. We now tackle the 4; term. To streamline the

exposition, let us introduce the following shorthand notation:
YO = YZ(1 -79X)) - Y1 - 2)7%(X)
Y :=YZ(1 - 72(X)) = Y(L = Z)7z(X)
Ik = % éf@k [W9X)°p(X)p(X)' |
Sk = B[WOX)26(X)e(X)' |
X i= B [WX)P0(X)(X)" |
% 1= E[W(X)*6(X)$(X)']
We can then write the 6 — . as follows:
e

K
=S DUE(TY - WOX00) 7X)0(00)
k=1

= T En (Y = w)7°00) w(X)(X)]

K
= G -T 9 B (T - OXO00) 70 ()6(X)| (A1)
1 & ":1
+27 0 > (B - WO (X)p(X)]
k=1
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— E[(Y - w(X)r°(X))w(X)$(X)]) (A12)
K

T 3 BB (T - WO 097°(0) FIX)6(X)
k=1

— (Y = w(X)r°(X)) w(X)e(X)| (A13)
By Cauchy-Schwartz, we can bound the 4; term as

a=o-a, Z sl

where we used the A, j notation introduced in the preceding equation. We bound

each of the 1;;’s separately. We let ||Al|r denote the Frobenius norm of the matrix

A. Then, consider A, ;:

41,1112
<[5 -, % B - wo00m00) 00000
_ (c:uchy-schwartz)
S ZEK YO - @OX)TO(X)) WY (X)e(X)]
2

<[5l -2,

< 2 Ei | (Y9 - WOX)7000) WO X)s(X) |
k=1

2

=0p (Hf ~ 3k HF) (By the boundedness conditions in Assumption 5.4)

Furthermore,

K
5 5= B [WOO?00000] - e 3 800000000

K
D B - B)|(w(x)* - Wk)(X)Z) $(X)p(X)" |

k=1

+E (w(x)2 W(X)?) e ()(X)"|

X~

> E-5| <% Z | B - B) [ (wox)2 = wO0)?) 008000 |
k=1
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::(Skz 5 11/2
w7 [ (w0 + @900 0000
(Holder’s inequality)
By our boundedness assumptions, the second term yields an O, (||W - W||Lz) =
Op(r,(nNg) + I'r,(Ng)) term in the expression for O, (llf — EKHF). To analyze the first
term, let Ey represent the samples in the kth fold of the E dataset. Then, &y | Ex
has mean 0 since W® is independent from Ey due to the K-fold sample splitting.

Then, we can apply Chebyshev’s inequality to obtain

61 E = op( e E[(woo? - w0007 ¢<x>$¢<x>ﬂEk]”z)  0p(1/ vD)

from the consistency assumptions for Y, A( which translate into a consistency
assumption for WX. By the bounded convergence theorem, this implies that d

is also 0p(1/ y/Ng). Putting everything together, we obtain

llzallz = Op(ry(Ng) + rr,(NE)) + 0p(1/ V).

We now tackle A ,:

A12
sl kz (BITY — @O ()T ()]
— E[(Y - w(X)7(X))W(X)$(X)])
[[41.21l2
1 K
<=Mk )
k=1
d
S B[@0)T8 — wx)¥ - GI0%O(X) + w(xYr20)) (X |

288



= 1
< ||2_1||FR

K d
B [FO00TO - we ¥ - @907 0x) + w20 el
k=1 i=1 2
Since the terms [¢(X)i| are bounded by Assumption 5.4, and since we have

15 oy by the continuous mapping theorem, it suffices to study the term
E [WO(X)Y® - w(X)Y = WO(X)ZTO(X) + w(X)*rO(X)|X :
HE [T — w(X)¥ ~ WOX)ZO(X) + W(X)ZTO(X)|X]HL2
< IELY | Z = 1 X]mz QWO (X)(1 = 75()) = wX)(1 = 72 (X))},
+IELY 1 Z = 0, X1 = mz ()W X)L (X) — wX)mz (Xl
+ WO X)7O(X) = W(X)* T2 (X)L,
< W —wile, + 179 =¥, + 177 = 7zl + 17 = Ol
(Boundedness assumptions)
S IPY =, + 17 = w2, + 170 = 2Ol (Definition of w(X))
< ry(Ng) + Iy, (Ng) + I0(No)
where < absorbs constants. Thus, [[41,]]; is O, (ry(nE) + I, (Ng) + rTo(no)). Lastly,
we note that 4, 3 is the empirical process equivalent of 1, ; and thus, by leverag-
ing sample splitting through arguments similar those used for the 1;; term, we
have that [|1;3]l; is 0,(1/ 4/Ng). Putting all A;; terms together, we have that 1; is
Op (ry(NE) + I, (NE) + 1r0(No)) + 0(VAE). Recall that A, is Op(1/ yiig) and A3 = 0,
we obtain the desired result:
[ = 6], = Op (ry(NE) + rr, (NE) + rro(No) + 1/ Vig).

Given that |[T— 7ll, = [I(6 — 6)T¢(X) + (°(X) = 7T°(X))|lL,, we further have

F=7ll,, = Op (ry(E) + ez (Ne) + Fro(o) + 1/ V)
by using the derived 6 rates, the Cauchy-Schwartz inequality and the bounded-

ness of ||¢(X)l|l, assumption. Our proof is now complete.
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D.2.4 Proof of Theorem 5.8

We first study the convergence rate of 7° using the conditions of Theorem 5.8.

Assume that h® and ¢(x) solve the following joint optimization problem:

_ o0 ((YOAO YO(1 - A%)

- _
h™, ¢ = arg minyocrd e E = - —

2
) - (hO)T¢(XO))
Then, 7°(x) = (h°)T¢(X). Thus, we write:

[ =71, < 47600 - () 6],

< [|[(h®)Te(X) = (°) g (X)]|,, + [ (B(X) = (X)),

< ||hO —FOHZ + r4(nNo) (Boundedness assumptions)

We further expand the first term:

[1° = T°]l, = LT BV ()] - Bno [600B00] Brna YA,

(~ ._ YOAO Yo(l—AO))
T 7maX) 1-7a(X)

IA

[EL6 0001 BV 6(X)] - E[G(X)3(X)] EYe(X)]|
+ [BIEOOBOOT EIYA)] ~ Eno[B0X)800] Eno [VHOX)]|
= Op(ry(no) + 1/ vo)

Thus,

7° —?OHLZ is Op(rs(no) + 1/ yMo). Next, we build upon the insights pro-
vided by the Proof of Theorem 5.5. We note that we can apply the same analysis
as in the Proof of Theorem 5.5 by using ¢ instead of ¢ and everything goes
through except the A3 term which is not 0 since v depends on ¢ and not a Thus,
the convergence rate of |[v — v||; will be O, (ry(nE) + I, (Ng) + ro(no) + 1/ \/E) =
Op (ry(nE) + I, (Ng) + ry(No) + 1/ Mg + 1/ \/%) plus a term that depends on the

deviation between ¢ and ¢. This term is given by:
vy 17t
2s = [ [wOxZ5(x)8(x)" |
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E[(YZ( - 72(X)) - Y(L = 22 (X) = )T (X)) wO)@(X)| - v]

-1

= [ | w0 00@00T 00 # 0| B [wWo0ZB00800Tr(x) # 0| -

(Lemma 5.3)

= [ [wo0z008007 [y () # 0| 2 [woZB00 00 - G0 vy (x) = 0] |
= Op(ry(no))

This term then gets absorbed into O, (ry(nE) + Iy, (Ng) + ry(No) + 1/ Mg + 1/ \/%)

Thus, we obtain the desired results:

V= vll2 = Op (1, (Ne) + Y, (NE) + Fy(0) + 1/ VAIE + 1/ o),

and

7= 7llL, = Op (1, (NE) + I, (NE) + Ty(No) + 1/ VAiE + 1/ o).

D.3 Additional Experimental Details
D.3.1 Simulation Studies

Implementation Details The results for the parametric extension from Sec-
tion 5.5.1 were generated on a consumer laptop equipped with a 13th Gen Intel
Core i7 CPU. The execution took approximately 1.5 minutes using 20 concurrent
workers. In contrast, the representation learning outcomes were derived using
an NVIDIA Tesla T4 GPU on Google Colab [Google, 2024]. The execution took
roughly 1.5 hours, with half the time spent on Algorithm 5.2 and the other half

on learning 75 (x) over 100 iterations.

The Random Forest (RF) models employed in Algorithm 5.1 make use of
the RandomForestRegressor and RandomForestClassifier algorithms

from the scikit-learn [Pedregosa et al., 2011] Python library. For the feed-

291



Table D.1: Hyperparameters for the synthetic-data experiments in Chapter 5..

Method Model(s) Algorithm Hyperparameter Value
Algorithm 5.1 Compliance Random Forest =~ max_depth 3
(scikit-learn) min_samples_leaf 50
Algorithm 5.1 Outcomes Random Forest =~ max_depth 5
(scikit-learn) min_samples_leaf 5
Algorithm 5.2 Representation Neural Network activation ELU
CATE (PyTorch) hidden units 2
Compliance network depth 5
weight_decay 0.02
optimizer Adam
learning rate 0.01
batch size 2000
epochs 1000

forward neural networks within the representation learning component, we uti-
lize the nn module from the PyTorch package [Paszke et al., 2019]. Details

regarding the hyperparameters for these models are provided in Table D.1.

We configured the parameters for the Random Forest (RF) models based on
the theoretical guidance outlined in Probst et al. [2019]. For the neural networks,
we implemented early stopping using a validation dataset that constituted 20%

of the total generated datasets.

Result for High-Dimensional DGP We perform additional experiments to
highlight the effectiveness of our method in higher-dimensional settings. To
this aim, we modify the DGP in Section 5.5.1 to include d features X¢ € R?, with

both baselines and bias depending on all features as follows:

Y =1+A+ Xy +2A8"X +0.5X2 + 0.75AX? + U + 0.5¢

U|XA~N(y'X(A-05),0.75)

where the coefficients B,y € [-1,1]? are set at random at the beginning of the
simulation. In this setting, the bias function is given by b(x) = —y"x. We leave

all other settings and parameters (including no = ng = 5,000) unchanged and
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Table D.2: MSE + standard deviation for the Chapter 5 estimators in a high-

dimensional synthetic data-generating process.

70(x) 7(X) 7(X)
d=5 [1.40+0.09 [397+1.21]0.40+0.07
d=10 | 3.25+0.15 | 7.70 + 1.54 | 1.25+0.20
d=20|9.32+051|19.2+2.58 | 4.05=+0.68
d=50|37.1+0094 | 432+2.89 | 9.39 + 1.64

perform parametric extrapolation using Algorithm 5.1.

In Table D.2, we report the mean squared error (MSE) and standard devi-
ation (SD) of predictions on a fixed sample of 1,000 points drawn from the
same distribution as X, over 100 iterations and for various dimensions (d €
5,10, 20, 50). The high MSE of the IV estimator 7°(x) reflects the challenges of es-
timating compliance in high-dimensional settings. Likewise, the observational
data estimator 7°(x) shows clear bias. In contrast, the combined data estima-
tor 7(x) from Algorithm 5.1 significantly outperforms both, demonstrating im-

proved accuracy in this high-dimensional context.

D.3.2 Impact of 401(k) Participation on Financial Wealth

Implementation Details The dataset from Chernozhukov and Hansen [2004]
is comprised 9,915 observations with 9 covariates: age, income, education, fam-
ily size, marital status, two-earner household status, defined benefit pension

status, IRA participation, and home ownership indicators. We describe the fea-

tures of the 401(k) dataset in Table D.3.

Given the heavy-tailed distribution of net worth measures, we perform a
pre-processing step to remove outliers. Specifically, we eliminate the top and
bottom 2.5% of observations, effectively narrowing the range of potential out-
comes from [-0.5x10°, 1.5x10°] to [-1.4x 10%, 1.34x 10°]. This adjustment leaves

us with 9,419 observations, which are then evenly distributed between the ob-
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Table D.3: Description of the covariates in the 401(k) dataset used in the Chap-
ter 5 application.

Name Description Type

age age continuous covariate
inc income continuous covariate
educ years of completed education continuous covariate
tsize family size continuous covariate
marr marital status binary covariate
two_earn whether dual-earning household binary covariate

db defined benefit pension status binary covariate

pira IRA participation binary covariate
hown home ownership binary covariate
e401 401(k) eligibility binary instrument
p401 401(k) participation binary treatment
net_tfa net financial assets continuous outcome

servational and experimental datasets. We find that this procedure improves
the stability of regression and classification algorithms across different random

data splits.

This dataset has previously been analyzed using Random Forest algorithms
in [Chernozhukov et al., 2018a]. Consistent with this work, we employ the
same models (RandomForestRegressor and RandomForestClassifier
from scikit-learn) and use identical hyperparameters (n_estimators = 100,
max_depth = 6, max_features = 3, min_samples_leaf = 10) for various regression
and classification tasks outlined in Algorithm 5.1. For the second stage of Al-
gorithm 5.1, we use a Lasso regressor from scikit—-learn with a penalty of

a = 0.07 selected via 5-fold cross-validation.

In Figure D.1, we display several characteristics of the 401(k) dataset derived
from the first stages of Algorithm 5.1. In particular, we illustrate the spread in
compliance scores in IV dataset, as well as the impact of important features on

the predictions of the compliance and outcome models, respectively. As noted
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Figure D.1: First-stage diagnostics for the 401(k) experiment in Chapter 5.
(D.1a): Distribution of estimated compliance scores for x € XE. (D.1b): Shap-
ley plot [Lundberg and Lee, 2017] for the compliance model in the IV dataset
with features arranged in decreasing order by feature importance. (D.1c): Shap-
ley plot for the estimated outcome model E[Y® | A% = 1, X°] in the observational
dataset with features arranged in decreasing order by feature importance.

Table D.4: MSE =+ standard deviation across different 401(k) data splits in the
Chapter 5 application. Age: 40, Income: $30,000, Single.

| Educ | 7° (in 1,000$) | 7% (in 1,000$) | 7 (in 1,000%) |
8 11.9+2.18 10.0+2.23 | 9.83+2.22
10 11.8 +2.17 10.2 +2.42 | 9.99 +2.18
12 11.8 +2.22 9.88+236 | 10.2+2.20

in the main text, the compliance scores are relatively large and range between
0.49 and 0.90 (mean=0.70). Furthermore, the primary features influencing the
compliance score model include income, age, and education. In contrast, the
features impacting the outcome model E[Y® | A° = 1,X°] are IRA participa-
tion, income, and age, with education having a significantly lesser effect. This

motivated us to investigate how education influences the derived CATEs.

Quantifying Uncertainty Across Data Splits We quantify our claims for the
401(k) study by repeating the experiment across 100 different (O, E) splits of the

original data. We calculate the means and standard deviations of the treatment
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Table D.5: MSE =+ standard deviation across different 401(k) data splits in the
Chapter 5 application. Age: 40, Income: $30,000, Married.

| Educ | 7° (in 1,000$) | 7F (in 1,000$) | 7 (in 1,000$) |
8 11.3 £2.40 9.49+223 | 954+250

10 11.3 +2.40 9.63 +£2.40 9.59 +2.38
12 112 +2.41 9.93 +£2.39 9.65 +2.29

effects by years of education for the two examples described in the paper, with
the results shown in Table D.4 and Table D.5. We note that the original trend
(biased observational estimates, accurate extrapolation to the no-compliance re-
gion) is largely preserved, and our method demonstrates the ability to interpo-
late well on average in the artificially introduced non-compliance region. How-
ever, the uncertainty, as reflected by the large standard deviations, is substantial
enough that the results are not statistically significant, which limits the strength
of the conclusions we can draw from this experiment (unfortunately!). This is
most likely due to the prevalence of outliers, as net worth follows a heavy-tailed

distribution, and RF regressors tend to overfit to these extreme values.

D.4 Limitations and Societal Impacts of Our Work

Our methodology hinges on several key assumptions, and violations can sig-
nificantly affect the accuracy and reliability of our estimates. First, the standard
IV assumptions (Assumption 5.1) must hold. If the instrument directly affects
the outcome, is correlated with unobserved confounders, or is weak across all
strata of covariates, our estimates may be biased and unreliable. Some of these
issues can be mitigated in experimental settings where the instrument is fully
randomized. Additionally, the unconfounded compliance assumption requires

that compliance is independent of potential outcomes given the covariates. Vi-
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olations here can also lead to biased estimates if unrecorded explanatory vari-
ables affect both outcomes and compliance. Lastly, our method relies on real-
izability assumptions regarding the bias function. If these assumptions do not

hold, our estimates might be biased.

The societal impacts of our method stem from potential inaccuracies in treat-
ment effect estimates and their subsequent use. Inaccurate treatment effect es-
timates could lead to a range of adverse outcomes, from a diminished user ex-
perience on online platforms to less effective healthcare recommendations, eco-
nomic and public policies. Furthermore, while accurate estimates can provide
substantial benefits, they must be used responsibly to avoid unintended conse-
quences such as privacy concerns or potential biases in decision-making. It is
thus crucial to apply these methods with careful consideration of ethical impli-

cations and societal impacts.
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APPENDIX E
APPENDIX FOR CHAPTER 6

E.1 Extended Literature Review

We contextualize our work by surveying six strands of prior research. We group
these into two categories: (1) core threads that directly motivate and inform our
methodology, and (2) auxiliary threads that provide important theoretical and

practical foundations but are not specific to our design.

E.1.1 Core Related Work

Identification and Estimation via Instrumental Variables Instrumental vari-
able (IV) methods are widely used to estimate causal effects in the presence of
endogenous treatment selection due to unmeasured confounding. Under clas-
sical IV assumptions—exclusion, independence, and relevance—these methods
typically identify the local average treatment effect (LATE) [Angrist et al., 1996,
Abadie et al., 2002, Abadie, 2003, Cheng et al., 2009, Ogburn et al., 2015], which
pertains to compliers: units whose treatment responds to the instrument. How-
ever, compliers represent an unknown and potentially unrepresentative sub-

population, limiting the policy relevance of LATE.

To target the population average treatment effect (ATE), IV methods have
traditionally relied on linear structural equation models (SEMs), in which the
ATE corresponds to a regression coefficient under correct model specification
[Goldberger, 1972]. Two-stage least squares (2SLS) is the canonical estimator
in this setting, but its consistency and interpretability depend on strong linear-
ity assumptions [Wooldridge, 2010, Clarke and Windmeijer, 2012]. More recent

SEM-based IV approaches focus on estimating conditional effects, including
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kernel IV [Singh et al., 2019], DeepIV [Hartford et al., 2017], and other moment-

based estimators [Bennett et al., 2019, Syrgkanis et al., 2019].

We instead build on the framework of Wang and Tchetgen Tchetgen [2018],
who introduce an alternative identification strategy based on an unconfounded
compliance assumption. This allows point identification of the ATE while sep-
arating identification assumptions from estimation model assumptions. Their
approach avoids reliance on parametric SEMs for ATE estimation and instead
yields an efficient semiparametric estimator with an efficient influence function
(EIF) that confers the estimator a multiple-robust property, i.e.the estimator re-
mains consistent if one or several nuisance components are misspecified. This
structure makes the estimators well-suited to nonparametric plug-in estimation
using modern machine learning tools. This insight has been extended to de-
velop multiply-robust CATE estimators that leverage binary instruments to ad-
just for unobserved confounding [Frauen and Feuerriegel, 2023], and to debias
confounded observational data by incorporating (potentially weak or imper-
fect) instruments [Oprescu and Kallus, 2025]. Other recent work extends the
framework of Wang and Tchetgen Tchetgen [2018] to nonparametric identifica-

tion of ATEs under related assumptions [Neopane et al., 2025a].

We adopt the framework of Wang and Tchetgen Tchetgen [2018] as the foun-
dation for our estimator, with the goal of efficiently and robustly estimating
the ATE under adaptive, sequential data collection. Specifically, we derive the
semiparametric efficiency bound for ATE estimation under arbitrary, covariate-
dependent instrument-assignment policies and identify the optimal adaptive
policy that minimizes this bound. We then introduce AMRIV, an adaptive,
multiply robust estimator that attains the bound and enables valid inference in

sequential experiments.
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Adaptive Experimental Design for Treatment Effect Estimation A substan-
tial literature studies adaptive algorithms for estimating the average treatment
effect (ATE) efficiently and with minimal variance when the treatment itself can
be directly assigned. This line of work was initiated by Hahn et al. [2011], who
proposed a two-stage explore-then-commit design that asymptotically achieves
the semiparametric efficiency bound, echoing early bandit-style adaptive allo-
cation schemes. Fully sequential designs soon followed: Kato et al. [2020] in-
troduced the Adaptive Augmented Inverse Propensity Weighting (A2IPW) es-
timator, which achieves variance-optimal Neyman allocation; Kato et al. [2021]
extended this to settings with estimated policies and nuisance functions and
demonstrated multiply robust consistency; and Cook et al. [2024] added prin-
cipled policy truncation and developed the first anytime-valid confidence se-

quences for adaptive ATE estimation.

Parallel progress has come from an online-learning perspective. Recent
methods such as Clip-OGD and its optimistic variants attain sublinear or loga-
rithmic "Neyman regret” for the ATE [Dai et al., 2023, Neopane et al., 2025b,c];
low-switching policies achieve finite-sample optimality bounds [Li et al., 2024];
and newer designs jointly optimize over covariate and treatment dimensions
[Kato et al., 2024]. Off-policy estimators with adaptively collected data have
also obtained sharp error rates and regret guarantees [Lee and Ma, 2024]. To-
gether, these advances form a mature toolkit for adaptive experimentation that
combines adaptive nuisance learning, cross-fitting, policy truncation, regret-

minimizing allocation, and time-uniform inference.

Our work builds directly on this literature but extends it to the less explored
setting where only an instrument can be assigned and treatment uptake is en-

dogenous. We integrate core components from the direct-treatment literature—
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influence-function-based estimation, adaptive policy learning, cross-fitting,
policy truncation, and sequential inference—to construct a unified estimator
that retains semiparametric efficiency, multiply robust consistency, and time-
uniform inference under noncompliance. Specifically, we are the first to: (i)
derive the semiparametric efficiency bound for ATE estimation when only an
instrument can be adaptively assigned; (ii) identify the variance-optimal alloca-
tion rule that balances outcome noise and compliance variability; and (iii) de-
velop AMRIV, a multiply robust estimator that attains this bound and supports

anytime-valid inference.

Adaptive Experimentation with Instrumental Variables Recent work has be-
gun to explore adaptive experimentation in settings where treatments cannot
be directly assigned, requiring the use of instrumental variables (IVs) to esti-
mate causal effects under unobserved confounding. Broadly, these efforts fall
into two categories: methods aimed at improving predictive accuracy in the
presence of confounding, and approaches focused on adaptive design and data

collection or regret minimization using bandit-style feedback.

The first group focuses on improving estimation efficiency in indirect exper-
iments. Gupta et al. [2021] propose an adaptive framework for selecting among
multiple data sources to efficiently estimate causal functionals such as the ATE.
Their method, Online Moment Selection (OMS), chooses which source to query
at each step based on moment conditions implied by a causal graph. While
they address efficient data acquisition under structural constraints, their set-
ting assumes passive data collection and differs from our focus on adaptive ex-
perimental design with noncompliance and endogenous treatment. Ailer et al.
[2024] study sequential indirect experiment design in instrumental variable set-

tings, focusing on partial identification of nonlinear treatment effect queries.
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Rather than aiming for point estimation, their method adaptively tightens up-
per and lower bounds on a functional Q[f] of the treatment effect by selecting
experiments that reduce the gap between these bounds. In contrast, our work
targets point identification and estimation of the ATE, and provides semipara-
metric efficiency and robustness guarantees under adaptive instrument assign-
ment. Most closely related to our setting, Chandak et al. [2024] study adap-
tive instrument selection to improve sample efficiency in indirect experiments.
They propose a general influence-function-based optimization procedure for
selecting instruments that minimize the mean squared error of nonparametric
IV estimators, such as DeeplV [Hartford et al., 2017]. However, their objective
is variance reduction for prediction, not inference for causal estimands like the
ATE. Their analysis is estimator-specific and does not characterize semipara-
metric efficiency bounds or multiply robust inference, which are central to our

approach.

The second line of work focuses on regret minimization in settings with in-
strumental feedback. Zhao et al. [2024] use randomized instruments within a
linear structural equation model to enable pure exploration for policy learning
under unobserved confounding. Their focus is on identifying the best treatment
arm using bandit-style algorithms with finite-sample confidence intervals and
near-optimal sample complexity guarantees. Unlike our work, which targets
semiparametric inference for the ATE, their goal is policy optimization rather
than estimation. Della Vecchia and Basu [2025] study online instrumental vari-
able regression with bandit feedback and propose regret bounds under endo-
geneity. Their focus is on prediction in stochastic settings with instrumental

bandit structure, rather than causal effect estimation or statistical inference.
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Our Contribution To our knowledge, we present the first estimator that is
both semiparametrically efficient and multiply robust for ATE estimation un-
der a binary instrument with adaptive assignment. We characterize the effi-
ciency bound, derive the optimal allocation policy that balances outcome and
compliance variance, and develop the AMRIV estimator that asymptotically
attains this bound. Our results generalize prior work on ATE estimation to
settings with endogenous treatments, establish asymptotic normality, and con-
struct time-uniform asymptotic confidence sequences. Empirical studies con-

firm our method’s efficiency, robustness, and practical viability.

E.1.2 Auxiliary Context

Semiparametric Efficiency and Influence-Function-Based Methods Our es-
timator builds on a long line of semiparametric inference techniques, partic-
ularly those using influence functions to achieve efficiency and robustness in
the presence of nuisance components [Bickel et al., 1993, Robins et al., 1994].
Recent work has adapted these methods to flexible machine learning settings
by incorporating sample-splitting and cross-fitting [Chernozhukov et al., 2018a,
Kennedy, 2023d, Frauen and Feuerriegel, 2023]. In adaptive experiments, such
techniques have been shown to yield efficient estimators without requiring
Donsker conditions [Kato et al., 2020, 2021, Cook et al., 2024]. We extend these
tools to a setting with endogenous treatment and adaptive assignment via a

binary instrument.

Multiply Robust Estimation Multiply robust estimators remain consistent if
any one of multiple nuisance components is correctly specified. In the IV con-
text, this structure has been exploited to enhance robustness of ATE and CATE

estimators [Wang and Tchetgen Tchetgen, 2018, Frauen and Feuerriegel, 2023].
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We extend these ideas to adaptive settings, showing that AMRIV retains consis-
tency even when some nuisance functions are misspecified, as long as at least

one of 5(X) or §4(X) is consistently estimated.

Confidence Sequences and Anytime-Valid Inference Confidence sequences
(CSs) provide coverage guarantees that hold uniformly over time, making them
well-suited to adaptive experiments with interim monitoring or early stopping.
Recent work has developed CSs for influence-function-based estimators using
martingale techniques and empirical Bernstein bounds [Howard et al., 2021,
Waudby-Smith et al., 2024b, Cook et al., 2024]. We build on this to construct
asymptotically valid confidence sequences for our adaptive IV estimator, ac-

counting for sequential dependence and cross-fitted nuisances.
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E.2 Notation

Table E.1: Notation used in Chapter 6.

A

Y
Y(@),Y(a z2)

AQ@)
u
P

¥ (z,%)
(2, X)

8" (%), 6A(x)
o(x)

m(X | Hi-1)

o?(z, X)
Verr(7)

¢(- 7, m)
f,f
:F¢MRIV

E

ligll2

0p(1), Op(")
€

(0
7—(t—il.

Observed covariates (feature vector) in R™.

Binary instrument / encouragement, Z € {0, 1} (experimenter-
assigned).

Binary treatment, A € {0, 1}, determined endogenously by the
unit.

Real-valued observed outcome.

Potential outcome under treatment a (and instrument z when
shown).

Potential treatment taken under instrument z.
Unobserved confounder(s).

True (observable) distribution of (X,Z, A,Y).
Population average treatment effect (ATE): v :=
E[Y(0)].

E[Y | Z = z,X = x], instrument-conditional outcome regres-
sion.

E[A | Z = z,X = X], instrument-conditional treatment regres-
sion.

Instrument-induced shifts in Y and A, respectively.

' (%) = u' (1, %) = 1Y (0,x), 64(x) = (1, %) — (0, x):
Conditional average treatment effect (CATE) at x: d(x) :=
8Y (x)/62(x).

Instrument assignment policy at time t: Pr(Z; = 1 | X;
X, Hi-1).

Efficiency-optimal instrument assignment (Eq. (6.4)).
History before round t: {(Xi, Zi, Aj, Y;)}iZ1.

Total number of rounds / samples.

Burn-in rounds (initial exploration).

Truncation parameter at time t (ensures 7y € [1/ki, 1 — 1/k¢]).
Residual variance: Var(Y — A5(X) | Z =z, X = X).
Semiparametric efficiency bound under policy « (Eq. (6.3)).
Recentered efficient influence function (EIF) used in AMRIV
@q. (6.2)). B

f: estimate of f; f: plug-in or candidate function.

AMRIV estimator after T rounds (Alg. 6.1).

Empirical expectation (sample average).

L, norm: [lgllz := E[g(X)’]*/2.

Standard probabilistic asymptotic order notation.

Small positive constant (e.g., variance-floor in Eq. (6.6)).
Temporal cross-fitting fold (e.g., j € {0, 1}) used for sequential
cross-fitting.

E[Y(D)] -
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Table E.2: Representative nuisance estimators for AMRIV, together with conver-
gence rates and suitable applications.

Estimator Convergence rate Best suited for

k-NN / kernel smoother O(n‘ﬁ/ (25+d)) for Holder-3  Low-dimensional, smooth

smooth functions Nickl problems
and Potscher [2007]
Random forest (S(n‘ﬁ/ (zﬁ“’)) for Holder-3  Moderate-dimensional,

smooth functions Scornet  tabular data
et al. [2015], Wager and
Athey [2018b]
Fully connected neural O( VWLIogW n=Y 2) for High-dimensional or
nets (ReLU) width W and structured inputs
depth L Yarotsky [2017]

Neural nets (1-Lipschitz, O( A /]‘[:‘:1 M;n~Y 4), where  High-dimensional or
bounded weights) M, bounds the Frobenius  structured inputs

norm of layer I's
weights Golowich et al.
[2018]

E.3 Practical Implementation of Nuisance and Variance Estima-

tors

This section complements Remark 6.6 by outlining practical choices for nuisance
and variance estimators, including nonnegativity constraints and online-update

considerations.

Nuisance estimators Because AMRIV uses sequential cross-fitting, we require
only standard nonparametric convergence rates to establish asymptotic normal-
ity (Theorems 6.8-6.9). Consequently, the analyst may flexibly choose estima-
tors according to data structure and sample size. For representative options, see

Table E.2.

The best choice depends on sample size, covariate dimension, and smooth-

ness. In adaptive experiments with directly assigned treatments, k-NN and ran-
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dom forests are standard baselines [Kato et al., 2020, Cook et al., 2024].

Online or streaming implementations Theoretical results assume that nui-
sance functions are re-estimated at each update, but full data storage is not re-

quired. Practical alternatives include:

1. Online learners: gradient-descent (SGD) updates, online random forests
[Lakshminarayanan et al., 2014], or GLMs can update parameters incre-
mentally using new data.

2. Block sample-splitting: reuse recent batches to update nuisance fits and
discard older data while maintaining cross-fitting validity [Jacob, 2020].

3. Sufficient-statistic updates: for parametric or binned regressors, sufficient

statistics such as running sums of (X,Z, A,Y) per cell suffice.

Non-negative variance estimation. Equation (6.6) enforces non-negativity via
a small floor parameter . As an alternative, one may use a self-normalized ker-
nel variance estimator that is fully nonparametric and guarantees o(z, X) > 0 by

construction.
For each (z, x), define

Zsst Kh(”Xs - X”) {Zs =z} (Rs _E—l(z» X))2
Zs<t Kn(lIXs = XII) {Zs = 2} ’
Zs<t Kn(llXs = XI) {Zs = Z} Rs
Zsst Kh(”Xs - X”) {Zs =2z} ’

Tiz,X) =

Hi-1(z,X) =

where Ry = Y — Asa_l(xs) and K; () is a kernel with bandwidth h.

This estimator satisfies 72(z,X) > 0 by construction and is consistent for
Var(Y — A6(X) | Z = z,X = X) under standard kernel conditions. Caveat: up-
dating kernel weights online can be O(t?) in general; for large-scale data, the

plug-in estimator in Eq. (6.6) is more computationally efficient.

Both the plug-in estimator with the floor & and the kernel-based version
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above preserve all asymptotic guarantees; the choice between them is primarily

a trade-off between computational efficiency and strict non-negativity.

E.4 Asymptotic Confidence Sequences

The fixed—time intervals in Section 6.6 guarantee (1 — @) coverage solely at a
pre-specified sample size T. In practice, however, analysts often peek at interim
results and may stop the study early once a decision rule is met [Ramdas et al.,
2023], behavior that invalidates fixed-time intervals. To remain valid under such
data-dependent stopping one needs a confidence sequence (CS)—a collection

of intervals

[Lt’ Ut]tzl

satisfying the time-uniform guarantee
P(Vt€N+ . TE [Lt,Ut]) > 1-a.

Constructing non-asymptotic, anytime-valid CSs can be difficult when the target
estimand contains estimated nuisance functions. Fortunately, for AMRIV the
nuisance-induced remainder is 0,(t™*/?) under Theorem 6.8 assumptions, so an
asymptotic CS—valid after a finite, burn-in phase— remains both tractable and

practically useful.

Definition E.1 (Asymptotic time-uniform coverage [Dalal et al., 2024, Def. 2.1 &
2.3]). A sequence of random intervals Ci = [Lt, Ulsr is an asymptotic time uni-
form (1 - @) confidence sequence (AsympCS) for a parameter 7 if the following

two conditions hold.

(i) Asymptotic confidence sequence: there exists an exact (potentially un-
known) (1 — @) confidence sequence C{ = [L{,U}]i»1 such that L /L -1

and U,/ U — 1 almost surely.
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(i) Asymptotic time-uniform coverage:

lim P(VtzTo: Tea) > 1-a.

Tg—)oo

Definition E.1 can be read as follows: if one waits to “peek” until the sample
size is sufficiently large (T > T, for some burn-in Ty), the band then covers the
true parameter at every later time with probability approaching 1-«. In practice,
the rare coverage failures occur almost exclusively during this short initial win-
dow; once past it, the intervals tighten rapidly and deliver appreciable power
gains over fully non-asymptotic sequences [Waudby-Smith et al., 2024a, Cook
et al., 2024].

Building on the methodologies of Waudby-Smith et al. [2024b] and Cook
etal. [2024], we now present the corresponding asymptotic confidence-sequence

(AsympCS) results for our estimator:

Theorem E.2 (AsympCS for AMRIV). Suppose Assumptions 5.2, 6.1 and 6.7 hold
and there exists a non-adaptive policy n(X) € [e,1 — €] for some € > 0 such that the
nuisances estimates 1, and the adaptive assignment policy n (X | Hi_1) are Lo-consistent

relative to the truncation schedule, i.e. ktllf;_l — fll. = 0p(1) and kilr; — 7ll; = 0,(1)

for f € (1¥(0,-),u*(0,-),8(:),*(-)}. Furthermore, assume ||6_y — 6lla = 0as.(1) and

1611 = O12l52 — oPll = 0as (2. Let

— 1 o - 2
Vi = T Z (¢(Xt, Zi, A, Yy, e, 1) —??MRIV) )
t=1

be the estimated variance of {¢(Xt, Zt, Ar, Y, 7, 1t)}, and fix a user-specified p > 0. Then,

forall T > 0, the interval

V- V- 02
GASYmPCS . _ ?_F\MR[V N 2(TVip? + 1) l0g \/'m
a

T T szz
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forms an asymptotic (1 — «) confidence sequence (as in Definition E.1) for . Further-

more, width of CA¥™ is (approximately) minimized at

N \/—2 loga + log—2loge + 1)

Remark E.3 (Difference in convergence rates for fixed-time and anytime-valid
inference.). The conditions under which the AsympCS in Theorem E.2 is valid
are largely the same as those imposed for fixed time inference in Theorem 6.8.
The main difference lies in the convergence conditions for the nuisance func-
tions. While [|6,1 — 6ll, and [I6i1 — 6l2lI6%, — 6|, are assumed to converge in
probability for fixed time inference, confidence sequences require convergence
almost surely, as noted by Waudby-Smith et al. [2024a]. However, the condi-
tions for valid inference are not necessarily stricter than fixed-time inference, as
the product error term is allowed to converge a slower +/logt/t rate rather than

at rate t™1/2

Proof of Theorem E.2. For the proof of Theorem E.2, we rely on an existing result
for asymptotic confidence sequences [Waudby-Smith et al., 2024a]. For com-

pleteness, we provide this result in Lemma E.4 below.

Lemma E.4 (Corollary 3.4 of Waudby-Smith et al. [2024a] ). Suppose 6 is an

asymptotically linear estimator of 6 with influence function ¢ that satisfies
A 1y [logt
0 —0= —Z¢(Xi,zi,Ai,Yi;ﬂi,7])+0a.s. =cAl ) (E1)
t t

Furthermore, suppose that Var(¢) < oo. Then, 6, + \/ 20p°+1) Iog( ‘tg 2+1)] forms a

12 pZ

valid (1 — a)-AsympCS (as in Definition E.1) for 6.

Using Lemma E.4, we only need to show that (i) the residual error of our
estimator is of a smaller order than +/logt/t almost surely and (ii) the variance

of the limiting influence function ¢ is bounded.
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Verifying Residual Error Our proof of the residual error bound follows sim-

ilar steps to the proof of Theorem 6.8. We first rewrite the difference between

our estimate 7MRV and 7 as
1y 1y
TV~ =2 ) 60 ALZ i) — T M (E2)
i=1 i=1

where m; = ¢(X;, Ai, Zi, Yi; mi, 1) — ¢(Xi, Ai, Zi, Yi; m, 17). We repeat the same argu-
ments as the proof of Theorem 6.8, which shows that the cumulative resid-
ual error (i.e. the sum of m;) vanish at 0,(1/ Vt) rates. Replacing assumptions
16¢-1 =01l = 0p(L) With [16-1 = 6ll2 = 0as.(1) and 161~ 6ll2lI6F , —6*ll2 = 0p(t™?) with
S SA Al — logt . t _ . .
16-1 — llllog , — 62l2 = oa_s_( \/T), we obtain }i_; M; = 0a5.(+/tl0gt). Normalizing

by t, we obtain the desired result.

Finite Variance of ¢ The finite variance of limiting influence function ¢ is im-
mediate from Assumption 6.7 and the condition that 7(X) € [¢,1 — €] for some
€ > 0. Under these assumptions, for any tuple (X,Z, A,Y), ¢ is bounded almost

surely as a function of some constant C,

2
¢(X.Z,A.Y;m.n) = =(3C*+C*) + C.

€
Using this bound, we now upper bound the variance as follows:

2
Var (¢) = E[¢°] - E[¢]” < E[¢°] < (2 (3c2+C?)+ C) .

€
Because the constant C is finite, the variance must also be finite, which com-
pletes our proof. By Lemma E.4, the confidence sequence in Theorem E.2 is a
valid (1 — @)-AsympCS for 7. The proof for the approximate choice of p* that
minimizes the relative width of the confidence sequence at time T is provided

in Waudby-Smith et al. [2024a, Appendix B.2]. m]
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E.5 Proof of Theorem 6.4 and Corollary 6.5

In semiparametric theory, the efficiency bound is determined by the variance of

the EIF characterized in Eq. (6.2):
Verr(m) = E[($(X. Z,A.Y; 1) = 7)°]
=E [E[(¢(X, Z,AY:n) -1 X]] (Law of iterated expectations)
where
o(X,.ZA Y ) -1

B 2z -1 1
~ Za(X) + (1 - 2)(L - 2(X)) 6A(X)

[Y = A(X) = " (0, X) + 1A(0, X)o(X)| +5(X) - 7

A1

First, we show that E[A; | X] = O:

E[A; | X] = 70OE[A1 | Z = 1, X] + (L = 7())E[Aq | Z = 0, X]
_a(X) 1

~ x(X) A(X)

1-7(X) 1

T T2 (X) AN

(1" (LX) = AL X)S(X) = ¥ (0, X) + (0, X)5(X))

(0. X) = 0. X)8(X) = 1" (0. X) + (0. X)5(X))

=0

(Using the p*, 1" definitions)
1
~ dA(X)

=0

(1" (1, X) = 11, X)5(X) = " (0, X) + (0, X)5(X))

1Y (1.X)=4Y (0.X)

where in the last line we used the fact that §(X) = R EX)

which implies the
identity p" (1, X) — u(1, X)o(X) = u'(0, X) — pA(0, X)5(X).

Thus, we can expand V() as:

Veri(m) = B[E[(A1 + 6(X) — )| X]|

E [E[A] | X]+ (6(X) = 7)°| - 2E [(5(X) - 7)E[A4 | X]]

= B|B[A] | X] + (6(X) - 7)?] (Using E[A; | X]=0)
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It now remains to expand E[A? | X]:

E[A? | X] = n(X)E[A2 | Z = 1, X] + (1 = n(X))E[A? | Z = 0, X]

- %5A_(1x)2£’ [(Y = AG(X) = 1" (0, X) + (0, X)8(X))* | Z = 1, X

1-x(X) 1
T A= 2 (X))2 A (XY

1 /1
_ W(m Var(Y — A§(X) | Z = 1,X)

E[(Y - AS(X) — 1"(0, X) + (0, X)5(X))* | Z = 0,X]|

—+

o VY — A 12 =0, X))

1 (dA1,X)  0%(0,X)
‘%av(na)+1—ﬂm)

where we used the fact that E[Y — A6(X) | Z = 0, X] = u'(0, X) — (0, X)6(X) and
E[Y - A5(X) | Z = 1, X] = ¥ (1, X) = (1, X)6(X) = u¥ (0, X) — p*(0, X)6(X). Putting

everything together, we obtain the result of Theorem 6.4:

Veff(ﬂ') =FE [ 1 (0-2(1’ X) 0'2(0’ X)

5 |~ (X) *1—mmy““m‘ﬂ1'

Then, the optimal policy n*(X) is given by:

* = argmin Vg ()

= arg min E[ (LX), o*(0.X) )]

A (X)? ( 7(X) 1 - n(X)
F2LX)  02(0,X)
5MXVEK () +1—n00MX”
LX) o0, X))
p 1-p

=arg minE[

= 7*(X) = arg min(
P

The minimum is obtained when the derivative of the argument w.rt. pis 0,

Vo2(1,X)
V2@ X)+ Vo2(0.X)

. d20X)  o?(LX)
T (1-p)? p?

obtain the result of Corollary 6.5:

Thus, we

= 0. By solving for p, we obtain p =

Vo?(1, X)

) Vo2 (L, X) + o0, X)

(X)
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E.6 Proof of Theorem 6.8

E.6.1 Preliminaries

Our asymptotic argument relies on a martingale central limit theorem under
a Lindeberg-type condition. We use a streamlined version of the MDS central
limit theorem originally due to Dvoretzky [1972], as presented in Zhang et al.
[2021, Theorem 2].

Theorem E.5 (Martingale CLT, adapted from [Zhang et al., 2021, Thm. 2]). Let
{(z, 7-{t)}tT:1 be a real-valued sequence where Zr = % Zthl Z: such that:

1. (Martingale difference sequence) {z},_, is a martingale difference sequence; that
is, E[z; | Hi-1] = O for every t € [1, T].

2. (Conditional variance convergence) There exists a constant o > 0 such that

|~

T
ZE[ZE | Hi1] N a?,
t=1
3. (Lindeberg condition) For every € > 0,
Ly E|221 VT} | Hey| = 0
;t_zl |Z1lzdl > e VT} | Hia| — 0.
Then,
VT 7 -5 N0, o).
To begin our proof, we define y = ¢(Xt, Zt, Ar, Yi; 1, 7) — 7, where ¢ is given

in Eq. (6.9). Letting n = {u'(0, X), u*(0, X), 6*(X), 5(X)} denote the true nuisance

values, we decompose i as

Ut = (X, Zi, A, Y e, ) — T+ (X, Zt, Ar, Y 1, 1) — (X, Zes Av, Y 7t 1),

Zt mg

such that
T
VEEMRY ) \/T(%Zzt)+ «/f(

t=1

=~
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Then, the proof of Theorem 6.8 proceeds in three steps. We first verify that
{Zt}tT:1 forms a martingale difference sequence. Then, we show that {Zt}thl satisfies
conditions (2)-(3) of Theorem E.5 with 0® = Vg(n). Finally, we will show that
VT (3 2L my) = 0p(1), thus concluding that

VI @MRY - 7) 55 N(O, Verr(m).
E.6.2 MDS structure of z

We now show that {z;} = {¢i(Xt, Zt, At, Yi; 7, ) — 7} forms an MDS, i.e.E[z, | Hi1] =
0:
E[z; | Hi-1]

_E 27, -1 1
- [Ztﬂt(xt | Hio1) + (1 = Zo)(L — me(Xe | Hio1)) 04(%)

: [Yt — AB(Xe) — 1" (0, X;) + (0, Xt)5(xt)] + 6(Xt)‘7'{t—1] -7
B [E[ 27, -1 1
N Zimy(Xe | Hier) + (1 = Zo)(L = m(Xe | Hier)) 62(X)
: [Yt = A(Xp) - ,UY (0, Xy) + ,UA(O’ Xt)5(xt)] ‘Xt, Wt—l]'q-{t—l] +7T-7T

From Eq. (6.1)

= E[éAELXt) [:UY (1, X¢) - .UA(la X)o(Xy) — ,UY (0, Xp) + ,uA(O, Xt)é(Xt)]

1
Ay

170, %) — 10, X)5(%) = ' (0, X0) + (0, X)S(X) | [ #.1]
=0

where we used the identity u'(1, X;) — p(1, X0)6(Xe) = u'(0, %) — u*(0, Xt)6(Xs)
which follows from the definition of 6(X;). Thus, {z} is an MDS, owing to the

fact that m, is constructed from historical data only.

E.6.3 7z satisfies conditions (2)—(3) of Theorem E.5
For condition (2), we first show that E[z? | H;_1] — Veg(7) 0

E[th | Hi—1] = Ves(m)
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= Var(z; | H_1) — E[ 1 (‘72(1, Xy)  o?(0,X)

PP\ 7y T 1= n(xo) +(600) - T)Z]
(E[z; | Hi-1] = 0)

= Var(¢(Xs, Zt, A, Yy, e, 1) | Hiog)
1 (c?(1, %)  2(0,%)
- [5A(XI)2 ( aX) 1- n(xt)) + (0(%0) - T)Z]

_ E[ 1 ( 0'2(1, Xt) + 0'2(0, Xt)
T A2 \m(Xe | Heer) 1= m(Xe | Hea)

) 4 (60%) = 7

"

(n is the oracle nuisance set)

1 0'2(1, Xt) 0'2(0, Xt)
e | i ) 000 -
_ [P @ X)) (m(Xe) = m(Xe | Hia)
- E[ A (Xy)? ( m(Xe | Hiza)m(Xe) )‘%_1]
02(0’ Xt) (X | Hi-1) — m(Xy)
T E[ A (Xp)? ((1 — m(Xe | Hi1))(1 - ﬂ(xt)))‘ﬂt_l]

36Cze§Akt
< e [E[r(Xt) — me(Xe | Hi-1)]l < kellme — 7l = 0p(L)

where in the last line we use the following boundedness conditions: (i) [Y| < C
from Assumption 6.7 and thus [§(X)| < 2C and o?(z, X;) = E[(Y — A6(X))? | Z =
2, %] —E[Y = As(Xy) | Z = z, X{]?> < 18C?, (ii) |0*(X)|"! < €» for some ez > 0 implicit
in the (conditional) relevance in Assumption 6.1, (iii) 7(X;),1 — n(X;) > € from
Theorem 6.8 statement, (iv) n(X;), 1 — n(X;) > 1/k; by construction, and (v) the L;
norm is bounded by the L, norm. Thus, setting o := Ve, we have that each
term converges in probability to o, i.e.E[z2 | Hi_y] — o2, where o is finite by

Assumption 6.1 and Assumption 6.7.

To complete condition (2), we now show that
1y B[22 | Hoa] - o2 = 0
T ; t t—1 g .

Let a; := E[z? | H,_1] and a := o>. We have just established that a 2 a, and under

our boundedness assumptions, sup, E[a;] < oo, so the sequence {a;} is uniformly
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integrable. By the L! convergence theorem (e.g., Loeve [1977]), this implies that
a — ain L!, ie,, ]EH]E[ZI2 | Hi_1] — 0'2” — 0. Therefore, by Cesaro averaging
and Markov’s inequality, we obtain %Zthl E[z? | Hi1] LN 0?2, completing the
verification of condition (2) in Theorem E.5.

Now we verify that z; satisfies condition (3), the Lindeberg condition. We

follow the same steps as in Cook et al. [2024]. Let by := 22 -T|z| > 6 VT}. Then
by = 22 with probability Pr(jz;| > VT), and b, = 0 otherwise. By Chebyshev’s

inequality,
Var(z;)
P T)< :
r(lzd > 6 VT) < —=
Since Var(z;) = E[Z?] < o, it follows that limy_,, \@’;—(TZ‘) = 0, which implies by 50

and hence by 0. Moreover, note that |by| < zZ and E[z] < c0. By the dominated

convergence theorem,
lim E[b] = E[Tlmbt] 0.

Therefore,

]
%Z B[z 1{ll > 6 VT} | Hia] —
t=1

verifying the Lindeberg-type condition required for the martingale CLT.
E64 VT (33, m)is0p(1)
We first decompose VT (% S mt) as

T
e

(

T
( Z(E[¢(Xta Zi, A, Yo o) | Hier]l = Elo(Xe, Ze, A Y s 1) | 7’&—1])) (AA)
=1

—||l—\

T
Z(¢(Xta Zt, Ab Yh Ttt, nt) ¢(Xt’ Zt9 Ata Yta Ttt, n))]

t=1

—||H —|||—\
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]
D {60 Ze A Yo ) — (X, Ze, A Y )

t=1

- VT

=~

— E[p(Xe, Zt, A, Yo 10 70) = $(% Zi, A Yo ) | Heal)) (AR)
where A" is an asymptotic bias term due to nuisance estimation and AP
is the empirical process term. We bound these independently. Let A} =
E[p(Xt, Zt, Ae, Yo, e, 1) | Hioa] — E[@(Xe, Zt, A, Yis 7w, 1) | Hiza]- Then:

Al
= E[¢p(Xi, Z, A, Yo 1, 1) | Hiea] = B[@(Xe, Ze, Ac, Y e, m) | Hia
= E[E[¢(Xt, Zt, A, Yi; e, 7e) | Ko, Hiea] | Hiea] = E[6(XD) | Hia]
= E[E[¢(Xt, Zt, A, Ye e ) | Ze = 1, Xe, Heea]me(Xe | Hia) | Hia]
+ E[E[¢(Xt, Zt, A, Y e, 1) | Ze = 0, Xe, Hioa](1 — (X | Hien)) | Hia]

— E[6(X0) | Hi-1]

1 — . —
=E = (" (1, X)) = 1 (2, X1 (Xe) + 11 (0, Xe) = 11.(0, X)S-1.(X1))
6t_1(xt)
1 — . —
— =——(u" (0, %) = (0, X0)Jra (Xo) + 72 _1(0, Xe) = 725" 1 (0, X0)6e-1.(X1))
6¢_1(Xt)
+Ba(X) — 60X wt_l]
= B | =——(6" (X)) = " (X)dr-1(X) + Ge-1(Xe) = 6(X0) %_1]
,5t_1(xt)
[ 52 (X ~ —
=E = (X (0(X) = 0-1(Xp)) + 0r-1(Xp) — 6(X¢) 7’(t—1]
,6t_1(xt)
1 — —
=E = (02 (Xe) = 01 (X)) (6(Xe) = Se-1(X1)) 7‘&—1]
,5t_1(xt)
< Clide1 -6 ||2|E5\?_1 -5 (Assumption 6.7 and Cauchy-Schwarz)
= 0p(t™1?)

By an argument similar to that of the previous section, VT (% S Af) = 0p(1).

We now focus on the empirical process term AB. We will show that E[A®] = 0
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and Var(AP) = 0,(1) and then apply Chebyshev’s inequality to reach the desired
conclusion. We now turn to the empirical process term AB. Our goal is to show
that E[A®] = 0 and Var(A®) = 0,(1), which together imply that AP is 0,(1) by
Chebyshev’s inequality.

Let ¢t(ﬁt) = ¢(Xt, Zt, At, Yt, 7Tt,7]\t) and ¢t(77) = ¢(Xt, Zt, At, Yt, Tt 77) We tackle the

mean:
1 T
E[AP] =E|—= > (¢() — ¢:(n) — E[p:() — ¢:() | Hi-1])
\/f
t=1
VT |
= — D (E[3(T) ~ 4] - E[4(T) ~ 4«()]) = 0. (lterated expectations)

t

Il
_

Let us now bound Var(A®). Since the summands in AP are conditionally
mean-zero and adapted to the filtration H;_;, the cross-terms vanish by mar-

tingale difference independence. Thus:

Var(4%) = Var| = 3 (8 - o) ~ ELHGR) - (1) | o)
T t=1

Var (¢e(mn) — ¢e(n) — Elge(n) — ¢e(m) | Hi-1])

E [Var (¢:(7t) — ¢e(n) | Hi-1)]

IA

Il
=l Hlr Hlr
D 2= 2

—
1
=

E[EL(6(R) ~ ()" | Hr-a]]

where we used the inequality Var(X-E[X | #]) < E[X?] for any square-integrable
X. We now stochastically bound E[(¢:(17) — #«(n))? | Hi_1]. First, we note:

¢e(m) — pi(m)
27 -1
T Za(X) + L= 2)(1 - m(X)
{Y X)), [Zsl_l(xt) _ 3% ]+ [ﬁr_l(o, X)  pf(0.X)
A I G B A A N S A
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[:ut 1(0 X010, X) A0, X)5(0. X,)

) (%) )+ GesX) - 6(xt))}.
t—l t t

Then:

E[(¢e(R) — ()’ | Heal = E[E|(@GR) — 6e)* | X Hia ||

1 2 _ (0%(Xy) — 5 1(Xt))2 ]
<2E ﬂt(xt)E[Yt | Zy =1, %] (6A(Xt)6 X)) His (a)

+ ZEV L E[A? | Z; = 1, X ][‘St 1) _ 00X ]le . (b)
»ﬂt(xt) o o8 (%) X)) "
[ 1 72;{_1(0’ Xt) M (0’ Xt)

+ 2E »ﬂ't(Xt) [ ’5\tA_1(Xt) - SA(X) ] 7‘[t—ll (c)
1 (700, X)011(0, %) i 1(0, X610, Xe) i

+ 2E gﬂt(Xt) [ zs\tA_l(Xt) - 6A(Xt) ] Hi 1 (d)

+ 2B [ (61-a(Xe) = 5(X))°|Hea (o)
[ 1 (M%) = (X))

- 2E Tk (Xt)]E[YtZ | Zy = 0,X] OO0 (HH] (a)
— 2

1 61 (X)) 6(Xy)

- 2E hmE[AZ | Zy =1, Xt]( (X 6A(Xt)) 7‘4—1} (b)
— 1 ﬁ;{_l(o’ X))  p"(0,%)

~ 2B |1 - m(X) ( P (%) oAy ] ) ] ©
1 (AMOX)50.X) (0. X)6a(0. X))

- 2E »1 ~ 0% ( t_l(xt) SA(Xy) J | t—1] (d)

— 2B [ (81-1.(Xe) — 6(X))?|Hr-1 (e)

Bounding all terms using Assumption 6.1 and Assumption 6.7, we have:
E[(#() = )" | Hia]
< 4kC*edlior, — o3 (a)
+ 8k C? e (101 — 015 + 4C2lI6; — 5M115) (b)
+BKC2en (I 1(0.) = " (0.1 + C2liot; — 6*1) (©)

+ 8k C2€2, (ACHE2 1 (0, ) — A0, )13 + 4CH[SR , — 6MII% + C2lides — 612)  (d)
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+ [16-1(Xe) = S(XOII3 (e)

= 0p(1)

where the last line follows because terms (a)-(e) are 0,(1) by the premise of
Theorem 6.8. Since each term E[(cpt(ﬁt) - ¢t(77))2 | 7’&-1] is nonnegative, uniformly

bounded, and 0,(1), Cesaro averaging implies that

1

.
T Z (¢t (7) — 6e(m)° | Hi 1] = 0p(1).
=1

Thus, Var(AP) = 0,(1), and Chebyshev’s inequality gives

Var(AB)
)

Pr(lA® 2 6) < ——=,  Ve>0.
&

Therefore, AB = 0,(1), as desired. Putting everything together, we conclude that

.
( Z mt] = 0p(1),
=1

and the conclusion of Theorem 6.8 follows.

—||I—‘

E.7 Proof of Theorem 6.9 and Corollary 6.10

Letting ¢y(7, 1) := ¢(X, Z, Ar, Yy, 7, 7) for any 7,7 and , we decompose TRV — ¢
as follows:
Y — 7 = Gi(me, ) — 7

=+~ Hlr

SaEN

(¢e(mre, 1) = Blpe(mme, ;) | Hia]) + = Z (Elp(rme, m70) | Hia] = 7)

t

|
-

AA AB
We will now show that A* is O, (T "*/2) via a similar argument as in Appendix E.6

and A% is Oy (|i6% — 6*L2lid7 — dllz).

Write A := ¢y(m, 7t) — Elée(mi, ) | Hi-1] and note that AP is an MDS by con-

struction, i.e.E[A} | H4] = 0. Let V(n) := Var(¢(r, 7)) where Var, indicates
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the variance over data where Z ~ Bern(n(X;)). Thus, it suffices to show that
E[(A%)? | Hy1] 2, 2, where o2 = V(r). Then, the result follows by tracing the

rest of the proof in Appendix E.6.

Write A = ¢i(m, ) — ¢i(mt, 1) and note
Var(e(me, m) | Hi-1) = Var(ge(me, i) | He-1) + Var(A¢ | Heo1) +2 CoMgn(77), At | He-1)
and thus

|Var(¢i(m, ) | Hiy) — Var(¢n(m, 77) | Hiy))|
< Var(A; | Hier) + 2 Var(A, | Hiy) Var(¢i(m, 7) | Hir)

Since, Var(¢i(ni, ) | Hi-1) is bounded by Assumption 6.7, we just need to show
that Var(A¢ | Hi-1) = 0p(1):

Var(gy(m,7) | He1) < E|(¢eme, ) — el M) | Hia |

< Chke(lI6r1 = O112 + [ 10, ) = 1Y (0, M2 + [ (0, -) = ZA(0, 3 + N6, — 6™12)

(Parallelogram law)

= 0,(1) (Theorem assumptions)
where C encompasses the constants € and C from Assumption 6.7 and the the-
orem’s premise. Thus, since Var(¢i(m, ) | Hi1) LN Var(¢y(me, 1) | Hio1) LN v,

we can use Theorem E.5 from Appendix E.6 and retrace the same arguments to

obtain A* = O,(TY/?) due to the Martingale CLT.
Now, we study A®:
AP
= E[¢t(me, 17t) | Hi-1] — E[6(X)]
= E[E[¢(Xt, Zt, Ar, Ye; e 1) | Xe, He-1] | Heea] = E[0(X) | Hia]

= E[E[¢(Xt’zt’At, Yi; 7Tt,77\t) | Zy =1, Xtaﬂt—l]ﬂt(xt | 7’(t—1) | 7’{t—1]
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+ E[E[o(Xt, Zt, A, Yo, e, i) | Ze = 0, X, Hi—a](1 — me(Xe | Hioa)) | Hia ]

—E[6(X0) | Hi1]

1 — . -
= El= (" (1, Xe) = AL X)0e1 (X)) + 71 (0, Xo) — 1110, X0)dr-1 (X))
5t_1(xt)
1 — . -
- = (" (0, X¢) = (0, Xe)Sr-a (Xe) + 710, X) — 1 1 (0, X)S-1(X1))
6¢_1(Xt)
1) — 611 (X) wt_l]
1 — -
=E = (5Y (X)) = 5A(Xt)5t—1(xt)) + 0-1(Xp) — 01 (Xy) 'Ht—l}
_6t_1(xt)
[ 5A(X —~ —
=E = (%) (0(Xt) = 6t-1(Xp)) + 0-1(Xt) — 0-1(Xt) %-1}
,5t_1(xt)
= B| = (5A04) - 1 04)(6(X) ~ 1-1(X) %_1]
,6t_1(xt)
< Cli6e1 = dllalio7 1 — 6™l2 (Assumption 6.7 and Cauchy-Schwarz)

Thus, AB is Op(lng - 5||2|f5¢ — 6%|I2), as desired. Corollary 6.10 follows immedi-
ately by noting that if either i1 OF ;S\IA_ , are consistent(i.e.05(1)), then A® is also

consistent and [7MRY — 7| = 0,(1).

E.8 Experimental Details

This appendix provides additional details for the simulation experiments de-
scribed in Section 6.7, including exact hyperparameters, model components,
and execution setup. All experiments were run on a Perlmutter compute node
with 256 CPU cores at the National Energy Research Scientific Computing Cen-
ter (NERSC) [National Energy Research Scientific Computing Center, 2025] and
required approximately 40-50 minutes per configuration. Random Forests were
implemented using scikit-learn [Pedregosa et al., 2011], and parallelization

was handled via joblib. Full code for generating data, running experiments,

323



and reproducing all figuresis availableathttps://github.com/CausalML/

Adaptive-1IV, with instructions in the README . md.

Each estimator was evaluated on 1000 independent synthetic trials. Simula-
tions were run over T = 2000 rounds with a Ty = 200 burn-in period, and nui-
sance estimators were updated in mini-batches of 200. For all adaptive meth-
ods, we applied the truncated optimal allocation policy from Eq. (6.7), with a
truncation schedule k; = 2/0.999". Oracle methods used ground-truth nuisance
functions, while misspecified estimators were constructed by replacing u" (1, X)

with a constant regressor fit to the average oracle value.

Unless otherwise stated, outcome and residual variance functions were
modeled via Random Forests with 100 trees, maximum depth 5, and mini-
mum leaf size 5. The compliance model u*(1, X) was learned with a shallower
forest (depth 3, minimum leaf size 30), and u*(0, X) was zero by construction
due to one-sided noncompliance. For the A2IPW estimator, we followed Kato
et al. [2020] and estimated outcome means and second moments using random
forests (depth 5, leaf size 100) and used a Neyman-style allocation based on
observed outcomes. All figures report results averaged over replicates, with

confidence intervals based on empirical standard errors.

E.8.1 Simulation Studies with Synthetic Data

We generate the data sequentially for each timet € [1, T +To] using the following

one-sided noncompliance setup:

X; ~ Unif(0,2)?,  Z; ~ Bern(m(X; | Hi_1)) (Covariates & Instrument)
w0, %) =0, 6 (X) = 1 (1, %) = o(2X[1]) (Compliance Scores)
Ci ~ Bern(6"(Xy), A =C:-Z (Treatment Assignment)
Ui =u(l-Cy) (Unobserved Confounder)
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Yi= (AL Xi) + Ut + €p,  €a, ~ Unif[—g(A;, Xi), 9(At, Xi)]  (Outcome Function)

where Ty is the burn-in period, C; is the (unknown) compliance indicator, o is
the logistic sigmoid, Unif and Bern are the uniform and the Bernoulli distribu-

tions, respectively. We utilize the following instantiations for d, u, f, g:

d=5
u=-2.0

f(A, X) =1+ A+ X[1] + 2a(X"B) + 0.75a X[1]?

(A X) = 3-(vi-A+ (Vo X[1] +V1)- (1 = A)), Vo=4.0,v; =025

where X[1] denotes the first coordinate of the covariate vector X € RY and 8 ¢
RY, 8 ~ Unif[-1,1]% is a parameter vector that is fixed over the 1000 simulations
(we used a seed of 1 for reproducibility purposes.). g(A, X) was chosen such that

Var(ea | X) = vy - A+ (Vo - X[1] + v1) - (A — 1) where Vg, v, are constants.

E.8.2 Simulation Studies with Semi-Synthetic Data

To complement our synthetic evaluation, we conduct additional experiments
using a semi-synthetic setting derived from a real-world dataset collected by
TripAdvisor. The original data-generating process (DGP) was introduced by
Syrgkanis et al. [2019] and is publicly available on GitHub. In the original A/B
test, users were randomly assigned to one of two groups: group A (instrument
Z = 1) was offered a simplified membership sign-up experience, while group B
(Z = 0) saw the default interface. This encouragement increased the likelihood
of signing up for a membership (treatment A), though actual uptake remained

endogenous due to user-specific factors.

The covariates X € R capture rich pre-treatment user behavior and de-

mographics. These include: prior platform revenue, visit frequencies to dif-
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terent TripAdvisor sections (hotels, restaurants, experiences, flights, and vaca-
tion rentals) over a 28-day pre-experimental window, engagement through free
channels (e.g., email), locale information, and operating system type. The bi-
nary treatment A indicates whether the user became a member during the ex-
periment, while the outcome Y records the total number of days the user visited

TripAdvisor during the study period.

We preserve the original covariate structure and instrument assignment
mechanism, but modify the outcome model to introduce heteroskedasticity
by adding log-normal noise whose variance depends on treatment status.
This choice reflects the heavy-tailed nature of usage metrics in online plat-
forms [Barabasi, 2005, Krishnan et al., 2018], and results in a more realistic and
challenging estimation task. The full data-generating process is provided below

(”*” indicates same as original).

TripAdvisor Data-Generating Process

We simulate tuples (X, A(0), A(1), Y(0), Y (1)) via:

X ~ TripAdvisor pre-treatment covariates, @)
v ~ Unif[-5, 5], (latent user heterogeneity™)
A(1) ~ Bernoulli (0.8 - 0(0.4X; +v)), A(0) ~ Bernoulli(0.006), (compliance®)
g1 ~ LogNormal(0,01), & ~ LogNormal(0,0p), (new: heavy-tailed errors)
Y(1) = f(X) + 2v+5-I[X[1] > 0] + &, (potential outcome for A = 1)

Y(0) = 2v +5-1[X[1] > 0] + &, (potential outcome for A = 0¥)
where oy = 1.5 and o1 = 0.25, and the structural CATE function is defined as:
f(X) = 0.8+ 0.5 ¢(X;) — 3.0X[7],
with ¢(X;) := 5-I[X[1] > 5] + 10 - I[X; > 15] + 5 - I[X; > 20].
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Figure E.1: Performance of AMRIV and baseline estimators on the TripAdvisor
semi-synthetic experiment. (a) Efficiency: Normalized MSE versus an oracle
benchmark. (b) Consistency: MSE + standard error. (c¢) Coverage: Empirical
coverage of nominal 95% confidence intervals.

We illustrate our results on Figure E.1. To maintain readability in the plots,
we define the misspecified outcome model 1" (1, X) as the oracle u"(1, X) plus a

constant shift.

Adaptivity As shown in panel (a), adaptive allocation improves the efficiency
of both the DM and AMRIV estimators (particularly at larger T), with AMRIV
again approaching the oracle benchmark. Interestingly, AMRIV, AMRIV-NA,
and Oracle-NA slightly outperform the fully adaptive Oracle in some regimes—
likely due to extreme compliance scores in this DGP (6*(X) — 0), which inflate
the asymptotic variance when using oracle denominators. In contrast, estima-
tors with learned denominators can perform better in finite samples [Su et al.,
2023, Kato et al., 2021]. This also helps explain the narrower variance gap be-
tween AMRIV and AMRIV-NA relative to the synthetic setting, as the variance
is dominated by low-compliance regions rather than outcome variance between

instrument arms.

Consistency Panel (b) confirms that AMRIV, AMRIV-NA, and DM all con-
verge to the true 7, with AMRIV variants consistently achieving lower error. As
expected, A2IPW fails to converge due to uncorrected confounding, while DM-

MS diverges due to misspecification of §(X). In contrast, AMRIV-MS remains
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consistent—further validating the multiply-robust guarantee from Theorem 6.9.

Coverage Panel (c) shows that AMRIV, AMRIV-NA, and AMRIV-MS maintain
valid 95% confidence interval coverage, consistent with the asymptotic normal-
ity result in Theorem 6.8. All other estimators—including DM-MS and A2IPW—
under-cover severely as T increases, reflecting bias under misspecification or

confounding.

E.9 Limitations and Broader Impacts
Limitations

While AMRIV is grounded in semiparametric theory and achieves strong em-
pirical performance, there are several limitations we highlight. First, our
method relies on standard IV identification assumptions (Assumption 6.1) and
the unconfounded compliance assumption (Assumption 6.2), which—while
weaker than ignorability—are still untestable and may be violated in practice.
In particular, the exclusion restriction and the unconfounded compliance as-
sumption may not hold even in observational settings where the instrument is
randomized. Second, AMRIV assumes access to flexible, sequentially consis-
tent nuisance estimators, which may be difficult to train or tune in low-data
regimes or in the presence of heavy-tailed outcomes. Third, our analysis fo-
cuses on a binary instrument and binary treatment; extending the framework to

multi-valued or continuous instruments remains an open challenge.

Broader Impacts

This work contributes to the growing intersection of causal inference and
adaptive experimentation, enabling more data-efficient and statistically princi-

pled estimation in settings with noncompliance. Potential applications include
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health interventions and online recommendation systems, where experimenters
can encourage behavior but not enforce it. AMRIV allows experimenters to
make better use of limited resources while supporting robust inference under
endogenous treatment selection under unobserved confounding. However, we
caution that the validity of conclusions drawn from AMRIV hinges on the iden-
tification assumptions and data quality. In high-stakes settings, particularly
those involving marginalized or vulnerable populations, improper use or mis-
interpretation could lead to harmful decisions. We strongly recommend pairing
AMRIV with domain expertise, sensitivity analysis, and uncertainty quantifica-

tion to ensure responsible deployment and interpretation.
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APPENDIX F
APPENDIX FOR CHAPTER 7

FE1 Extended Literature Review

Classical Spatiotemporal Causal Inference Early spatiotemporal causal in-
terence methods—including spatial econometrics [Anselin, 2013], difference-in-
differences [Keele and Titiunik, 2015], and synthetic controls [Ben-Michael et al.,
2022]-provide useful frameworks for estimating treatment effects across regions
but rely on strong assumptions such as parallel trends or stable treatment as-
signment. These approaches struggle with interference, nonlinear dependen-
cies, and time-varying confounders, limiting their applicability in complex set-
tings. More recent approaches for spatiotemporal causal inference handle time-
varying confounding through inverse propensity weighting (IPW), typically by
extending marginal structural models to the spatial or spatiotemporal domain.
For instance, Papadogeorgou et al. [2022] and Zhou et al. [2024] employ IPW-
style adjustments to estimate regional average treatment effects across space
and time. However, these approaches cannot accommodate interference unless
strong assumptions are made—-e.g., defining a user-specified exposure mapping
or restricting attention to hyper-local interactions (see also [Wang, 2021, Chris-
tiansen et al., 2022, Papadogeorgou et al., 2022, Zhang and Ning, 2023]). Such
simplifications may be ill-suited for real-world systems with rich spatial depen-
dencies. Moreover, even recent advances in this space remain limited; as noted
by Zhou et al. [2024], the literature on spatiotemporal causal inference remains

sparse, especially in settings with feedback loops or time-varying confounding.

Machine Learning for Spatiotemporal Modeling Spatiotemporal predictive

modeling has seen rapid progress with the rise of deep learning. Convolu-
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Table F.1: Comparison of prior neural G-computation methods and GST-UNet
for spatiotemporal causal inference.

Aspect Prior Neural G-Computation GST-UNet (ours)
Data Many independent temporal A single spatiotemporal chain in
structure trajectories (e.g., patient which outcomes, covariates, and
sequences), with no inter-unit treatments evolve jointly across a
interactions such as spatial lattice, with strong spatial
dependence. coupling and interference.
Encoder RNN- or Transformer-based A ConvLSTM-U-Net encoder
encoder over time only. that aggregates neighboring
covariates and treatments before
the G-heads, capturing
interference and spatial
confounding.
Training Standard end-to-end training for ~Curriculum-stabilized
i.i.d. trajectories; stability comes  multi-head training for accurate
from large datasets rather than pseudo-outcome generation
curriculum learning or spatial under limited samples.
priors.
Theory Classical G-formula underi.i.d. Identification (Theorem 7.3) and

trajectories, with no single-chain
guarantees.

consistency (Theorem F.2) under
representation-based
time-invariance for a single
chain.

tional and recurrent neural networks are widely used for forecasting spatially

indexed time series (e.g., weather or traffic) [Shi et al., 2015, Zhang et al., 2017],

while graph-based methods (e.g., Graph WaveNet [Wu et al., 2019], Diffusion

Convolutional RNN [Li et al., 2018]) capture non-Euclidean spatial dependen-

cies. Vision transformer variants, including Video Swin Transformers [Liu et al.,

2022] and TimeSformer [Bertasius et al., 2021], extend attention-based models to

spatiotemporal video data. These architectures can learn complex non-local in-

teractions over space and time. However, such models are typically optimized

for prediction tasks and do not include causal adjustments. Without mecha-

nisms like propensity modeling or G-computation, they remain ill-equipped
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to estimate counterfactual outcomes or adjust for time-varying confounding.
Some recent work integrates spatial representations for causal inference—e.g.,
Tec et al. [2023] incorporate non-local confounders using a UNet-based model-
but these methods do not explicitly model dependencies over time or adjust for

time-varying confounders.

Time-Series Causal Inference In the longitudinal domain, time-series causal
inference has developed tools for handling temporal confounding using models
such as marginal structural models [Robins et al., 2000], IPW-style estimation
[Lim, 2018], and iterative G-computation [Robins and Hernan, 2008]. Recent
ML-based extensions include recurrent networks [Bica et al., 2020b, Li et al.,
2021, Seedat et al., 2022], Transformers [Melnychuk et al., 2022, Hess et al., 2024]
and meta-learners [Frauen et al., 2025]. However, all these methods assume ac-
cess to independent time series—e.g., across units or patients—which allows for
pooling across trajectories. These methods do not consider spatial dependen-
cies, interference, or scenarios with a single observed spatiotemporal realiza-
tion. As such, while they may handle time-varying confounding, they do not
generalize to our setting. Table F.1 summarizes the key methodological differ-

ences between GST-UNet and prior neural G-computation frameworks.

Neural-Based Spatiotemporal Causal Inference There has been limited work
on neural models that explicitly address spatiotemporal causal inference. Tec
et al. [2023] use a U-Net backbone to learn spatial representations for causal
inference in air pollution studies but do not address time-varying confound-
ing or feedback loops. Ali et al. [2024] present a U-Net-based architecture for
predicting direct and indirect effects in climate contexts, but primarily focus
on forecasting rather than causal identification. While these works highlight

growing interest in neural approaches to causal inference in spatiotemporal do-
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mains, none incorporate an iterative adjustment procedure like G-computation
that handles time-varying confounders, leaving identification in these settings

largely unaddressed.

Our Contribution The GST-UNet bridges these gaps by combining flexi-
ble spatiotemporal neural architectures with a theoretically grounded itera-
tive G-computation framework. This allows valid estimation of potential out-
comes in the presence of interference, spatial confounding, and time-varying
confounding-without requiring practitioners to specify structural models or ex-
posure mappings. To our knowledge, this is the first end-to-end framework
to implement G-computation for causal inference over a single spatiotempo-
ral trajectory. We integrate spatiotemporal processing via U-Nets and Con-
vLSTMs with a principled multi-head neural causal module, and we design
a curriculum-based training strategy to stabilize learning of recursive pseudo-
outcomes. Together, these components yield a ready-to-use tool for practition-
ers, with consistent identification guarantees and robust empirical performance.
By abstracting away the modeling choices typically required in structural spa-
tiotemporal methods, GST-UNet makes spatiotemporal causal estimation more

accessible, interpretable, and reliable for real-world applications.

E2 Proof of Theorem 7.3

We aim to show that under Assumption 7.1 and Assumption 7.2, the CAPOs in
Eq. (7.1) can be identified recursively from a single time series via a sequence of

conditional expectations.

Step 1: Recursive Decomposition for the Intractable Expectation We first
demonstrate the recursive decomposition of the intractable expectation in the

CAPO definition (Eq. (7.1)). While this expectation is theoretically well-defined,
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it cannot be directly estimated in practice due to the limited availability of data.
Specifically, we only observe a single time series, meaning we have just one
sample of the history at time t + 7 for each t. Nevertheless, as we will show,
we can convert these expectations into expectations over prefix-based segments

that allow us to estimate these quantities from the data.

Starting from E[Y;-[attir—1] | Hix = h1], we have:

E[Ytir[aetir-1] | Hit = hay]
= E[Ytio[@tter-1] | Hit = hoe, Ac = &

(Sequential ignorability and positivity (Assumption 7.1))
= E[E[Ytic[attir-1] | Hipq] [ Hie = hie Ac = & (Law of total probability)
= B[E[Ytsr[avtera] | H 1, Atr = @] | Hie = iy, Ac = @

(Sequential ignorability and positivity)
= E[E[E[Yt+r[at:t+r—l] | HE o] | Hs At = ] ‘ Hit = ho, Ac = at]
(Law of total probability)
= E[E[E[YHT[at:HT—l] | HE 0 Az = au2] | Hgup, At = ] ‘ Hit = hye, A = at]

(Sequential ignorability and positivity)

= E[ oo E[E[er[a—t:tw—l] | Hijt-}-r—l’ Aty = at+r—1]

a
| H]_;t+-r_25 Atir2 = at+r—2]

‘ Hie = hie Ac= at]
(Sequential ignorability and positivity)
=B|...B[E[Yirr | Hyyr g Atirt = atiri]

a
| H]_;t+7—_2’At+T—2 = at+T—2]
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‘ Hit = he, Ac = at] (Consistency)

Thus, if we had multiple spatiotemporal time-series samples, we could directly
estimate this nested expression from data, since the right-hand side depends

solely on observed quantities, ensuring identifiability.

Step 2: From Intractable to Prefix-based Expectations We now show how to
estimate the nested expectations using the prefix data. First, by Assumption 7.2,

we can rewrite the inner-most expectation as
E[Yt+7 | Hi:t-{-‘r—l’ Atiro1 = at+7—1] =Ep [Yt+‘r | ¢(Hi;t+7_1’ at+7—1)]

= Q:(H}, 1, Btir-1)- (Definition of Q)

By using Assumption 7.1, we can write this expectation over the prefix data

which we have many samples of. Now consider the next nested expectation:
E[QT(HTZt+T—1’at+T—1) | Héli:t+r—2 = h"il:t+1-—2"6‘f+f—2 = a“T—Z]
= fQT(h?;tﬂ-_l’ at+r—1) p(xt+r—1’ yt+r—l | h?+-r_2’ at+‘r—2)d(xt+‘r—1’ yt+r—1)

- f Qe 1 e )Xoty Verra | (M Beee 2))d(Xeort, Verr2)
P

(Assumption 7.2)

= EP [QT(Hi:t.H—_]_’ at+‘l‘—1) | ¢(Hi:t+1_27 At+T—2) = ¢(h?:t+7_2’ at+T—2)]

= QT—l(hi;t_H-_Z ’ at+T—2)

Tracing this argument recursively through the nested expectation in Step 1, we

obtain:

E[Ytir[atter-1] | Hit = h1] = Qu(hast, &),

as desired. Thus, Q; — which can be estimated from the prefix data — recovers

the CAPOs, under our assumptions, even from a single chain.

335



E3 Consistency of the Iterative G-Computation Estimator

In this section, we state the conditions under which the iterative G-computation
procedure in Section 7.4.2 yields a consistent estimator, and show that our im-

plementation of the Qy estimators satisfies these conditions.

Notation We denote the L, norm of a function f as |||, := Ep[f(X)?]*/?, where
the expectation is over the probability distribution P. The notation f, represents
the estimated value of a parameter or function learned on n data points, where f
is the true value. For a sequence of random variables {Z,},>1 we write Z, = 0,(1)

if Pr(|Z,| > €) — O for every € > 0, i.e.Z, 5 0.

To begin, we introduce the following stochastic equicontinuity condition

from [Van Der Vaart et al., 1996]:

Definition E.1 (Stochastic equicontinuity [Van Der Vaart et al., 1996, Def. 1.5.7]).
Let (Z,d) be a semi-metric space and {ﬁ}nzl C {*(Z) a sequence of random
tunctions. It is uniformly stochastically equi-continuous if, for every e > 0,7 > 0,

there exists a 6 > 0 such that

lim sup P( sup |fa(2) - To(@)| > e) <.

noeodzz)<s
Stochastic equicontinuity ensures that, with high probability, each estima-
tor changes only slightly when its input is perturbed by a small amount. It is
strictly weaker than global Lipschitz continuity — any family that is Lipschitz
on a bounded domain with constants bounded in probability automatically sat-
isfies Definition E.1. We impose this condition in Theorem E.2 so that the 0,(1)
error in the learned embedding propagates to only 0,(1) errors in the G-heads,

making the recursive estimator consistent.

The following theorem restates Theorem 7.4 from the main text in full detail

and provides its proof.
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Theorem E.2 (Consistency under Uniform Stochastic Equicontinuity). Suppose
the conditions of Theorem 7.3 hold, and let ¢ be a learned embedding. Define
Zy = (Hitwx Awk), and recursively define the learned estimators ak(Zk_l;E) =
Ep[6k+1(2k;a) | (Z)] for k = 1,...,7, with terminal condition Q\Hl(ZT;E) = Ybr,

Assume that {@}Ll are obtained via the iterative G-computation algorithm. If:

(D) g = ¢l = 0p(1);
(ii) |QUZi-1; 8) — QUZi-1; §))Il2 = Op(1) for all k;
(iii) for every k the random maps z — Qy(h, a; z) are stochastically equicontinuous on

Im ¢ (Definition F.1), and Q(-) is uniformly continuous there,

then
|06 9) - QZo; 9)|, = 05 D).
Thus the recursive G-computation estimator is (probabilistically) consistent.

Proof. We proceed by reverse induction on K, starting from k = 7 and working

backward to k = 1. For each k, we aim to show:
1Qu(Zi-1;6) — QulZi-1; Bl = 0p(1).
Base case (k = 7). By definition, 6,+1(ZT; E) = Y%7, which is observed. Thus,
Q(Ze1:9) =EeY" 1 4(Z)] and  Qu(Zr-1i9) = EIY™ | 4(Z:)].

We decompose the difference:

Qu(Zr-1;9) - Qu(Z; ¢)H2

A1

Qu(Zr-1; ) — Qu(Zry; ¢)H2 .

A2

Qu(Zr1;0) - Qu(Zes; ¢)H2 < '

‘|
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Term A; is 0,(1) by assumption (ii). Term A; converges to zero in probability

due to (i) i¢ — ¢ll, = 0,(1) and (iii) stochastic equicontinuity of Q,. Therefore,

Inductive step. Suppose for some k + 1 < 7 that

Q(Ze1:) - Qu(Z1: )|, = 05(2).

|Q1(Z ) - Qa2 9], = 0p(0).

We now consider

Q(Zi159) = Be[Qui(Zi: 9) 1 (20, QuZic13 ) = E[Quar(Zi 9) | $(Z4)]-
Again, decompose:
|0@eii9) - Quzesi )|, < @i D - Q@i 9)
+ Hé\k(zk—l; ¢) — Qu(Zi-1; ¢)”2 :

The second term is 0,(1) by assumption (ii). The first term is also 0,(1) because
¢ — ¢ in Ly and the stochastic equicontinuity of Qy ensures that perturbations

in ¢ yield small changes in predictions uniformly over Im¢. Thus,
1IQu(Zi-1:9) = QuZic1: )2 = 0p(1).
By induction, the result holds for allk = 7,7 - 1,...,1, and in particular:
1Q1(Zo; ¢) — Qu(Zo; #)ll2 = 0p(1).
Thus, the proof is now complete. o

Example E3 (Feed-forward or Convolutional Heads).
Suppose each G-computation head Qy(-; z) is implemented as a depth-d neural

network given by
¥(2) = Wyorg-1(- - - 01(W12)),
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where the activations o are Lipschitz continuous (e.g., ReLU, Leaky ReLU,
SoftPlus, Tanh, Sigmoid, or ArcTan). If each layer weight satisfies a spectral
norm bound [[W/|l; < p; < oo, then ¥ is globally Lipschitz on R" with constant
L = [, p¢, and thus uniformly continuous on any compact subset. This implies

the stochastic equicontinuity condition in Definition F.1.

In practice, norm control can be enforced via weight decay, spectral normal-
ization, or weight clipping during training. Similarly, the encoder output ¢(H, A)
can be bounded—e.g., through normalization or clipping—so its image lies in a
compact subset of R". Together, these ensure the continuity and equicontinuity

conditions required by Theorem F.2.

The same argument applies to convolutional networks, since 2-D convo-
lutions are linear operators whose induced matrix representations also admit

spectral norm bounds controlled via spectral normalization.

F4 Experimental Details

In this appendix, we provide further information on the simulation experi-
ments (Section 7.6.1) and the real-world wildfire application (Section 7.6.2),
including exact parameter settings, model architecture and execution details,
hyperparameter selection strategies, and validation procedures. All code for
generating, preprocessing, and analyzing both the synthetic and real-world
datasets—and for training and evaluating GST-UNet—is available at https:
//github.com/moprescu/GSTUNet, with step-by-step replication instruc-

tions in the repository’s README . md.

For both applications, GST-UNet employs a U-Net backbone with a single
ConvLSTM layer (hidden dimension 32) and a contracting-expanding path of

channel sizes 16 — 32 — 64 — 128 — 256. The G-computation heads are im-

339


https://github.com/moprescu/GSTUNet
https://github.com/moprescu/GSTUNet

0.0

30 =

Bi=

20{al,
501 *

601 %

2045 PR

b =

Feature (X100)

20

1.0

30 fptat ik

40..

B

501"

60 L

60

204"

2.0

3028 izl

Bi=

60 "

50 o NI g

0 Ty ._._ _7 N

Figure F1: Samples from the GST-UNet synthetic data-generating process at
time t = 100, showing the covariate field Xjq, treatment field Ajgo, and next-
step outcome field Yjo; for varying strengths of time-varying confounding g, €

{0.0,1.0,2.0}.

plemented as shallow feed-forward neural networks that operate on the U-Net
feature maps at each grid cell for G-computation. In practice, to ensure sta-
ble ConvLSTM training and reduce computational overhead, we truncate the
input history to a fixed length. All neural networks are implemented via the
nn module in PyTorch [Paszke et al., 2019]. Experiments were conducted on
an NVIDIA A100 (Ampere) GPU using the Perlmutter system at the National
Energy Research Scientific Computing Center (NERSC). The synthetic experi-

ments required roughly 55 minutes per hyperparameter set, while the wildfire
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F4.1 Synthetic Experiments

Data Simulation Process. For our primary simulation experiments, we gen-
erate T = 200 time steps on a 64 x 64 grid. The simulation parameters in the

generating equations

Xi = ap + @1 X1 + @A + a3(Kx * Xio1) + e,

At ~ Berf(U(ﬁl(ﬁo + %2 KA * Xt,|))),

L
Yi =70+ y1(Kya = Acg) + ?’2%2 (Kyx # X)) +y3Yia + €y,
=

are given by:
o Xi:
0 045 O
ag=05, a1 =05, a, =-20, a3 =02, Ky =015 0 0.35].
0 005 O

where Ky influences how X diffuses across neighboring cells, with an

asymmetry due to advection.

e A
1.0 1.0 1.0
Bo=-10, g1 €{0.0,0.5,1.0,1.5,2.0,2.5,3.0}, Kp = 1% 1.0 80 1.0/
1.0 1.0 1.0
e Y

Y0 =20, y1=15, y2=05, y3=05

1.0 1.0 1.0 1.0 1.0 1.0
o 1 o 1
T 1.0 8.0 1.0|, Kya= 16 1.0 8.0 1.0]-

1.0 1.0 10 1.0 10 10
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Table F.2: Hyperparameters and search ranges used in GST-UNet, with the best
validation values shown in bold.

Hyperparameter Model(s)  Value Range

Batch size All models {2, 4, 8}

Learning rate All models {1074,5x 1074, 1073}
Scheduler patience All models {3, 5, 10}

Early stopping patience ~ All models {5, 10}

Curriculum period GST-UNet {1,3,5,7}
Curriculum learning rate  GST-UNet {1074,5x 107%, 1073}
UNet output dim dj, GST-UNet {8,16, 32}

G-head hidden size GST-UNet {8, 16}

G-head layers GST-UNet {1, 2,3}

Table E3: Ablation on spatial kernel size for GST-UNet at horizon 7 = 5. Re-
moving neighbor aggregation (1 x 1 kernel) degrades performance, confirming
the need to model spatial spill-overs.

Kernel $1=0.0 0.5 1.0 15 2.0

3x3 0.33 £ 0.004 0.35+0.004 0.40 +0.005 0.44 +0.004 0.40 + 0.005
1x1 0.53 £0.004 0.55+0.005 0.54 +0.005 0.60+0.007 0.64 +0.006

We use L = 5 temporal lags for X and Y, a seed of 42 for reproducibility. The
parameter values were chosen such that the simulation remains stable (i.e., the
process does not diverge). See Figure F.1 for representative t = 100 snapshots of

XlOO/ AlOO/ and Y101 under Varying ﬂl-

For each Bi, we first generate a factual dataset of length T = 200 (i.e.,
{(Xe, A, YO)I%). We then create st = 50 test histories of length Iy = 10. For
each test history, we simulate 100 trajectories under a randomly chosen (yet
tixed over the test data) counterfactual intervention of length = 10, and aver-

age the outcomes at each step to approximate the true CAPOs. This procedure

yields a final test set of shape Niest X (In + 7+ 1) X 64 X 64, i.e., 50 X 21 x 64 X 64.

Neural Architectures The GST-UNet comprises a single ConvLSTM layer
(hidden dimension 32), followed by a U-Net with channel sizes 16 — 32 — 64 —
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128 — 256. Its G-computation heads are shallow feed-forward networks oper-
ating on the final U-Net feature maps at each grid cell; both the U-Net’s output
dimension (dy) and the G-head architecture (number of layers, hidden size) are
treated as hyperparameters. The UNet+ baseline uses the same ConvLSTM+U-
Net backbone as GST-UNet but outputs a single channel (d, = 1), omitting any
G-computation. For direct comparison, we also implement STCINet [Ali et al.,
2024] with an identical ConvLSTM+U-Net backbone, and retaining their origi-

nal Latent Factor Model (LFM) details.

IPWUNet Baseline We adapt the Inverse Propensity Weighting (IPW) esti-
mator from [Zhou et al., 2024] to the spatiotemporal setting. Given estimated

propensities (a | Hy,), the estimator is defined as:

t+7
Y ]I[AI = a|] R
yIPW _ Al APO = E[YPY | H.. = h..1.
o (D m(ay | Hl:l)] CAPO = E[Yyyr | Hux =

We implement the IPWUNet baseline by reusing the UNet+ architecture (U-Net
+ ConvLSTM + Attention) for both propensity estimation and outcome predic-
tion. Specifically, we first train the propensity model with a binary cross-entropy
loss to estimate 7(A; | H;) at each time t. We then freeze this model and use the
estimated weights to train a second instance of the same architecture with a
weighted MSE loss, where pseudo-outcomes are reweighted by the estimated
inverse propensities along the counterfactual treatment path. While this allows
partial adjustment for time-varying confounding, the method does not correct
for spatial interference and is sensitive to small propensity values, which can

lead to high variance.

Training Details We randomly initialize all model parameters (GST-UNet and
baselines) with Xavier uniform weights [Glorot and Bengio, 2010]. We use the

Adam optimizer [Kingma and Ba, 2015] with an initial learning rate, halving
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Table F.4: Effect of increasing trajectory length T on RMSE in the GST-UNet
synthetic experiment for confounding strength g, = 2.0. GST-UNet improves as
more trajectory data are observed, while the baselines remain biased.

Model T=100 T=200 T=400 T=600 T=800

UNet+ 0.78 0.81 0.82 0.95 0.87
STCINet 0.80 0.90 1.04 1.02 0.91
GST-UNet  0.69 0.40 0.32 0.32 0.36

it whenever the validation loss plateaus for a specified scheduler patience. To
mitigate overfitting, we adopt early stopping when the validation loss fails to
improve for a specified early stopping patience epochs. Validation uses 40 of
the 190 training prefixes, and the total training is capped at 100 epochs. We tune
the following hyperparameters: (i) batch size, learning rate, scheduler patience,
and early stopping patience (common to all models); (ii) for GST-UNet, the cur-
riculum period and learning rate for curriculum phases, the U-Net output di-
mension dp, and the number and width of hidden layers in the feed-forward
G-heads. Table F.2 lists the hyperparameter ranges considered, with the values

yielding the best validation performance in bold.

Evaluation Procedure We evaluate each model by averaging the root mean
square error (RMSE) of the estimated CAPOs against ground truth across 50
test trajectories. Table 7.1 in the main text reports RMSE + standard deviation

for horizon lengths 7 € {5, 10} and g; € {0,0.5,1.0,1.5, 2.0}.

Effect of Varying T We ran additional simulations varying the trajectory
length T € {100, 200, 400, 600, 800} and 3; = 2.0 while keeping the grid size fixed
(dx = dy = 64). Results are shown in Table F.4. GST-UNet consistently improves
with more data, while the baselines remain biased—even as T increases. This
highlights the importance of adjusting for time-varying confounding: without

it, there is a persistent asymptotic bias.
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Daily Respiratory Hospitalizations in 2018 Weekly Respiratory Hospitalization Rate PM; 5 Levels During Camp Fire
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Figure F2: Wildfire application data summary. (Left) Daily respiratory hospi-
talizations incidence (cases per 10,000). (Center) Weekly aggregated respiratory
hospitalizations incidence. (Right) Average daily PM, 5 during the Camp Fire.

Effect of Neighbor Aggregation To evaluate the importance of spatial spill-
over modeling, we ablate the convolutional kernel used in the ConvLSTM en-
coder. Table F.3 compares GST-UNet with a standard 3 x 3 kernel against a
variant that removes neighbor aggregation by using a 1 x 1 kernel. Across all
levels of confounding strength (8:1), performance deteriorates markedly when
neighbor information is excluded, with RMSE increasing by 30-40%. This con-
firms that explicitly aggregating information from nearby locations is essential
for capturing spatial interference and achieving unbiased counterfactual esti-

mates.

F4.2 Wildfire Application

Data Preprocessing and Interpolation We analyze daily, county-level data
from Letellier et al. [2025] that include PM; 5 (particulate matter < 2.5 um), hos-
pitalization counts for respiratory and cardiovascular conditions, and weather
variables (temperature, precipitation, humidity, radiation, wind), plus popula-
tion estimates from the California Department of Finance. Our study period
spans weeks 2048 (May 18-December 2, 2018), covering both the Carr and
Camp fires. As illustrated in Figure F.2, daily and weekly aggregated respira-

tory illness rates rise around these events, while PM, 5 levels also surge during
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Figure F.3: Example of county-level (left) vs. grid-interpolated (right) PM, s lev-
els on November 18 (during the Camp Fire). The interpolation converts county
measurements into the 40 x 44 spatiotemporal lattice used by GST-UNet.

the Camp Fire.

To align with our spatiotemporal framework, we use geopandas [Jordahl
et al., 2020] to interpolate county-level covariates, PM,5, and hospitalizations
onto a latitude-longitude grid from 32°N to 42°N latitude and -125° to -114°
longitude, at a resolution of 0.25°. Each grid cell’s values are an area-weighted
average of the counties it intersects, yielding a 40x44 spatial lattice. We mask out
non-California cells by setting them to zero, thus obtaining a consistent dataset
for further analysis. Figure F.3 illustrates how the raw county-level data com-

pare to the interpolated grid for PM, 5 on November 18.

Model Training and Validation We train GST-UNet, UNet+, STCINet, and IP-
WUNet with a prediction horizon of 7 = 10 days. All models use a shared set
of hyperparameters: batch size = 4, learning rate = 5 x 1074, scheduler patience
= 5, early stopping patience = 10, and a curriculum period = 5 (with curriculum
learning rate = 5x107*). For GST-UNet, we additionally set the U-Net output di-
mension to dy = 16, the G-head hidden layer size to 8, and the number of G-head
layers to 1. We optimize a mean squared error (MSE) loss with two adjustments:

(1) we mask grid cells outside California to exclude them from the loss compu-
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Table E5: Estimated county-level increases in respiratory emergency depart-
ment visits attributable to the wildfire event, with 95% bootstrap confidence
intervals. Population is reported in units of 10,000; counties marked with * have
smaller populations and therefore greater uncertainty.

| County | Mean | 2.5% | 97.5% | Population (x10*) | Interval Width / Pop. |
Tehama 37 | -126 158 6.4 44 .4
Butte 168 30 325 23.0 12.8
Glenn* -52 | -262 39 2.8 107.6
Colusa* 13 | -158 107 2.1 124.0
Sutter -18 | -170 70 9.6 24.9
Napa 81 -41 192 13.9 16.8
Lake 103 -66 203 6.4 41.8
Solano 38 -79 173 44.6 5.6
Sacramento 202 | -107 484 153.9 3.8

tation, and (2) we apply cell-specific weights proportional to the number of grid
cells per county to avoid bias toward geographically larger counties. Hyperpa-
rameter tuning and validation are performed using data from the first 50 days of
the wildfire season. Using the selected configuration, we generate counterfac-
tual predictions for the Camp Fire peak period (November 8-17) by iteratively
applying each trained model with increasing history lengths. We note that coun-
ties with populations below 20,000-30,000 can yield unreliable incidence rate es-
timates (baseline daily rates of approximately 4 cases per 10,000 individuals); in

Figure 7.3, we denote these high-uncertainty counties with hatched markings.

Bootstrap Confidence Intervals We compute 95% bootstrap confidence inter-
vals for all models using n = 40 bootstrap samples, balancing statistical rigor
with computational load. Counties with populations below 20,000-30,000 tend
to yield unstable incidence rate estimates, driven by low baseline daily counts
(approximately 4 cases per 10,000), and are excluded from the analysis. These
counties are indicated with hatching in Figure 7.3, a choice further supported

by the bootstrap results. In Table E.5, we report bootstrap intervals for the coun-
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ties closest to the Camp Fire. Glenn and Colusa exhibit disproportionately wide
intervals-reflecting the uncertainty introduced by their small population sizes—

and this further justifies their exclusion from the final analysis.

E5 Limitations and Broader Impacts

Limitations While GST-UNet demonstrates strong empirical performance
and theoretical grounding, several limitations should be acknowledged. First,
our method relies on standard causal identification assumptions, including no
unobserved confounding (Assumption 7.1), which is inherently untestable and
may not hold in all real-world settings. Second, our framework assumes the
existence of a time-invariant representation of the spatiotemporal process (As-
sumption 7.2)—a useful but idealized condition that may be violated in domains
with highly non-stationary or regime-shifting dynamics. Finally, GST-UNet is
designed for gridded spatiotemporal data and assumes a regular spatial lattice;
while this is common in environmental and health applications, adapting the
framework to irregular spatial structures (e.g., graphs or administrative bound-

aries) is an important direction for future work.

Broader Impacts This work advances machine learning by introducing a spa-
tiotemporal causal inference framework for estimating treatment effects in com-
plex real-world settings. The GST-UNet has broad applications in public health,
environmental science, and social policy, where understanding interventions
supports evidence-based decisions. For example, it can inform pollution con-
trol, wildfire response, or health resource allocation. However, like all obser-
vational methods, GST-UNet depends on the quality and completeness of the
data, as well as the assumptions stated in this work. We caution against uncriti-

cal use in high-stakes settings, as violations of model assumptions or data biases

348



can lead to misleading conclusions. We encourage responsible deployment—
especially in contexts affecting vulnerable populations—and recommend pair-
ing our method with domain expertise, sensitivity analysis, and uncertainty

quantification.
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APPENDIX G
APPENDIX FOR CHAPTER 8

G.1 Extended Literature Review

The Spatial Deconfounder draws on three strands of prior work: (i) spatial
causal inference under interference and spatially structured confounding, (ii)
deconfounding methods for ATE estimation with unobserved confounders, and
(iii) deep learning for spatial and latent structure modeling. We detail each in

the sections that follow.

G.1.1 Spatial Causal Inference Under Interference and Spatially Structured

Confounding

Classical Spatial Causal Inference Most estimators of direct and spillover
effects assume that bias can be removed by conditioning on observed covari-
ates (together with a specified exposure mapping or interference structure).
Design-based work—grounded in exposure mappings, partial-interference de-
signs, and randomization inference—derives estimators or hypothesis tests un-
der known neighborhood or network structure [e.g., Hudgens and Halloran,
2008, Sobel, 2006, Aronow and Samii, 2017, Forastiere et al., 2021, Tchetgen Tch-
etgen et al., 2021]. Model-based strategies then adjust for that structure while
still relying on measured covariates or correct functional form: spatial au-
toregressive and two-stage least-squares estimators for spatial-lag /lagged-error
models [Anselin, 1988], and spline/GAM or restricted spatial regression ap-
proaches that treat residual spatial trend as a nuisance to improve precision
and approximate balance [e.g., Hanks et al., 2015]. Deep graph/convolutional
architectures can pool information across nearby units to improve prediction or

imputation, but by themselves do not furnish identification without additional
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causal assumptions [Kipf and Welling, 2017]. Domain-specific simulators (e.g.,
wildfire spread or atmospheric transport) encode spatial dependence through
process-based physics and are often used as inputs to causal analyses, yet they
typically still condition on observed drivers or require design-identifying as-
sumptions [e.g. Larsen et al., 2022, Zigler et al., 2025]. All of the above presume
exchangeability given observed covariates (or a valid design); if important spatial de-
terminants of treatment and outcome are unmeasured, residual confounding

bias can remain.

Spatial Confounding and Bias-Adjustment Methods. A growing literature
tackles unmeasured spatial confounding directly. One family augments outcome
models with latent spatial random effects (e.g., BYM/ICAR or GMRF priors)
to soak up smooth hidden structure; this can reduce bias when the confounder
is well captured by the basis, but may leave bias or distort fixed effects under
misspecification [Rue and Held, 2005, Hodges and Reich, 2010]. Restricted spa-
tial regression and related orthogonalization schemes constrain the latent field
away from covariates to mitigate bias [Hanks et al., 2015]. Building on this idea,
Dupont et al. [2022] (SPATIAL+) explicitly orthogonalizes spatial structure in the
covariates from the outcome trend to purge bias from unmeasured spatial con-
founding. Propensity-score strategies that incorporate spatial proximity—such
as distance-adjusted propensity score matching—aim to proxy smooth unmea-
sured confounders via geography [Papadogeorgou et al., 2019a]. Instrumental-
variable designs exploit exogenous spatial shocks (e.g., wind direction, policy
boundaries, thermal inversions) to identify causal effects despite hidden con-
founding, but require strong relevance/exclusion conditions that are difficult to
validate under interference [e.g., Angrist et al., 1996, Imbens and Rubin, 2015,

Deryugina et al., 2019]. Finally, Bayesian frameworks that jointly model interfer-
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ence and latent spatial fields (e.g., Papadogeorgou and Samanta, 2023) achieve
identification under specified priors and structural assumptions. In short, exist-
ing approaches either (i) assume smoothly varying latent fields or valid instru-
ments or (ii) rely on strong parametric priors. None exploit interference pat-
terns themselves as a signal for nonparametrically recovering the hidden con-
founder, nor do they aim to explicitly reconstruct the unobserved confounding

process—a gap our Spatial Deconfounder addresses.

G.1.2 Deconfounding Methods for ATE Estimation with Unobserved Con-

founders

When confounders are unmeasured, point identification of causal effects gener-
ally fails. One approach is to derive bounds through sensitivity analysis [e.g.,
VanderWeele et al., 2015, Dorn et al., 2025b, Oprescu et al., 2023, Frauen et al.,
2023], trading identifiability for robustness. Another is the deconfounder frame-
work, which fits a factor model to multiple causes in order to infer a substitute
for the latent confounder, thereby restoring point identification [Wang and Blei,
2019, Bica et al., 2020a, Hatt and Feuerriegel, 2024]. This stream is closest in
spirit to our work: like us, it leverages multiplicity of treatments as a proxy for
hidden structure. However, existing deconfounder methods require datasets
with many simultaneous treatments (e.g., recommender systems, panel data)
and assume no interference. Our approach resolves both limitations: interfer-
ence itself naturally generates multiple-cause treatment vectors, enabling latent

tield recovery even with a single treatment type.

G.1.3 Deep Learning for Spatial and Latent Structure Modeling

Deep Learning for Spatial Modeling Modern deep architectures capture rich

spatial structure but, on their own, remain predictive rather than identifying. U-
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Nets and encoder—decoder variants model multi-scale patterns on grids [Ron-
neberger et al., 2015b, Oktay et al., 2018]; graph neural networks extend to ir-
regular domains [Kipf and Welling, 2017, Hamilton et al., 2017, Veli¢kovic et al.,
2018]; and patch-wise transformers model long-range dependencies on images
and geospatial rasters [Dosovitskiy et al., 2021, Liu et al., 2021]. Spatiotempo-
ral extensions (e.g., ConvLSTM and graph/vision transformers) further capture
dynamics [Shi et al., 2015]. These tools provide flexible representations but re-

quire additional causal structure for identification.

Deep Latent Variable Models Finally, conditional variational autoencoders
(C-VAEs) and related deep generative models are widely used for representa-
tion learning with latent factors [Kingma and Welling, 2013, Sohn et al., 2015].
Beyond C-VAEs, the broader family of latent-variable models includes varia-
tional autoencoders with structured priors [Rezende et al., 2014, Maaloe et al.,
2016], disentangled representation learning [Higgins et al., 2017], normalizing
flows [Rezende and Mohamed, 2015], and diffusion-based generative models
[Ho et al., 2020, Kingma et al., 2021], all of which offer flexible ways to re-
cover hidden structure from high-dimensional data. While these methods are
not causal in themselves, they provide natural tools for reconstructing latent
processes from observed multi-cause data. In our framework, a C-VAE com-
bined with a spatial prior enables smooth, nonparametric recovery of a sub-
stitute confounder from local treatment vectors, which is then used for causal
identification. Other architectures (e.g., diffusion models or flow-based meth-
ods) could, in principle, be substituted, but the key contribution lies in adapting
deep latent-factor reconstruction to the spatial interference setting, where treat-

ments on neighboring units jointly reveal the latent field.
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G.1.4 Causal Generative Models

Recent work has proposed using expressive generative models as parameter-
izations of structural causal models. One stream of work uses autoregressive
flows to obtain identifiable SCMs given a causal ordering [e.g., Javaloy et al.,
2023, Khemakhem et al., 2021]. Others combine diffusion- or GAN-based mod-
els with structural equations to model complex, high-dimensional counterfac-
tuals [Sanchez and Tsaftaris, 2022, Kocaoglu et al., 2018]. However, all of the
methods assume unconfoundedness and are thus orthogonal to our Spatial De-
confounder. A different stream of literature combines causal inference and gen-
erative modeling under hidden confounding [e.g., Xia et al., 2021, Almodévar
et al., 2025]. Similar to our work, the recently proposed DeCaFlow [Almodévar
et al., 2025] extends this line by learning confounded SCMs with causal normal-
izing flows and variational inference based on the deconfounder framework.
However, these works are restricted to specific variables types, e.g., continuous
treatments, and do not apply to the spatial setting. Building upon proxy vari-
ables, follow-up work on the deconfounder clarifies identifiability conditions in
multi-cause settings [Wang and Blei, 2021]. Similarly, this work assumes mul-
tiple treatments in an independent setting and does not apply to spatial causal

inference tasks.

G.1.5 Deep Identifiable Models and Network Deconfounding

A complementary line of work focuses on identifiability in deep latent variable
models. Sparse deep generative models establish identifiability of VAEs under
sparsity constraints Moran et al. [2022], while Intact-VAE [Wu and Fukumizu,
2021] and g-Intact-VAE [Wu and Fukumizu, 2022] provide identifiable genera-

tive models for causal inference under unobserved confounding, IVs, proxies,
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and networked confounding. Applications to medical data show how identi-
tiable VAEs can recover meaningful latent prognostic factors [Ma et al., 2023].
These methods are typically designed for i.i.d. or network-structured obser-
vations and often rely on known adjacency structure, e.g., using neighbor in-
formation to help identify latent confounders in network deconfounding tasks.
Our Spatial Deconfounder differs by targeting a specific spatial setting with lo-
calized grid-interference. More importantly, we note that our Spatial Decon-
founder is not limited to the use of a C-VAE. The framework is model-agnostic
and can be combined with other generative factor models. In contrast to these
identifiable deep models, our focus is on a spatial-interference design: we show
that interference-generated multi-cause vectors (As, Ay, ), together with a spatial
prior on Z, are sufficient to identify both direct and spillover effects without

specifying a parametric latent-field model.

Our Work Our contribution lies at the intersection of spatial causal infer-
ence, methods for deconfounding under unobserved confounding, and mod-
ern deep latent-variable modeling. Existing approaches to spatial interference
either assume that all relevant confounders are observed, or else mitigate bias
through strong structural assumptions and priors—for example, by imposing
smooth latent fields, leveraging restrictive IV conditions, or specifying paramet-
ric Bayesian models. In parallel, the “deconfounder” framework demonstrates
that multiplicity of causes can be exploited to infer substitutes for unobserved
confounders, thereby restoring point identification; however, these methods
are designed for i.i.d. settings with many simultaneous treatments (e.g., recom-
mender systems, panels), and do not naturally extend to spatial domains where

interference and locality are intrinsic.

The Spatial Deconfounder closes this gap. We treat interference itself as the
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source of multi-cause information: treatment vectors on a unit and its neigh-
bors contain precisely the dependence needed to reveal the hidden confound-
ing field. By training a C-VAE with a spatial prior, we nonparametrically re-
construct a smooth latent confounder from these local treatment vectors. This
substitute confounder can then be used to adjust for bias, enabling identifica-
tion and estimation of both direct and spillover effects. Crucially, our method
achieves this without committing to a fully specified latent-field model or rely-
ing on IV-style exclusion restrictions, thereby combining the flexibility of non-

parametric deconfounding with the structural realities of spatial interference.

G.2 Proofs and Additional Results

We first provide background by stating supporting definitions and lemmas.

Then we prove our main theorem on the identifiability of the treatment effects.

G.2.1 Supporting Lemmas and definitions

Definition G.1 (Ignorability). The grid treatment (as,ay,) is ignorable given
Z, XXy, if forall s=1,...,nand for all (a,ay) € A

(As, An,) L Ys(a,an) | Zs, Xs, X (G.1)

Definition G.2 (Factor models). A factor model of the assigned spatial treat-

ments is a latent-variable model

Py (Z11> X111 XApys0 BLIS) ANgg) (G.2)
S|
=P(Z1y81 X148 XApys) rl Pos(@s | Zs, Xs, Xns) H Py | Zs, Xs, Xns) (G.3)
s=1 keNs

rendering the assigned treatments conditionally independent.

Lemma G.3. For the relation between the substitute confounder and factor models, it

holds under weak regularity conditions
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1. Assume that the true distributions of the treatments p(aiys,an,) can be
represented by a factor model employing the substitute confounder Z, i.e.,
Py (21181 X1:48> XNpyg» QL8] Ny ). With the assumption of latent field sufficiency
(see Assumption 8.5), the assigned treatments (a, ay) are ignorable given Zs, X,

and Xy, i.e.,
(As, ANS) A Ys(a, a.N) | Zs, Xs, XNS- (G4)

2. A factor model that represents the distribution of the assigned treatments always

exists.
Proof. The statement follows from Proposition 5 in Wang and Blei [2019]. o

G.2.2 Proof of the Main Theorem

Theorem 8.7 (Causal identifiability). Suppose Assumptions 8.2-8.6 hold. Let Z
be a piecewise constant function of the assigned neighborhood exposure and covariates
(a, an, X, Xy) and let the outcome be a separable function of the observed and unobserved

variables:

Ev[Ys(a, an) IXs = X, Xn, = Xy, Zs = Z]
= fi(a, an, X, Xn) + f2(2), (8.14)
EY[YS | AS = aaANs = aN’ XS = Xa XNS = XN7 ZS = Z]

= f3(a, an, X, Xn) + f4(2), (8.15)

for continuously differentiable functions fi, fp, f3, f4.  Consequently, the direct and

spillover effects are identifiable as

Tdir = Exs,st,Z[EY[Ys | As = 1, Angs Xs, X Zs]

—Er[Ys | As = 0, Ay, X, X Z] - (8.16)
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Topill = Exo Xy [EY[YS |a,Ax, = a Xs,XNS,Z ]

“EdYs |2, Ay, =ald. X, X, Z]|. (8.17)

Proof. First, observe that by the power-property and the separability of the out-

come, we have

Ey[Ys(a,an)] = Exx,.z[Ev[Ys(@, an) | Xs, Xns, Zs]] (G.5)

= EX,XN[fl(a’ aN’ XS7 XNs)] + EZ[fZ(ZS)] (G6)
For the direct and indirect effects 74, and 7i,q follows

Tair = Exx, [f1(As = 1, an,, Xss X )] = Exx [ f1(As = 0, an,, Xs, Xn)] (G.7)

= f VVEX,XN[fl(V7 ay, Xs, XNS)]dV, yeR (GS)
C(L,0)

and

Tind = Ex xy[f1(as, An, = a Xs,XNS)] Exxy[fi(as, An, = a Xs,XNS)] (G.9)

_ f o VB AN = X X, ke RISFL, (G.10)

We thus need to find an expression for the gradient to rewrite the integral in
terms of observable quantities.

To do so, we first consider the conditional expected outcome. By Assump-

tion 8.6 there exists a function g such that Z = g(a, ay, X, Xy). Therefore, it holds

Ex xyz[Ey[Ys | As = as, An, = ang, Xng, Zs]] (G.11)
:EX,XN[EY[YS | AS = a.s,/A\NS = aNS, XS, XNS,ZS = g(as,aNS, Xs, XNS)] (G12)

:EX,XN[EY[YS(aS’ a-NS) | AS = aS9AN5 = aNs’ XS7 XNSaZS = g(aS’ aNs’ XSa XNS)]]’
(G.13)

where the latter equality follows from Assumption 8.2.
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As Ys(as,an,) L As, A, | Xs, X, Zs (by Lemma G.3) and the outcomes are

assumed to be separable, it follows

Exxyz[Bv[Ys | As = as, An, = an,, Xs, Xn.» Zs]] (G.14)
=Ex x, [Ev[Ys(as, an.) | Xs, Xn» Zs = 9(as, an,, Xs, Xa)1] (G.15)
=Ex xy [f1(as, an,» Xs, Xn)] + Ez[f2(9(@s, an,» Xs, X)) (G.16)

Recall that by the definition of the conditional expected outcome, we have

Exxy.z[Ev[Ys | As = a5, An, = an,, Xs, Xn,, Zs]] = (G.17)

EX,XN[fg(as, aNs, XS, XNS)] + Ez[f4(g(as, aNs, Xs, XNS))] (GlS)

Now, we are ready to consider the gradients in G.9. Observe that for the

gradients of the conditional outcome, it holds

VaExxyz[Ev[Ys | s, An, = angs Xso Xnes Zs| (G.19)
= Va Exxy [f1(as, an,, Xs, X))l + Vo Ez[ f2(9(as, an,))] (G.20)
= Va Ex xy [f3(as, an,, Xs, X))l + Va Ez[ f4(9(as, an,))] (G.21)

with a similar expression for V., . Note that, up to a set of Lebesgue measure

zero, the gradients of f, and f,; disappear, i.e.,

VaSEZ[fZ(g(as, an;, Xs, XNS))] = Vg(as,a,\(s,XS,XNS) fzvasg(as, angs Xs, XNS) =0 (G.ZZ)

and

VaSEZ[f4(g(as, an;, Xs, XNS))] = Vg(as,a,\(s,XS,XNS) f4vasg(a5a angs Xs, XNS) =0 (G-23)

as

Vasg(a57 aNs9 XS, XNS) = O.
Similarly,
Vo Ez[ F2(9(@s, ang, Xs, Xp,))] = Vay Ez[f4(9(@s, an,. Xs, Xa,))] = 0.
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Overall, we receive

Va.Ex xy[f1(as, angs Xs, X))l = Va.Exx, [f3(8s, ang, X, X))

and

Var Ex xy [ f1(8s, n,, Xs, X))l = Vay Exxy [ f3(as, ang. Xs, X))l

Finally, we can identify the direct treatment 74, effect as

Tdir = f V,Ex x, [fi(v, an, X5, Xp)ldv, v eR
C(1,0)
= f VVEX,XN[f3(V, ay, Xs, XNS)]dV, veR
C(1,0)
= EX,XN[f3(AS = 19 ax, XS’ XNS)] - EX,XN[f3(AS = Oa an, XS’ XNs)]

= Ex x, [f3(As = 1, an, Xs, Xp )] + Ez[f4(Zs)]

— Exxy[f3(As = 0, an, X, X )] - Ez[f4(Z0)]

= EZ,X,XN[EY [Ys | as=1,an,, Xs, Xn.» Zs] — By[Ys | as=0, an,, Xs, Xn, Zs]]

and similarly the indirect treatment effect 7jq as
Tind = f ViEx x, [ fi(as, An, = &, Xs, Xp,)]dk
Claa)
= f ViEx x, [ fa(as, An, = &, Xs, Xp,)]dk
Claa)

= Exxy[ fa(@s, @), Xss X))l — Exxy [ fa(@s, a0, Xs, X,)]
= Exxy[fa(@s. aly. Xs. Xp, )] + Bz [ £4(Z5)]

— Bxxy[fs(@s, @y, Xs, Xp,)] =~ Bz [ f4(Z5)]

= EZ,X,XN[EY [Ys | ds, ag\lfz, Xs’ XNS, Zs] - EY [Ys | ds, 3-532, Xs’ XNSa Zs]]

(G.24)

(G.25)

(G.26)
(G.27)

(G.28)
(G.29)
(G.30)

(G.31)

(G.32)

(G.33)

(G.34)
(G.35)
(G.36)

(G.37)

Overall, we proved that the substitute confounder generated by our spatial de-

confounder renders the treatment effects identifiable.
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G.2.3 Sensitivity to Proxy Error
Proposition G.4 (Sensitivity of identified effects to proxy error). Let
m(@, ay, X, Xy, 2) 1= B[Ys | As = & An, = an, Xs = X, Xy, = Xy, 25 = 7]

denote the (oracle) outcome regression indexed by the population substitute confounder

Z}. Assume that m is L-Lipschitz in z, uniformly over (&, @y, X, Xy):

|m(a, an, X, Xy, 2) — M@, an, X, Xy, 2')| < Lz = Z|| Yz,7'.

Define the identified direct and spillover effect functionals (cf. Egs. (8.3) and (8.4)) eval-

uated at a generic proxy W by
Tair(W) = HML A, Xs, X Ws) = 0, Ay, Xs, X W),
Toin(W) := Bma,aly), X, X, W) - ma, aly), Xs, Xy, Ws)|.
Then, for any proxy Zs,
[rair(@) — 7ae(@*)] < 2LE[IZs - Z211]. Jrspin(@) - Tpin(2*)] < 2L E[IIZs - Z21]].

In particular, if]EllZS —Z¥|| — O, then Tdir(Z) — 14ir(Z*) and Tspi||(2) — Toin(Z*).

Proof. For the direct effect,
|Tdir(2) - Tdir(Z*)|
= 'qr‘r(la ANs’ X59 XNSa 25) - n(09 AN59 XSa XNS, 28)

= M(L, An,, X5 X, Z2) + M0, Ap,, Xs, X, Z2))]

< E[|m(1 An. X X Zs) = ML Ay, Xs, X, 22|
+ E||m0, A, Xs: X Zs) = MO, An,, Xs, X, Z2)||
< LE[IIZ; - z2Il| + LE[IZ; - z21l| = 2L B[IZ; - Z:11
where the first inequality is the triangle inequality and the second uses the Lip-

schitz condition. The spillover bound is identical, replacing (1, Ay,) and (0, Ax,)

by (a.af)) and (a,a{)). O
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G.3 Implementation Details

This section provides implementation details for our experimental setup. We

cover four aspects:

1. Semi-synthetic data generation: construction of counterfactual outcomes
under interference and spatial confounding using the SpaCE benchmark
framework, with hidden confounders simulated by masking key covariates.

2. Predictive model: how the outcome model f is estimated with ensembles
of machine-learning models, including convolutional networks for spatial
structure.

3. Software and hyperparameters: the AutoML framework used for training
and tuning, along with default settings.

4. Benchmarks: implementation details for baseline methods.

Semi-Synthetic Outcomes Recall from Section 8.6 that we construct counter-

factual outcomes via
Yo = f(As, Ay, X)) + Ry or  Ys = f(As, Ax, Xs, X)) + R,

where f is a predictive model learned from real-world environmental data and
Rs are exogenous, spatially correlated residuals with the same distribution as

the endogenous residuals.

Predictive Model with Interference We estimate the function f using ensem-
bles of machine-learning models, with ensemble weights determined by pre-
dictive accuracy on held-out validation data. Following Tec et al. [2024] and
the benchmarking guidelines of Curth et al. [2021], this avoids bias toward
causal estimators tied to a single model class. To capture spatial structure, we
include ResNet-18 [He et al., 2016] as one of the base learners. Training and

hyperparameter tuning are automated with the AutoGluon Python package
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[Erickson et al., 2020], which performs model selection, hyperparameter search,
and overfitting control with minimal human intervention. Default settings for
AutoGluon are summarized in Table G.1.

Table G.1: Hyperparameters used in AutoML for the Spatial Deconfounder ex-
periments.

Parameter Value

package AutoGluon v1.4.0
fit.presets good_quality
fit.tuning_data custom split using Algorithm G.1
fit.use_bag_holdout true
fit.time_limit null
feature_importance. 900

time_limit

AG_AUTOMM.optim. 10

max_epochs

AG_AUTOMM.model. resnetl8

timm_image.checkpoint_name

Spatially-Aware Train-Validation Split. We implement a spatially-aware train-
validation data split [Roberts et al., 2017] that takes interference into account to
avoid overfitting due to spatial correlations. We only consider nodes with com-
plete neighborhoods for training and validation. This spatial splitting strategy
identifies a limited number of validation nodes and applies breadth-first search
to exclude their adjacent neighbors from the training dataset. For this study, we
define each grid cell to have edges connecting it to its 8 surrounding cells. This

algorithm is described in Algorithm G.1.

Synthetic Residual Generation Following the approach established in Tec
et al. [2024], we generate synthetic residuals using a Gaussian Markov Random
Field (GMRF) from a spatial graph. Specifically, we sample the synthetic residu-
als according to: R ~jig MultivariateNormal(0, A(D-pAD) ), where A represents

the spatial graph’s adjacency matrix, D denotes a diagonal matrix containing the
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Algorithm G.1 Spatially-aware validation split selection with radius and com-
plete neighborhoods

10:
11:
12:
13:

14:
15:
16:
17:
18:
19:
20:

21:
22:

Input: Graph as a map of neighbors s = Ns, where N C § is the set of neighbors of
S
Params: Fraction a of seed validation points (default « = 0.02); number of BFS
levels L to include in the validation set (default L = 1); buffer size B indicating the
number of BFS levels to leave outside training and validation (default B = 1); radius
I'm of the model used when determining the split (default ry = 1)
Output: Training nodes T C S and validation nodes V C S
# Helper function to check whether a node has a complete r-hop neighborhood
function HASCOMPLETENEIGHBORHOOD(S, I')
expected _count « (2r + 1) > for a square grid
actual_neighbors < GetNeighborsWithinRadius(s, r)
return |actual neighbors| = expected_count
end function
# Filter to nodes with complete neighborhoods
Svalid < {s €S : HASCOMPLETENEIGHBORHOOD(S, ') }
# Initialize validation set with seed nodes from valid nodes only
V « SampleWithoutReplacement(Svalid, @)
# Expand validation set with neighbors
forte{0,...,L-1}do
tmp « V
for s e tmp do
V « VUNg
end for
end for
# Compute buffer
B«V
forbe{0,....B—-1+rp}do
tmp <« B
for s e tmp do
B « B UN;g
end for
end for
# Exclude buffer from training set
T « Svaligd \ B
return T,V

degree (number of neighbors) for each spatial location, p parameterizes the spa-

tial dependence between observations and their neighbors (estimated from the

true residuals obtained from f), and 1 is calibrated to preserve the exact variance

of the observed residuals. See Tec et al. [2024] for additional details.
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Model

Iterations

Tuning Metric

Value

C-VAE-SPATIAL+ 100

weight_decay C-VAE
beta_max (B) (rg = 1, PMz5s)
beta_max (8) (rg = 1,SOy)

beta_max (B) (rq = 2)

loguniform between le-4
and le-3

loguniform between 1e-8
and 10

loguniform between 1e-5
and 10

loguniform between 1e-5
and le-4

lam_t loguniform between 1le-5
and 1.0
lam_y loguniform between 1e-5

and 1.0

C-VAE-UNET 60 weight_decay C-VAE loguniform between le-4
and le-3
beta_max (B) loguniform between 1e-3
and 1
weight_decay_head loguniform between le-4
and le-3
unet_base_chan 16 or 32
DAPSM N/A propensity_score_penalty_value choose from [0.001, 0.01,
0.1,1.0]
propensity_score_penalty_type 11 orl2
spatial_weight uniform between 0.0 and
1.0
GCNN N/A hidden_dim 16 or 32
hidden_ layers lor2
weight_decay loguniform between le-6
and le-1
Ir le-3 or 3e-4
epochs 1000 or 2500
dropout loguniform between 1e-3
to 0.5
SPATIAL+ 2,500 lam_t loguniform between 1e-5
and 1.0
lam_y loguniform between 1e-5
and 1.0
SPATIAL 2,500 lam loguniform between 1e-5
and 1.0
UNET 50 unet_base_chan choose from [8, 16, 32]

Table G.2: Hyperparameter configurations evaluated on the validation set for
each Spatial Deconfounder model, with the number of Ray Tune trials reported
for each model.

Benchmark Training and Hyperparameter Tuning To ensure a fair compari-
son, we use the RAY TUNE [Liaw et al., 2018] framework for hyperparameter tun-

ing. For all but DAPSM, the tuning metric is implemented as mean-squared error
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(MSE) from a validation set obtained with the spatially-aware splitting method
in Algorithm G.1. We use this splitting algorithm for computing the tuning met-
ric since random splitting would result in extreme overfitting [Roberts et al.,
2017]. For DAPSM we use the covariate balance criterion following Papadoge-
orgou et al. [2019a]. After selecting the best hyperparameters, the method is
retrained on the full data. Table G.2 summarizes our hyperparameter search
space for different baseline models. For C-VAE models with radius R evaluated
on a dataset of radius ry, training and validation are restricted to nodes with
radius ry = max(rq, R). Each C-VAE model also specifies a latent confounder di-
mension dz € {1,2,4,8,16,32}. The licenses of the data sources used for training
are summarized in the supplement of Tec et al. [2024], which allow sharing and

reuse for non-commercial purposes.

G.4 Further Experimental Results

Our full experimental results are available for local confounding and spatial
confounding at Table G.3 and Table G.4, respectively. There is a general pattern
that C-VAE models tend to outperform benchmarks in estimating direct effects.
In particular, C-VAE are the only local confounding methods that can also es-
timate spillover effects. In spatial confounding datasets with ry = 1, decon-
founders tend to have better direct effect and spillover estimation than UNET.
We also plot the latent space of the C-VAE in Figure G.1 to show that it recovers

the large-scale spatial structure of the true confounder.
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Table G.3: Performance of the Spatial Deconfounder and baselines under local

confounding. Results averaged over 10 runs with 95% confidence intervals. ry:

neighborhood radius in data generation; R: neighborhood radius used by the

deconfounder. Lower values for ATE and SPILL indicate less bias; p indicates

the predictive-check p-value, with values near 0.5 indicating good model fit.

DIR SPILL p
Setup Confounder  Method
PM2s — m(rg=1) Ppop C-VAE-SPATIAL+ (R=0) 0.15+ 0.11 n/a 0.36 + 0.07
C-VAE-SPATIAL+ (R=1) 0.05+ 0.02 034+ 0.08 0.35=+ 0.09
C-VAE-SPATIAL+ (R=2) 0.07+ 0.02 052+ 0.08 0.35=+0.03
DAPSM 025+ 001 n/a n/a
GCNN 036+ 003 n/a n/a
S2SLS-LAG1 0.03+ 0.00 n/a n/a
SPATIAL+ 013+ 0.04 n/a n/a
SPATIAL 0.10+ 0.07 n/a n/a
Osummer C-VAE-SPATIAL+ (R=0) 0.15+ 0.07 n/a 0.38 + 0.08
C-VAE-SPATIAL+ (R=1) 0.04+ 0.01 042+0.08 0.37=+0.07
C-VAE-SPATIAL+ (R=2) 0.04+ 0.01 044+ 0.09 0.36=+ 0.04
DAPSM 030+ 0.03 n/a n/a
GCNN 041+ 003 n/a n/a
S2SLS-LAG1 020+ 0.00 n/a n/a
SPATIAL+ 013+ 0.04 n/a n/a
SPATIAL 0.10+ 0.07 n/a n/a
PM2s — m(rg =2) Ppop C-VAE-SPATIAL+ (R=0) 0.11+ 0.02 n/a 0.35+ 0.03
C-VAE-SPATIAL+ (R=1)  0.05 +0.02 0.15 £ 0.05 0.34 £ 0.04
C-VAE-SPATIAL+ (R=2) 0.04+0.03 024+0.06 0.35+0.04
DAPSM 016+ 0.01 n/a n/a
GCNN 0.18+ 0.03 n/a n/a
S2SLS-LAG1 0.07+ 0.00 n/a n/a
SPATIAL+ 0.10+ 0.02 n/a n/a
SPATIAL 0.17+ 0.03 n/a n/a
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Osummer C-VAE-SPATIAL+ (R=0) 0.13+ 0.05 n/a 0.36 + 0.04
C-VAE-SPATIAL+ (R=1) 0.04+0.02 0.11+0.05 0.36 +0.04
C-VAE-SPATIAL+ (R=2) 0.07+0.02 0.19+0.06 0.36+0.04
DAPSM 020+ 0.01 n/a n/a
GCNN 0.16 = 0.05 n/a n/a
S2SLS-LAG1 0.09+ 000 n/a n/a
SPATIAL+ 011+ 0.02 n/a n/a
SPATIAL 017+ 0.03 n/a n/a

SOs — PM2s(ra=1) NH4 C-VAE-SPATIAL+ (R=0) 022+ 0.04 n/a 0.40 = 0.05
C-VAE-SPATIAL+ (R=1) 0.07+0.03 0.64+0.10 0.38+0.04
C-VAE-SPATIAL+ (R=2) 0.07+0.03 0.16+0.06 0.39 +0.06
DAPSM 144+ 000 n/a n/a
GCNN 052+ 0.16 n/a n/a
S2SLS-LAG1 0.09+ 000 n/a n/a
SPATIAL+ 011+ 0.03 n/a n/a
SPATIAL 008+ 0.02 n/a n/a

oC C-VAE-SPATIAL+ (R=0) 0.07+ 0.03 n/a 0.41 + 0.02
C-VAE-SPATIAL+ (R=1) 0.08 £0.03 0.69+0.10 0.41+0.03
C-VAE-SPATIAL+ (R=2)  0.11 +0.04 0.90 £ 0.12 0.44 +0.02
DAPSM 145+ 0.00 n/a n/a
GCNN 0.77+ 022 n/a n/a
S2SLS-LAG1 0.00+ 0.00 n/a n/a
SPATIAL+ 011+ 0.03 n/a n/a
SPATIAL 008+ 0.02 n/a n/a

SO4 — PMys5(rg=2) NHy C-VAE-SPATIAL+ (R=0) 0.07% 0.04 n/a 0.48 + 0.06
C-VAE-SPATIAL+ (R=1) 0.08 £0.03 0.13+0.05 0.44 +0.03
C-VAE-SPATIAL+ (R=2) 0.12+0.04 0.09+0.04 043 +0.03
DAPSM 123+ 0.00 n/a n/a
GCNN 026+ 0.09 n/a n/a
S2SLS-LAG1 010+ 0.00 n/a n/a
SPATIAL+ 013+ 0.07 n/a n/a
SPATIAL 029+ 001 n/a n/a
oC C-VAE-SPATIAL+ (R=0) 0.10+ 0.07 n/a 0.43 + 0.04
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C-VAE-SPATIAL+ (R=1) 0.06 £0.03 0.18+0.09 0.43 +0.03

C-VAE-SPATIAL+ (R=2) 0.12+0.06 0.35 =08 0.43 +0.04

DAPSM 124+ 001 n/a n/a
GCNN 030+ 0.10 n/a n/a
S2SLS-LAG1 021+ 0.00 n/a n/a
SPATIAL+ 0.13+ 007 n/a n/a
SPATIAL 029+ 001 n/a n/a

Table G.4: Performance of the Spatial Deconfounder and baselines under spatial
confounding. Results averaged over 10 runs with 95% confidence intervals. ry:
neighborhood radius in data generation; R: neighborhood radius used by the
deconfounder. Lower values for ATE and SPILL indicate less bias. p indicates

the predictive-check p-value, with values near 0.5 indicating good model fit.

DIR SPILL p

Environment Confounder Method

PMas — m(rg =1) Ppop C-VAE-UNET (R=0) 0.11+0.04 n/a 0.34 + 0.04
C-VAE-UNET (R=1) 0.05+0.01 022+0.06 0.34+0.03

C-VAE-UNET (R=2) 0.04+0.02 012+0.06 0.36 +0.06

DAPSM 020+ 0.01 n/a n/a

GCNN 0.17+ 0.06 n/a n/a

S2SLS-LAG1 005+ 0.00 n/a n/a

SPATIAL+ 027+ 018 n/a n/a

SPATIAL 0.06 = 0.06 n/a n/a

UNET 006+ 0.01 0.17+ 0.04 n/a
Osummer C-VAE-UNET (R=0) 0.04+0.02 n/a 0.35 + 0.02

C-VAE-UNET (R=1) 0.06+0.02 0.13+0.07 0.33+0.02

C-VAE-UNET (R=2) 0.04+0.02 0.10+0.05 0.36 +0.05

DAPSM 028+ 0.04 n/a n/a
GCNN 023+ 0.03 n/a n/a
S2SLS-LAG1 0.16 = 0.00 n/a n/a
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SPATIAL+ 027+ 018 n/a n/a

SPATIAL 0.07+ 006 n/a n/a

UNET 0.04+ 001 010+ 0.05 n/a
PMas — m(rg = 2) Ppop C-VAE-UNET (R=0) 0.09+0.03 n/a 0.32 = 0.04
C-VAE-UNET (R=1) 0.15+0.01 0.09+0.03 0.31+0.04
C-VAE-UNET (R=2) 0.15+0.01 0.13 £ 0.05 0.29 £ 0.06

DAPSM 015+ 0.02 n/a n/a

GCNN 015+ 0.04 n/a n/a

S2SLS-LAG1 0.06 + 0.00 n/a n/a

SPATIAL+ 0.08+ 0.04 n/a n/a

SPATIAL 005+ 0.02 n/a n/a

UNET 0.15+ 0.01 0.15+ 003 n/a
Osummer C-VAE-UNET (R=0) 0.05+0.01 n/a 0.30 + 0.05
C-VAE-UNET (R=1) 0.14+0.01 0.07 £ 0.03 0.30 + 0.05
C-VAE-UNET (R=2) 0.15+0.01 0.06 £0.03 033 +0.04

DAPSM 021+ 001 n/a n/a

GCNN 023+ 003 n/a n/a

S2SLS-LAG1 0.10+ 0.00 n/a n/a

SPATIAL+ 0.07+ 0.03 n/a n/a

SPATIAL 005+ 0.02 n/a n/a

UNET 0.15+ 0.00 0.08+ 0.04 n/a
SOs — PMys (rg=1) NHa C-VAE-UNET (R=0) 0.18+0.03 n/a 0.44 + 0.03
C-VAE-UNET (R=1) 0.05+0.02 022+0.03 0.45=+0.03
C-VAE-UNET (R=2) 0.04+0.02 037+0.06 0.43=+0.03

DAPSM 156 + 0.00 n/a n/a

GCNN 055+ 0.09 n/a n/a

S2SLS-LAG1 022+ 000 n/a n/a

SPATIAL+ 006+ 0.05 n/a n/a

SPATIAL 0.04+ 001 n/a n/a

UNET 0.04+ 001 019+ 004 n/a
oC C-VAE-UNET (R=0) 0.04+0.02 n/a 0.46 = 0.02
C-VAE-UNET (R=1) 0.06+0.02 0.09+0.04 0.44+0.03
C-VAE-UNET (R=2) 0.06+0.02 0.18+0.06 0.45=+0.03
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DAPSM 157+ 0.00 n/a n/a

GCNN 042+ 015 n/a n/a
S2SLS-LAG1 0.13+ 0.00 n/a n/a
SPATIAL+ 006+ 0.05 n/a n/a
SPATIAL 004+ 001 n/a n/a
UNET 0.07+ 0.02 0.05+ 0.02 n/a

SO4 — PMys5(rg=2) NHy C-VAE-UNET (R=0) 0.04+0.02 n/a 0.43 +0.04

C-VAE-UNET (R=1) 0.13 +0.02 0.05+0.02 0.45+0.03

C-VAE-UNET (R=2) 0.15+0.01 0.07+0.03  0.45+0.03

DAPSM 147+ 0.00 n/a n/a
GCNN 0.66+ 021 n/a n/a
S2SLS-LAG1 0.16 + 0.00 n/a n/a
SPATIAL+ 0.06 £ 0.02 n/a n/a
SPATIAL 0.06 + 0.05 n/a n/a
UNET 015+ 0.01 0.11+ 0.04 n/a

oC C-VAE-UNET (R=0) 0.04+0.02 n/a 0.43 +0.02

C-VAE-UNET (R=1) 0.12+0.02 0.06 +0.03 0.43 +0.03

C-VAE-UNET (R=2) 0.13+0.03 0.07+0.02 0.44 +0.03

DAPSM 149+ 001 n/a n/a
GCNN 067+ 012 n/a n/a
S2SLS-LAG1 0.09+ 000 n/a n/a
SPATIAL+ 0.05+ 0.02 n/a n/a
SPATIAL 0.06 + 0.05 n/a n/a
UNET 0.15+ 0.01 0.08+ 0.04 n/a

G.5 Additional Robustness Tests

G.5.1 Treatment Sparsity

The results in Table G.5 examine our method under sparse treatment condi-
tions with 30% and 10% of grid cells receiving treatment. Despite similar per-

formance under moderate treatment sparsity (30%), C-VAE-SPATIAL+ consid-
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i W
(@) Summer humidity U(s)  (b) PC1 of latent space Z (c) PC2 of latent space Z

Figure G.1: Reconstructed latent confounder in the Spatial Deconfounder ex-
periment. The first principal component of the learned latent representation
captures treatment variation, while the second principal component recovers
large-scale structure of the true unobserved spatial confounder.

erably outperforms SPATIAL+ when sparsity is extreme (10%), underscoring
the value of our framework for direct effect estimation in highly sparse con-
ditions. In addition, the predictive p-value is lower as treatment sparsity in-

creases, showing worse model calibration in sparse settings.

Table G.5: Performance of the Spatial Deconfounder and baselines under sparse
local confounding. Results averaged over 10 runs with 95% confidence intervals.
rq: neighborhood radius in data generation; R: neighborhood radius used by the
deconfounder. Lower values for ATE and SPILL indicate less bias. p indicates the
predictive p-value, with values near 0.5 indicating good model fit. Percentage

in environment denotes the fraction of observations receiving treatment.

DIR SPILL p

Setup Confounder  Method

SOs — PMys (rg =1) (10%) NH4 C-VAE-SPATIAL+ (R=0) 0.07+0.04 n/a 0.28 + 0.02
C-VAE-SPATIAL+ (R=1) 0.19+0.08 0.80+0.23 0.28 +0.01

C-VAE-SPATIAL+ (R=2) 0.14+0.08 1.20+0.12 0.29+0.01

DAPSM 0.02+0.00 n/a n/a
GCNN 042 +0.07 n/a n/a
S2SLS-LAG1 0.04 +0.00 n/a n/a
SPATIAL+ 0.68+021 n/a n/a
SPATIAL 017+0.11 n/a n/a
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ocC C-VAE-SPATIAL+ (R=0) 0.05+0.03 n/a 0.27 +0.01
C-VAE-SPATIAL+ (R=1) 0.14+0.05 0.71+0.17 0.29 +0.02

C-VAE-SPATIAL+ (R=2) 0.08+0.03 1.09+0.18 0.30 +0.02

DAPSM 0.05+0.02 n/a n/a
GCNN 0.69+020 n/a n/a
S2SLS-LAG1 026 +0.00 n/a n/a
SPATIAL+ 055+0.19 n/a n/a
SPATIAL 017 +0.11 n/a n/a

SOs — PMys (rg =1) (30%) NH4 C-VAE-SPATIAL+ (R=0) 0.14+0.03 n/a 0.33 +£0.02

C-VAE-SPATIAL+ (R=1) 0.18+0.06 042+0.11 0.35+0.03

C-VAE-SPATIAL+ (R=2) 0.12+0.07 0.25+0.11 0.34+0.02

DAPSM 1.00+0.00 n/a n/a
GCNN 034+0.12 n/a n/a
S2SLS-LAG1 0.03+0.00 n/a n/a
SPATIAL+ 0.12+0.05 n/a n/a
SPATIAL 016 £0.03 n/a n/a

oC C-VAE-SPATIAL+ (R=0) 0.13+0.03 n/a 0.31 +0.03

C-VAE-SPATIAL+ (R=1) 0.15+0.06 0.35+0.09 0.35+0.02

C-VAE-SPATIAL+ (R=2) 0.11+0.05 0.27+0.10 0.36 +0.03

DAPSM 1.00+0.00 n/a n/a
GCNN 035+0.14 n/a n/a
S2SLS-LAG1 0.07+0.00 n/a n/a
SPATIAL+ 0.12+0.05 n/a n/a
SPATIAL 0.15+0.03 n/a n/a

G.5.2 Performance Under Single-Cause Confounders

We evaluate our method under violation of Assumption 8.5 by introducing
a localized single-cause unobserved confounder named SC. We select C =
{C1,...,Cn} as cluster centers, drawn uniformly from the set of spatial sites, where

n = [s|S|1 and s denotes the sparsity. Each cluster center is assigned a peak in-
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tensity a; ~ U(0.5,1.0). for any site s, the resulting single-cause confounder is

d(s, c))

SCs = rpeacX(;yc exp (— >

where d(s, ¢) is the shortest distance path between s and c. We then inject SC
into both the treatment and outcome by adding 0.8 xstd(X)xSC to each variable
where X denotes the respective treatment or outcome variable. The treatments

are binarized by applying a threshold.

Table G.6 presents the performance of our methods when Assumption 8.5 is
violated. When the unobserved confounder exhibits greater localization (10%),
C-VAE-SPATIAL+ shows larger bias in the direct effect estimate compared to
SPATIAL+. However, with a moderately sparse unobserved confounder, C-

VAE-SPATIAL+ achives comparable performance to SPATIAL+.

Table G.6: Performance of the Spatial Deconfounder and baselines under local
confounding with single-cause unobserved confounder SC. Results averaged
over 10 runs with 95% confidence intervals. ry: neighborhood radius in data
generation; R: neighborhood radius used by the deconfounder. Lower values
for ATE and SPILL indicate less bias. p indicates the predictive p-value, with
values near 0.5 indicating good model fit. Percentage in environment denotes

the fraction of observations receiving treatment.

DIR SPILL p

Setup Confounder  Method

PMys — m(rg =1) (10%) SC C-VAE-SPATIAL+ (R=0) 0.11+0.08 n/a 0.40 + 0.02
C-VAE-SPATIAL+ (R=1) 0.11+0.06 0.44+0.14 0.40=+0.02

C-VAE-SPATIAL+ (R=2) 0.08+0.02 0.62+0.07 0.40+0.03

DAPSM 0.52+0.01 n/a n/a
GCNN 0.13+0.03 n/a n/a
S2SLS-LAG1 0.20+0.00 n/a n/a
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SPATIAL+ 0.04+0.01 n/a n/a
SPATIAL 0.06 +0.07 n/a n/a

PMzs — m(rg =1) (30%) SC C-VAE-SPATIAL+ (R=0) 0.07+0.02 n/a 0.38 = 0.02
C-VAE-SPATIAL+ (R=1) 0.08 £0.02 0.26 £0.07 0.39 +0.03
C-VAE-SPATIAL+ (R=2) 0.10+0.04 1.14+137 042+0.05
DAPSM 058 +0.00 n/a n/a
GCNN 0.16+0.05 n/a n/a
S2SLS-LAG1 023+0.00 n/a n/a
SPATIAL+ 0.09+0.01 n/a n/a
SPATIAL 0.08+0.02 n/a n/a

375



APPENDIX H
APPENDIX FOR CHAPTER 9

H.1 Notation

Table H.1: Notation used in Chapter 9.

Notation Meaning

G Network with N nodes

N,E Node set and edge set of G

Ni, N_j Neighborhood of unit i and its complement in the network

n; Degree of node i, i.e., number of neighbors of i

Ti, Ta Binary treatment of unit i and treatment vector of its neighbors

X Covariates, taking values in X

Y Outcome, taking values in Y

g Analyst-specified exposure mapping, g : [0,1]" - Z

g* True exposure mapping

z Neighborhood exposure summary, Z = g(T )

Y(t,2) Potential outcome under individual treatment t and neighborhood
exposure Z

U(t,2) Average potential outcome (APO)

u(t,z,x) Conditional average potential outcome (CAPO)

Q*(t, z,x) Upper and lower conditional quantiles induced by the sensitivity
bounds b*(z, x)

b*(z, x) Upper and lower bounds on the exposure-propensity shift due to
misspecification

vi(t,z,X) Upper tail conditional moment, E[(Y — Q*). | t,z,X]

¥ (t,2,x) Lower tail conditional moment, E[(Q* - Y); | t,z,X]

mt(x) Unit-level propensity score

n9(z | x) Exposure propensity induced by the mapping g

n Collection of nuisance functions

¢¢,(S:m), ¢,(S;n) Upper and lower orthogonal pseudo-outcomes

w=(t,z,x) Estimated upper and lower CAPO bounds

UE(t,2) Estimated upper and lower APO bounds
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H.2 Extended theory

H.2.1 Summary of Bounds

Potential | (t,2,X) = Q"(t,2,) + g5 (1.2, X) — ez (6.2, X)
outcomes | u(t,2,X) = Q7(1,Z,X) + gz 7u (1. 2. X) — 5o (1.2, X)
P~ FEtzX) 7 tzX)
¢t+,z(s ’777 - Q+(t,2, X)—+ 7b*(z,X) h tl)*(z,X) -
Pseudo- 4 A=y by (-0 (tZX): 7 (tZX) (@ (tZX)-).=7; (tZ.X)
outcomes T (X)7(ZIX) b=(Z,X) b*(Z.X)
. _ /o, ~ Xy Y (tzX)
(discrete) | ¢i,(S;7) = Q (. z, X)_+ 7b+((zfx)) -9 _
Inoglz | (F-Q ZX):Fu(tZX) _ (Q ©ZX)-Y) 7 (ZX)
T(X)(ZIX) b*(Z.X) b-(Z.X)
. =~ FitzX)  vrtzX)
¢€Z(S ’/ﬁ) = Q+(t’ Z, X) »+ )IJ‘((ZX)) N ytl)"(z,X) }
Pseudo- L L9 Kn@2) (-Q (tZX). T (tZX) QT (tZX)-V) =7 (tZ.X)
outcomes T(X)7(ZIX) b=(Z.X) b*(Z.X)
t' — S . — ~— t X ) /')7J(t,Z,X) ?I_(t’z’x)
(Con lnuous) ¢t,z( 17]) - Q ( > L, )»+ b*(z,X) - b-(z.X) )
+1[T=t] Kn(Z-2) | (Y-Q~(t.Z.X)),—7; (tZX)  (Q (tZ.X)-Y), =7 (t.Z.X)
T(X) 79 (ZIX) b+(Z,X) - b=(Z,X)

Table H.2: Summary of the partial-identification bounds developed in Chapter 9
for causal inference under misspecified exposure mappings.

H.2.2 Continuous Neighborhood Exposure

This section gives the continuous-Z analogues of Theorem 9.14 and Corol-
lary 9.17, as well as the corresponding sharpness and validity guarantees for the

estimated bounds (complementary to the the discrete-Z results in the main text).

When Z is continuous, point evaluation at Z = z is non-regular. Follow-
ing the standard approach in orthogonal learning for continuous exposures,
we therefore target a kernel-localized (bandwidth-indexed) version of the bound
functional. Under smoothness in z, these localized targets converge to the orig-

inal (pointwise) bounds as h | 0, at the usual bias—variance tradeoff governed

by (n, h).
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Assumption H.1 (Kernel localization). Let Z be continuous and let Ky(u) =
%K(u/h), where K is bounded, integrates to 1, and fK(u)2 du<oo. Leth=h, |0

with nh, — oo.

Kernel-localized targets Fix (t,z) and let h > 0. For continuous Z, define the

localized selection weight

Iir—g Knh(Z - 2)

Kt,z,h(s) = JTt(X) 7T9(Z | X),

(H.1)
as in the continuous-Z modification of the proof of Theorem 9.11. Define the
kernel-localized pseudo-outcome ¢, (S;7) as Eq. (9.35) with w,n(Z) = Kn(Z - 2).

When 7 = 1, define the associated bandwidth-indexed functionals by

pr(tzX) = E[gr,nSim I X =x].  wi(t.2) =E[¢7,0(S:m)]- (H2)

Under standard smoothness in z, y; (t,z,X) — u*(t,z,X) and ¢ (t,z) — ¢*(t,2) as

h | 0 (see Remark 9.12).

Relative to the discrete-Z case, kernel localization inflates the second-order re-
mainder by a factor h™*/2 (reflecting [ K2 = O(1/h)). This propagates to the final-
stage CAPO rate and yields the usual Vnh scaling for the (smoothed) APO.

Theorem H.2 (Second-order nuisance error (continuous Z)). Assume Z is contin-
uous and Assumptions 9.13 and H.1 hold. Let 7 = (7', 79, 6+,’)7u ,Y\) be the cross-fitted

nuisances used in ¢, (S;7) (Eq. (9.35) with w,n(Z) = Kn(Z - 2)).

Define nuisance error rates (in L, norms over the appropriate arquments) by

M = [ = 7'l + 7 = 79, Mo := IQ* - Q*ll2, (H.3)
foy = 75 = vu(QF5 )l + 177 = n(Q*: I, (H.4)
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where the norms are taken over the random variables that the corresponding nuisance is

evaluated on (e.g., (Z, X) for n9(Z | X), Q*(t, Z, X), and y*(t, Z, X)).
Then, the conditional bias induced by nuisance estimation satisfies

‘Ep&g&m—¢&M$W|XMJA%( vh

Corollary H.3 (Quasi-oracle rates and inference (continuous Z)). Assume the con-
ditions of Theorem H.2 and that the second-stage regression learner Eq[- | X = X] satis-

fies Assumption 9.15 with rate 6, when regressing ¢;,,(S;mn) on X.
Then:

CAPO rates: The CAPO upper-bound estimator satisfies

Mg Foy + 12 o
|W(t,2, ) _:u;(t, Z, )”2 = Op On + T (H6)
APQ rates: The APO upper-bound estimator v (t,2) = By, [?ﬁ;tfz’h] satisfies
— 1 Taxfoy + g
ln (t,2) — yp(t.2) = O ( + : ] (H.7)
h h p \/m \/ﬁ
Vnh-CLT (central limit theorem) for the (smoothed) APO. If ry,tn, + rﬁ,Q =
0p(N~%72), then
Vih (45 (t.2) - (1. 2)) ~ N(O, Vi (t.2)). (H.8)

where one valid asymptotic variance target is V' (t,z) = Var vh Gn(Sim).

Finally, if the smoothing bias satisfies |y} (t,z) — y*(t, 2)| = o((nh)~*/2) (e.g., via under-

smoothing under z-smoothness), then the CLT holds with y*(t, z) in place of y; (t, 2).

Sharpness and validity of the estimated bounds The previous results con-
trol the second-order remainder and deliver quasi-oracle rates for the localized

targets (u},y;). We now record the two complementary guarantees from the
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main text in their continuous-Z versions: (i) consistency for the sharp identified
bounds, and (ii) validity of the resulting intervals under potentially misspecified
cutoffs. As before, the statements hold for both endpoints (+/-); we write them
for the upper endpoint for brevity, with the lower endpoint following analo-

gously by sign-swapping in the pseudo-outcome.

Proposition H.4 (Consistency for sharp bounds (continuous Z)). Assume the con-
ditions of Corollary H.3 and consider the corresponding lower-bound estimator i (t,z, -)
constructed from the lower-bound pseudo-outcome (defined analogously to Eq. (9.35)).

Suppose 6, = 0,(1) and

M Tny + g
< —0,(1). H.9
Then,

Consequently, the estimated CAPO and APO intervals converge to the sharp kernel-

localized identified intervals for the bandwidth-indexed targets.

Moreover, if the smoothing bias vanishes at the appropriate rate (e.g., Wy (t,2) —
Y*(t,2)] = o((nh)~*?2)), then the estimated intervals are asymptotically sharp for the

original pointwise bounds as h | 0.

Corollary H.5 (Asymptotic validity under misspecified cutoffs (continuous Z)).
Fix measurable cutoffs Q (t.z,X) (not necessarily equal to the sharp cut-offs) and let
ar(t,z,X; Gi) and Ji (t,z; éi) denote the resulting (possibly non-sharp) kernel-localized
bound functionals induced by these cutoffs (i.e., the targets obtained by replacing Q*
in the pseudo-outcomes and taking the conditional/unconditional expectations as in

Eq. (H.2)). Then, the induced intervals
[ t2xQ) mtzx Q)] and [5tzQ). ¥h(tzQ)] (H.11)
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are (not necessarily sharp) valid CAPO and APO intervals for the kernel-localized tar-

gets. Moreover, if Q* — Q" in L, and either

(i) (7, 7%) is consistent, or
(ii) the corresponding tail-moment regressions (yy,7y;) are consistent for the targets

induced by Q,

then the estimated endpoints converge to the induced (conservative) targets and the re-
sulting (C)APQO intervals remain asymptotically valid, though potentially conservative.
If Q equals the sharp cut-offs, then the induced bounds coincide with the sharp bounds,

and the intervals are asymptotically sharp as well.

Conclusion For continuous neighborhood exposure, our estimation and the-
ory proceed exactly as in the discrete-Z case, except that (i) the indicator 1z, in
the selection weight is replaced by kernel localization Kn(Z-z) and (ii) the condi-
tional pmf 79(z | X) is replaced by the conditional density 79(Z | X). This replace-
ment yields an effective sample size nh around z, which inflates the second-order
remainder by a factor h™*/2 and leads to Vnh scaling for APO inference. Under
smoothness in z, the bandwidth-indexed targets (i}, ¥;;) converge to the point-
wise bounds (u*,y*) as h | 0, yielding the usual bias-variance tradeoff in (n, h).
The proofs in Appendix G.2 show that all continuous-Z results follow from the

discrete-Z proofs by replacing 17—, by Kn(Z — z) and tracking f KZ = O(1/h).

H.3 Main Text Proofs

H.3.1 Auxiliary theory

Our bounds employ a sensitivity method proposed in Frauen et al. [2023]. How-
ever, the original contribution proposes bounds in the presence of unobserved

confounding, whereas we are targeting a different setting. Below, we present
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Theorem 1 in Frauen et al. [2023] adapted to our setting.
Theorem H.6. Let b™(z,X) < b*(z, x) with b~(z,x) € (0,1] and b*(z,x) € [1, ), such
that for all z,x

PO (ty) = 21%)
POtV =21x)

b™(z,x) < < b*(z,x) (H.12)

and define a*(z,X) := % Furthermore, let Fy(y) := Fy(y | t,z,X) denote the

conditional cumulative distribution function (CDF) of Y. For Y € R continuous, we
define

. 5 PO 1 6.2,%), if F(Y) < o*(z,%),
pr(yltz,x) = (H.13)

= Py 1 £.2,%), if F(y) > a*(z,%),

and for Y € R discrete, we define the probability mass function

b+(ZX)P(y | t,2,%), if F(y) <a*(z,x),

Py |t z,X if F(y—-1) > a*(z,X),
P*(y | t,2,X) = b(“’ itzx. ¥-1)>azx) (H.14)

o e - Fr-2)

(F) - a"(z.x)),

otherwise.

b (z X)
The lower bound p~(y | t,z,X) is defined through exchanging the signs in o and b. Let
F*(y) denote the conditional CDF with regard to p*(y | t,z,X). Then, for ally € Y

F(y) < inf Fs(y), F(y) > inf Fs(y), (H.15)
PeM PeM
i.e., the bounds are valid, and
F™(y) = inf Fs(y), F~(y) = inf Fs(y), (H.16)
PeM PeM

i.e., the bounds are sharp, if Z is continuous or if Z is discrete and ——— > n9(z | X).

b+(Z X) =
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H.3.2 Proof of Theorem 9.9

Theorem 9.9. [Sharp Bounds] Let Q*(t,z, X) be defined as in Eq. (9.21), and let (u), =

max{u, 0}. Then the sharp CAPO upper and lower bounds are

1
—E[(Y - Q*(t.2.X)). [t.2.X]
b*(z, %) (9.22)

E [(Qi(t’ Z, X) - Y)+ | ta Z, X] :

w(t,z,x) = Q*(t,z,x) +

 b*(z,%)
Proof. Throughout the proof we focus on the upper bound for continuous out-

comes. The other cases follow analogously. Recall the definition of

(1 - b*(z,x))b*(z, x)
b*(z, X) — b¥(z, X) }

Q*(t,z,x) :=inf {y| Fy(y|tz,x) > (H.17)

when b™(z,xX) < 1 < b*(z,x), and Q*(t,z,x) = Q(t,z,x) := infly | Fy(y | t,z,X) > %}
otherwise.

By applying Theorem H.6, the sharp upper and lower bounds on the condi-

tional potential outcome pu(t, z, X) are given by

1 Q*(z.x) d 1 © q
“(t2.x) = f L H.18
w(t2,x) b=(z,X) J_o you b*(z,X) Qi(Z,X)y g (19

1 1

_ . *LCTEX(L, 2, X

ey @ TR+ s
(1-b™(z,x))b*(z,x)

where we define o* = X b Here, the CVaR* denotes the conditional

-(1-a*)CVaR:(t,z,x)  (H.19)

value at risk at level * with corresponding quantiles Q(t, z, X)/Q(t, z, X) defined

as

CVaR(t,z,x) = r(r]1E|Rn{ q+7 _1a+ E[(Y —q): | 1,2, x]} (H.20)
+ b —b* +

=Q"(t,z,x) + mE[(Y -Q"(t,z,x)),: |t,2,x], (H.21)

CVaR, (t,z,X) := TEQ{ q+ T E[(Y - Q): | 1,2, x]} (H.22)
_ b* — b~ _

=Q (t,z,x) + mE[(Y -Q (t,z,x), | t,z,X] (H.23)
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where (u), = max{u,0}, and LCTE" the lower conditional tail expectation at level a*

with corresponding quantiles Q*(t, z, X))/Q(t, z, X)) defined as

LCTE](t, z,x) ::sup{q - %E[(q -Y)lt, z,x]}

geR

b*(z,Xx) — b~ (z,x)

=Q*(t,z,x)) - A-bZXp'@ X)E[(Q+(t, 2,X)) = Y). 1 t,2,x],
(H.24)
LCTE,(t,z,x) ::sup{q - %E[(q -Y), |tz x]}
geR
O (tzx) - BN @X) b2 0) oY) [z,

(1 - b*(z,x))b=(z,x)
(H.25)

With these reformulations of CVaR and LCTE then follows the desired result

pE(t,z,x) = Q*(t,z,x) + bz X)]E[(Y - Q*(t,z,X))+ | t,2,X] (H.26)
1 +

- bi(z’X)E[(Q (t.z,x) = Y), | t,z,x]. (H.27)

O

H.3.3 Proof of Theorem 9.11

Theorem 9.11. Let S = (X, Y, T, Z) and fix (t,z). Define

liz=2, if Z is discrete,
Kn(Z —2), if Z is continuous,

and let n9(Z | X) denote the conditional pmf when Z is discrete and the conditional

density when Z is continuous. Let

7= @7 Q"7 ) (9.34)

be estimates of the nuisance functions. Then an orthogonal pseudo-outcome for the
CAPO upper bound p*(t,z,X) is

Vit X)  ¥(tz,X)

S = Q206G T X

(9.35)
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Lr—qwon(@) [(Y = Q*(,Z, X)), -7 (. Z,X)

TX)7I(Z | X) b-(Z, X)
Q@ tZX) - V). -F(tZ.X)
b+(Z, X)

Moreover, when 1 = n, the pseudo-outcome is unbiased for its target bound functional.

Proof. We begin with the case where Z is discrete (including binary), so w,n(Z) =

1jz-. We discuss the continuous-Z modification at the end.

Fix (t,z) and abbreviate
p(t,z | X) := #'(X) 7%(z | X), a = a*(z, X), Q = Q*(t,z, X). (H.28)
Define the (unnormalized) conditional tail moments

Yo i=yi(t,2,X) :=E[(Y-Q), | T =t,Z =2,X], (H.29)

Y= yr(t’ z, X) = E[(Q - Y)+ | T=tZ=z, X] . (H30)
The sharp upper bound can be written as

+ _ Yu _ Y
W(E2X) = Q+ T (H.31)

which matches the first line of Eq. (9.35) when7 = 7.

Step 1: Reparameterization of ;" as a convex combination of CVaR/LCTE
functionals Define the upper-tail and lower-tail pseudo-outcomes at level a

(see, e.g., Dorn et al. [2025a], Oprescu et al. [2023])

1
1-«a

Hu(y,q) :==q + () Hi(y,q) :=q - é(q —Y)+- (H.32)

Their conditional expectations at the true quantile Q are the conditional upper

CVaR and lower conditional tail expectation (LCTE), respectively:

1
Yu (H.33)

Ou(X) :=E[Hy(Y,Q) | T=1tZ2=2,X]=Q+
l-a
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6(X) = E[H(Y, Q) |T=t,Z=2X]=Q - é)q. (H.34)

Now set the weights
l1-«a a
Wy (X) := b @X)’ w(X) = X (H.35)
By the definition of a*(z, X), one has
l-«a a
Wy(X) + w(X) = - X) + b LX) - 1 (H.36)
Therefore,
Wy W,
Wy (X)8u(X) + wi(X)a(X) = (wy +wp)Q + 1_ a/Yu - E?’I (H.37)
1 1
=Q+ - n— g (H.38)
= u*(t, z, X), (H.39)

so u* is a (convex) linear combination of the two tail functionals.

Step 2: The recentered efficient influence function for y* Our orthogo-
nal pseudo-outcome is the recentered efficient influence function (REIF) of
ut(t,z, X). Since wy(X), w;(X) are known functions of (b*, @) (hence fixed with

respect to the data-generating distribution), linearity of REIFs implies

¢,(S;m) == REIF(u* (t,2, X)) = wy(X) ¢u(S; 17) +wWi(X) $i(S; m), (H.40)
where ¢,(S; 1) := REIF(6,(X)) and ¢,(S; ) := REIF(6,(X)).

Define the selection weight

=gl

4x3) = oy m | X)°

(H.41)

By the known REIFs for conditional CVaR/LCTE functionals (e.g., Dorn et al.
[2025a], Oprescu et al. [2023]),

Pu(S;m) = 0u(X) +422(S)(Hu(Y, Q)= 0u(X)),  i(S;m) = Ai(X) +xe2(S)(HI(Y, Q)= (X)).
(H.42)
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Moreover, these REIFs are orthogonal with respect to Q: the cutoff Q is charac-
terized as the optimizer of the corresponding tail objective (equivalently, the
Rockafellar-Uryasev CVaR variational form), so the envelope/first-order con-
dition yields 9.E[H,(Y,q) | t,Z, X]lq=o = 0 and J94E[H(Y,q) | t,Z, X]lq=q = O (see
Dorn et al. [2025a], Oprescu et al. [2023]).

Finally, substituting (H.42) into (H.40), using 6,(X) = Q+y,/(1-) and 6,(X) =

Q — v/a, and simplifying with w, /(1 — @) = 1/b™ and wj/a = 1/b* yields exactly
Eq. (9.35).

Step 3: Unbiasedness and orthogonality

Orthogonality (Neyman-orthogonality) follows because ¢;, is a linear com-
bination of orthogonal REIFs for 6, and 6, (linearity preserves orthogonal-
ity), and because 6,6, themselves are orthogonal both to the selection nui-
sance (7', 79 and to the regression nuisances via the standard conditional-mean
EIF from Eq. ((H.42)). Orthogonality with respect to Q is guaranteed by the

envelope/first-order condition (FOC) argument above.

Unbiasedness follows by iterated expectations: conditional on X,

Ir—gliz=g [(Y-Q+-% (Q-Y)+ -

pt.z|X) { - b } | x} (H43)
:E[(Y_%)j_y“—(Q_B*_y' ’T:t,Z:z,X} (H.44)
=0, (H.45)

so E[¢y,(S; 1) | X] = u*(t, z, X). This completes the proof for discrete Z.

Continuous Z When Z is continuous, evaluation at Z = z is not pathwise dif-
ferentiable. We instead use kernel localization: replace 1j;-; in ki, by w;n(Z) =

Kh(Z — z) and replace the pmf 79(z | X) by the conditional density 79(Z | X) to
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define the localized weight

=g Kh(Z - 2)

Kkezh(S) = (X)) x9(Z | X)

(H.46)

Then Eq. (H.42) and the linearity relation from Eq. (H.40) hold verbatim with «;,
replaced by &, yielding the localized pseudo-outcome in Eq. (9.35). The same
iterated-expectations argument gives E[¢/,,(S;n) | X] = w;(t,z, X), and under

standard smoothness in z, y; (t,z, X) — p*(t,z,X) ash | 0. O

H.3.4 Proof of Theorem 9.14

Theorem 9.14. Assume Z is discrete and Assumption 9.13 holds. Let =
@7, Q7 YY) be the cross-fitted nuisances used in ¢,(S;7) from Theorem 9.11.
Define o = [ = 2'll + 7 = 2L, Fnq = Q" = Q*llz, and 1oy = 7y = yu(Q*; )2 +
7 = 9(Q*: o, where

(@5 X) = E[(Y - Q" (X)): I T =t,Z =2, X], (9.40)
Q5 X) =E[(Q'(X) - Y). I T=t,Z =2X]. (9.41)

Then
[ [6tx(s 7 - dru(s:m) 1 X]|, = Op(raatiny + ). (9.42)

Proof. We prove the statement for discrete Z. Throughout, fix (t, z) and suppress
(t,z) in the notation whenever clear. Because we use K-fold cross—ﬁtting, for
any observation in a held-out fold the nuisance estimates 77 = 79, Q Q" v, 7)
are functions of the training folds only; hence, when taking expectations over
the held-out fold, we may treat 7 as fixed (formally, condition on the training

sample).

Let A := 1[r—qljz=y and write the true and estimated joint propensities as

2(X) = 200 [ X),  F(X) = BX)F(z | X). (H.47)
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Also denote the (population) conditional means at an arbitrary cutoff (3:
7@ X) = E[(Y - QX)) I T =t.Z =2.X], (H.48)
n@Q:X) =E[QX) - Y), IT=t,Z=2X] (H.49)
with y,(Q7; X) = yu(X) and y(Q*; X) = % (X).

Step 1: Conditional expectation of the estimated pseudo-outcome For dis-

crete Z, the pseudo-outcome simplifies (since A forces Z = z inside the square

bracket) to
#5:7) = 000 + LX) 7 50
’ b-(z,X) b*(z, X) .
AT = Q00 =T Q)= Y), =:i(X)
/TF(X) [ b_(Z, X) B b+(Z, X) l (H51)

Taking conditional expectations given X and using E[A | X] = n(X) yields

X)) 7nX)

Elo(S 1) 1X] = Q)+ e ~ 50 (H52)
1) [7(Q% X) ~7(X) _ 1@ X) ~7(X)
E(X)[ b-(z, X) bz X) ] (H.53)
_ma L w@5X) 7@ X)
= Q(X) + -2 X) b @) (H.54)
= g+ (X)
(X) 7@ X) =7%(X) 7@ X) -%(X)
e e e
Moreover, by Theorem 9.11 (applied with true nuisances), we yield
: ) nu(X)  nlX)
E[9(Sn) | X] = 1 (X) 1= Q09 + 1o ~ sy (H.56)
Thus, we arrive at
E[¢(S;m) — ¢(S;m) | X] = pug(X) — 17 (X) (H.57)
(@ ) 1) [yu@; X)=7uX¥)  n(@X) ~%i(X)
7(X) b-(z, X) b*(z, X)
(H.58)
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and

IE[6(S:7) — (S i) | X]||, < [|ug(X) — * (X)]], (H.59)
cutoff-induced error
OO @ X) - 7u(X) ;@5 X) - 7i(X)
7(X) 5 b-(z, X) b*(z, X) )

propensity x regression product term

(H.60)

where the last inequality is due to the triangle inequality and Cauchy-Schwarz

inequality.

Step 2: Bounding the product term by O,(r,.I,) By Assumption 9.13,7(X) >

g a.s., hence

n(X) n(X) = 7(X) 1
—_ - = ||—=——"|| <& |7 —nls. H.61
Zeaiue Ml oom | 2 (H.6D
Since m = n'n% and 7 = 719,
T—rn= (- + a7 - n9), (H.62)

so by the triangle inequality and 0 < ', 7% < 1 (discrete Z),

7 = 7l < Il = 7'lla + 7 = 7% J2. (H.63)

Therefore
4 -1 t
|2~ 1] <& -t + 17 - 2012) (H.64)
7 2

and it remains to bound the second factor. Since b™(z, X) is bounded away from

0, we have

7’u(6+; X) = yu(X) _ ')’I(6+; X) = y(X)
b-(z, X) b*(z, X)

< & (17 = Q% )l + 17 = M(Q"5 k).

2
(HL.65)
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by the triangle inequality. Combining with the previous inequality yields

A+'X —v.(X A+-X — (X
”g_l (@ )_ 7u(X) _ Q" X) =%(X) = Op(Fnalny): (H.66)
=Op(ryx) =0p(ry)

where the second Oy(r,,) is by definition of r,, (as the L, rate for estimating the

conditional tail means at the cutoff used in the pseudo-outcome).

Step 3: Bounding the cutoff-induced term by Op(r,ZLQ) We now need to control

the term pg. (X) — " (X). Fix (t,2) and X, and define the scalar function

. 1 _ P
Li(@) =0+ %) E[(Y-q). IT=tZ=2X=X] (H.67)
1
- %) E[(q-Y), I T=t2=2,X=X]. (H.68)
By construction,
/1(3+ (X) = £X(6+(t’ Z, X))’ /.l+(X) = £X(Q+(t’ Z, X))’ (H69)

where Q*(t, z, X) is the optimal cutoff from Theorem 9.9.

Assume (as is standard for quantile/CVaR-style expansions) the conditional
CDF Fyy,x is differentiable in a neighborhood of Q*(t,z,X) with density fy,x
bounded by f < oo. Then, Ly is differentiable and

_ 1 - FY|t,Z,X(q) _ I:Ylt,Z,X(Q)
b-(z, x) b*(z,x)

L) =1 (H.70)

Moreover, £ is Lipschitz with

Lo 1 1 1
20 (555 - ) 0] < 5 * g <& D

for a finite constant L (uniform in X by Assumption 9.13).

By optimality of Q*(t, z, X) for Ly, we have L (Q*(t,z,X)) = 0. Therefore, by

the fundamental theorem of calculus,

Q" (t.2.X)
fQ (L) — £,(Q*(t.2.x))) du

*(t,2,X)

| £4(Q7 (1, 2.X)) - L(Q*(t.2,X))| =
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Q* (t.zX)
< f Llu-Q*(t,z,x)|du
Q*(t.zx)

L —
<5 1Q"(tzX) - Q" (L z )P

Taking L,(Px) norms yields
lug: = 1712 = Op(IQ" = Q7I3) = Op(r2 ). (H.72)

Conclusion. Combining Step 2 and Step 3 above in the decomposition from

Eq. (H.58) yields
HE[¢IZ(S ) = ¢,(Sim) | X]H2 = Op(Fnx Ty + ag) - (H.73)
which is exactly Eq. (9.42). o

H.3.5 Proof of Corollary 9.17

Corollary 9.17. Suppose Assumptions 9.13 and 9.15 hold, and let t, , I, Fnq be as in
Theorem 9.14. For the CAPO upper-bound estimator,

(.2, = 1 (6.2, )ll2 = Op(Sn + Fnalny + M) (9.44)

In particular, if Vo x¥n, + 15 o = 0p(6n), then [0 (8,2, -) — p* (.2, ll2 = Op(6n).
For the APO upper-bound estimator vt (t,2) = By, [;5{2],

v (t,2) - v (t,2)| = Op(n‘l/ 2 4 Foalny + rﬁvQ). (9.45)
If moreover fonfny + 12 o = 0p(N"?), then
V(07 (t.2) - w(t.2) > N(O,V*(t.2)), (9.46)

where V*(t,z) := Var(¢,(S; n)).

Proof. We prove the CAPO and APO statements for the upper bound; the lower-
bound case follows by the same argument with the sign-swapped pseudo-

outcome.
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CAPO bound rate. Let m{,(x) := E[E{Z | X = X] denote the conditional mean of

the (cross-fitted) pseudo-outcome. By Assumption 9.15,
I (t.2.) = m{, ()l = Op(60). (H.74)
By the triangle inequality,

|r/’?+(t’ Z, ) - lu+(t’ Z, )”2 < |r/?(t, Z, ) - m:z()”Z + ”m:z() —/.l+(t, Z, )”2 (H75)

The second term is precisely the conditional bias induced by nuisance estima-

tion. Applying Theorem 9.14 yields
IMeo() = (62,2 = Op(Fnx Fny + ). (H.76)
Combining the two bounds gives the stated CAPO rate.

APO rate and asymptotic normality. Recall vt(t,2) = E, [?5{2]. Decompose

Ur(L2) -yt (t.2) = (Bn - B)[g5o(S: )] + Bl (S: ) — 65,(Sim)| + R, (HL77)

where R, = (En — E)[¢,(S;7) — ¢{,(S;n)] is an empirical-process term. Under
Assumption 9.13(iii), ¢{,(S; -) is uniformly bounded, and with cross-fitting R, =
0p(n"Y/2) by standard arguments (conditioning on training folds and applying

Hoeffding/Bernstein inequalities).

The first term is Op(n""/2) by the CLT. The second term is bounded by Theo-

rem 9.14 (after integrating over X), yielding

[E[652(8 7 — 81:(: )| = Oplrnr Fuy + 2. (H.78)

This proves Eq. (9.46). If additionally ryfy, + 5 = 0p(n"/?), then the nuisance-

induced bias term and R, are 0,(n"*/?), hence
VAW (t,2) — ¥ (t,2) = VN(En - B)[67,(S;m)] + 0p(1) ~» N(O,V*(t,2), (H.79)

with V*(t,z) = Var(¢{,(S ;1)) m]
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H.3.6 Proof of Proposition 9.18

Proposition 9.18. Assume the conditions of Corollary 9.17 hold. Suppose 6, = 0,(1)

and rnq = 0p(1), and in addition either r,, = 0p(1) or 1y, = 0p(1). Then

Hﬁ\_t(t’ Z, ) - ﬂi(t’ Z, )”2 = Op(l) (947)
and
Wt (t,2) — Y (t )] = 0p(L). (9.48)

Consequently, the estimated CAPO and APQO intervals converge to the sharp identified

intervals.

Proof. We show the claim for the CAPO upper bound; the other bounds (CAPO

lower, APO upper/lower) follow similarly.

By Corollary 9.17,

(6. 2,) = 1" (4.2, )llz = Op(Gn + Fnafiny + o). (H.80)

Under the proposition assumptions, 6, = 0,(1) and r,o = 0y(1). Moreover, if
either ry, = 0p(1) or r,, = 0p(1), then r, ., = 0,(1). Therefore, the right-hand
side is 0p(1), implying |[a*(t,z,-) — u*(t, 2, -)ll2 = 0p(1).

For APOs, the corresponding statement follows from the APO rate in Corol-
lary 9.17 and the same convergence of the remainder. Finally, repeating the
same argument for the lower bound (using its analogous pseudo-outcome) es-
tablishes convergence of both endpoints and, hence, convergence of the esti-

mated intervals to the sharp identified intervals. o
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H.3.7 Proof of Corollary 9.19

Corollary 9.19. Assume the conditions of Corollary 9.17 hold. Let Q' (t,z,x) be any

measurable cutoff and define the induced bounds

FtzxQ) =0 (tzx) + E [(Y ~Q (t,z,X). | t,z, x] (9.49)

1
b*(z, x)
E [(Gi(t,z,x) -Y), | t,z,x] ,

- b*(z, x)
and analogously define Ei(t, 2) := B[u*(t, z, X)]. Then

[ (t,z,x), 1" (t,z,X)] (9.50)

is a valid, though not necessarily sharp, CAPO interval, and likewise

[V (t2).¢ (t2)] (9.51)

is a valid APO interval. Moreover, if Q* > ﬁi in L and either (i) (7*,7%) is consistent,
or (i1) (v, y;) is consistent for the tail-moment targets induced by Q, then the resulting

estimated CAPO and APO intervals converge to

Ll and [y '], (9.52)

respectively, and are asymptotically valid, though potentially conservative. If Q =Q

then the bounds coincide with the sharp bounds.

Proof. We prove the CAPO claim; the APO claim follows by taking expectations

over X.

Step 1: Any cutoff induces a valid (conservative) interval. Fix (t,z,x) and

define for any scalar cutoff q the upper and lower tail objectives

Li(@)=a+

1
gt @ T =12 =2.X=X] (H.81)

1
b X)E[(q -Y) IT=tZ=2X=x], (H.82)
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£, :=q+ E[(Y-0), | T=tZ=2X=X] (H.83)

1
b*(z, x)

1
b X)]E,[(q -Y), | T=tZ=2,X=X]. (H.84)

By Theorem 9.9 (equivalently, the standard Rockafellar-Uryasev variational

form),
ot z,x) = igf L@,  p(t,z,x) =sup L (9), (H.85)
q

with optimizers q = Q*(t,z,x) and q = Q (t,z,X). Hence, for any measurable

Q'(t,z,x)and Q (t,z,x),

(tzxQ) = £;[Q (tz.X) = g (t.zX) (H.86)

F2xQ) = L£Q €zX) < u(tzX), (H.87)
so [u (t,z,x), " (t, z,X)] contains the sharp CAPO interval and is therefore valid.

Step 2: Convergence to the induced bounds. Fix measurable cutoffs Q and

define the induced hinge-mean targets

Vat.zX) =E[(Y -Q (tz.X). | T =t.Z=2.X =X, (H.88)

Yitzx) =E[Q (tzx) - V). | T=tZ=2X=x|. (H.89)

Let 7° = (n‘,ng,ﬁi,)_/ji,i). By Theorem 9.11, the corresponding pseudo-

outcome is conditionally unbiased: E[¢,(S;77) | X] = " (t, 2, X; Q).

Now consider the estimated pseudo-outcome ¢,(S;77*) and write Q = Q¢
Q=0Qq for brevity. The same conditional-expectation algebra as in the proof of

Theorem 9.14 yields the decomposition

n(X)

B0 (5:7) 1 X1 = 1500 + (259 - 14500 (H.90)

where ;%(X) is the induced bound functional evaluated at Q (i.e., L;(@)) and

A%(X) collects the conditional-mean regression errors at cutoff Q.
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First, since (u). is 1-Lipschitz, for each X,

lyu(Q; X) = 7u(Q; X)I < 1Q(X) — Q(X)| (H.91)
n(Q; X) = %(Q; X)I < 1Q(X) — Q(X)!. (H.92)

Using b* bounded away from 0, this implies ||;% ~ Q) < ||6— Qll, = 0,(1)

whenever Q - Qin L.

Second, for the product term, Assumption 9.13 implies ||7/7—1||, is bounded,

and, if (7', 79) is consistent, then ||7/7 — 1||, = 0p(1). Moreover,

Qi) =ille < 175 =Vl + 17u(Q; ) = vu(@: M2 < 175 = Fillz +1Q = Qllzs
(H.93)
and similarly for the lower hinge mean. Hence, if (y;,7,") is consistent for the
induced targets (y;, %) and 6 — Q, then ||A%||2 = 0p(1), so the product term is

0p(1) even if (7', 7%) is misspecified (but bounded away from 0).

Combining the two parts gives
IE[97(3:7) | X] = 7*(t.2.X: Q) = 0p(D). (FL.94)

Under Assumption 9.15 with 6, = 0y(1), the final-stage regression therefore
yields [[g*(t, z,-) - g (t, Z, ; Q) = 0p(1), and the sample-average estimator gives
vt (t,z) - Ji (t,z). Thus the estimated (C)APO intervals converge to the induced
(conservative) intervals and are asymptotically valid. If Gi = Q*, then ™ = u*

and the limits coincide with the sharp bounds.

O

H.4 Appendix Proofs
H.4.1 Proof of Theorem H.2

Theorem H.2 (Second-order nuisance error (continuous Z)). Assume Z is contin-

uous and Assumptions 9.13 and H.1 hold. Let 7 = (7', 7®, 6*,37u ,Y[") be the cross-fitted
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nuisances used in ¢, (S ;1) (Eq. (9.35) with w,n(Z) = Kn(Z - 2)).

Define nuisance error rates (in L, norms over the appropriate arquments) by

M= @ =2l + 170 = 7% Fog == 11Q7 — Q¥ll2, (H.3)
My = 175 = (@5 M2 + 177 = 1(Q7; )2, (H.4)

where the norms are taken over the random variables that the corresponding nuisance is

evaluated on (e.g., (Z, X) for n9(Z | X), Q*(t, Z, X), and y*(t, Z, X)).

Then, the conditional bias induced by nuisance estimation satisfies

S

vh

Proof. We mirror the proof of Theorem 9.14 and highlight only the changes re-

HE[ﬁz,h(S ) — ¢2n(Sim) | X]H2 = Op(

quired for continuous Z. Fix (t,z) and suppress (t, z) in the notation. As before,
by cross-fitting, we may condition on the training folds and treat7 as fixed when

taking expectations over the held-out fold.

Key modification For continuous Z, define

Ani=1ggKn@Z -2),  #(ZX) :=2(X)2%Z | X),  TZ X) ="X)7Z | X),

(H.95)
so that the (true) localized selection weight is
An

Kkezh(S) = 2T’ (H.96)

The discrete-Z algebra carries through with A replaced by A, and 7(X) replaced
by n(Z, X). The only substantive difference is that L,-norms of kernel-weighted
terms pick up a factor h™/2 via [ Ky(u)?du = O(1/h).
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A useful kernel moment bound Under Assumptions 9.13 and H.1, there ex-
ists a constant C < oo such that, for any square-integrable measurable function
G(S),

”H&m@)eﬁ)pmhﬁf%HG@mz (H.97)

Indeed, by conditional Cauchy-Schwarz,
(BlkznG | X1)* < E[k,, | X] E[G? | X], (H.98)

and E[Ktz,z’h | X] is of order 1/h because K? integrates to O(1/h) and #'(X), 79(- | X)

are bounded away from 0 (overlap).

Step 1: Conditional expectation decomposition Write ¢,(S;-) for Eq. (9.35)
with w;n(Z) = Kh(Z — z). As in the discrete proof, take conditional expectations
given X and use iterated expectations to replace the in-sample hinge terms by
their corresponding conditional-mean targets (evaluated at the cutoff used in

the pseudo-outcome). This yields a decomposition of the form
n(Z, X) B
w(Z, X)

propensity X regression product term

(H.99)

E[¢n(S;7) — on(S:m) | X] = (g (X) — (X)) + E[(

cutoff-induced error

Qmmﬁm@wa}

where p, 5.(X) denotes the bound functional induced by the cutoff Q" (hold-
ing the remaining targets at their population values for that cutoff), and A5.(S)
collects the hinge-mean regression discrepancies at cutoff Q* (the continuous-Z

analogue of the bracketed term in Eq. (H.58) of the discrete proof).

Step 2: Bounding the product term By overlap, 7(Z, X) is bounded away from

0; hence

1

Z, X
Hﬂ’)— < IR = 2l + I7° = 7%l = Op(fn ), (H.100)

7(Z,X)

2

where norms are taken over the arguments on which the nuisances are eval-

uated (here (Z, X) for n9). Moreover, by definition of r,,, IAG- (S)ll2 = Op(rny)-
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Applying Eq. (H.97) with G(S) := (Z - 1) Ag.(S) gives
T C T _ rn,n rn,y
HE[(% - ang 1 X| SF H(% -1)ag = op( T ) (H.101)

Step 3: Bounding the cutoff-induced term The discrete proof bounds the

cutoff-induced term using the envelope/FOC property of the cutoff and a
second-order Taylor expansion, yielding a quadratic dependence on Q* — Q*.
The same argument applies here pointwise in the arguments of the cutoff (the
cutoff remains an optimizer of the same tail objective, now for the localized tar-

get), so
Ik, (X) =y (X)] E[Kt,z,h(s) Q" (t.Z.X) - Q*(t, 2, X)[° 1 x] : (H.102)

Applying Eq. (H.97) with G(S) := |Q*(t,Z,X) - Q*(.Z,X)| and using the same

bounded-moment simplification as in the discrete proof gives

rﬁQ
ltn G- — tnlla = Op W . (H.103)

Conclusion. Combining Steps 2-3 in Eq. (H.99) yields

2
Pz oy + rn’Q]

vh

which is exactly the claim. o

IE[¢n(S;7) — #n(S;m) | X]||, = op( (H.104)

H.4.2 Proof of Corollary H.3

Corollary H.3 (Quasi-oracle rates and inference (continuous Z)). Assume the con-
ditions of Theorem H.2 and that the second-stage regression learner Eq[- | X = X] satis-

fies Assumption 9.15 with rate 6, when regressing ¢;,,(S;n) on X.
Then:

CAPO rates: The CAPO upper-bound estimator satisfies

My + rﬁ’Q)

" (H.6)

”71;(1‘-9 Z’ ) - #;(t’ Za )”2 = Op(dn +
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APOQO rates: The APO upper-bound estimator v (t,2) = By, [E:Z’h] satisfies

1 Toglny +12

Ui (t2) - ¥t 2) = O + "2, H.7

VNh-CLT (central limit theorem) for the (smoothed) APO. If ToxTq, + rﬁ’Q =
0p(n~Y2), then

Vih (5 (t.2) - (. 2)) ~ N(O, Vi (t.2)). (H.8)

where one valid asymptotic variance target is V/ (t,z) = Var vh ¢n(Sim)

Finally, if the smoothing bias satisfies |y (t,z) — y*(t, 2)| = o((nh)™*/?) (e.g., via under-
smoothing under z-smoothness), then the CLT holds with y*(t, z) in place of y; (t, ).

Proof. We follow the proof of Corollary 9.17, replacing Theorem 9.14 by Theo-

rem H.2 and tracking the kernel-induced scaling.

CAPO rate Let m, (x) := E[;i;tfz’h | X = x] denote the conditional mean of the

(cross-fitted) localized pseudo-outcome. By Assumption 9.15,

Ilffﬁ(t, Z, ) - mtJtz,h(')||2 = Op(én)- (H-105)

By the triangle inequality,

”:a\f:(t’ Z, ) - :u;(t’ Z, )”2 < ”:Zl\f:(t’ Z, ) - m:z,h(')||2 + ||mg:z,h(') - :u;(t’ Z, )”2 (H106)

The second term is exactly the conditional nuisance-induced bias controlled by

Theorem H.2, giving the stated CAPO rate.

APO rate and Vhh asymptotic normality Recall /x/;;(t, 7) = En[atfz’h]. Decom-

pose

Uh(t2) ~ Ui (t.2) = (Bn — B)0,(S i )] + E[020(S 1) — #un(Sim)]| + Rone (HL107)
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where Ry 1= (En — E)¢;,,(S;m) — ¢{,,(S;m)]-

Under Assumption H.1 and overlap, Var(¢;,,(S;n) = O(1/h), so (E, —
E)[¢,n(S:m] = Op((nh)™?) by the CLT. With cross-fitting and the same con-
ditioning argument as in the discrete proof, Ry, = 0,((nh)™/2).

The bias term is controlled by Theorem H.2 after integrating over X, yielding
the stated APO rate. If additionally ry ., + rrz],Q = 0p(n"Y?), then the bias term

and R, are 0p((nh)™/2), implying
Vh(y; (t.2) - ¥ (1, 2) = Vah(Eq — E)¢f,1(S;m)] + 0p(1) ~» N(0, Vi (t,2)),
(H.108)

with V/(t,z) = Var( vh ¢{,n(S: 7). The final undersmoothing statement follows

by adding/subtracting ¢*(t, z) and using the assumed bias condition. o

H.4.3 Proof of Proposition H.4

Proposition H.4 (Consistency for sharp bounds (continuous Z)). Assume the con-
ditions of Corollary H.3 and consider the corresponding lower-bound estimator i (t, z, -)
constructed from the lower-bound pseudo-outcome (defined analogously to Eq. (9.35)).

Suppose 5, = 0,(1) and

Mgy + 12
—\y/ﬁ 2~ 0,(1). (H.9)
Then,
|W(t’ Z, ) - ,Llﬁ(t, Z, )”2 = Op(l)’ |/l//\§(t’ Z) - Wﬁ(t, Z)| = Op(l). (HlO)

Consequently, the estimated CAPO and APQO intervals converge to the sharp kernel-

localized identified intervals for the bandwidth-indexed targets.

Moreover, if the smoothing bias vanishes at the appropriate rate (e.g., IW:(t,z) —
YE(t,2)] = o((nh)=Y2)), then the estimated intervals are asymptotically sharp for the

original pointwise bounds as h | 0.
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Proof. The argument is identical to the proof of Proposition 9.18, replacing

Corollary 9.17 by Corollary H.3. Under the stated assumptions, ¢, = 0,(1) and

Mafny+rao

vh
localized endpoints ; (t, z, ). The APO convergence follows from the APO rate

= 0p(1), hence both CAPO endpoints converge in L, to the sharp kernel-

in Corollary H.3. Finally, if the smoothing bias vanishes at the stated rate, the

same conclusion holds for the pointwise (unsmoothed) bounds. O

H.4.4 Proof of Corollary H.5

Corollary H.5 (Asymptotic validity under misspecified cutoffs (continuous Z)).
Fix measurable cutoffs Q (t.z,X) (not necessarily equal to the sharp cut-offs) and let
arn(t,z,X; Gi) and Ji (t,z; éi) denote the resulting (possibly non-sharp) kernel-localized
bound functionals induced by these cutoffs (i.e., the targets obtained by replacing Q*
in the pseudo-outcomes and taking the conditional/unconditional expectations as in

Eq. (H.2)). Then, the induced intervals

FtzxQ) mtzx Q)] and [BtzQ). %tz Q)]  (HIY
are (not necessarily sharp) valid CAPO and APO intervals for the kernel-localized tar-
gets. Moreover, if Q* — Q in Ly and either

(i) (*,79) is consistent, or
(ii) the corresponding tail-moment regressions (yy,) are consistent for the targets

induced by Q,

then the estimated endpoints converge to the induced (conservative) targets and the re-
sulting (C)APQO intervals remain asymptotically valid, though potentially conservative.
If Q equals the sharp cut-offs, then the induced bounds coincide with the sharp bounds,

and the intervals are asymptotically sharp as well.

Proof. We adapt the proof of Corollary 9.19 and indicate only the continuous-Z

differences.
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Step 1: Any cutoffs induce a valid (conservative) localized interval Fix
(t,z,x). For each exposure level u, the discrete-Z proof shows (via the same
Rockafellar-Uryasev tail objectives) that evaluating the tail objective at an ar-
bitrary cutoff éi (t,u,x) yields conservative endpoints z*(t, U, X; éi) that contain

the sharp pointwise endpoints u*(t, u, X).

Kernel localization preserves this ordering because Kn(-) > 0 and integrates
to 1. Indeed, the continuous-Z localized targets are obtained by the same
conditional-expectation construction as in Eq. (H.2), and the weight «;,n(S)
transports pointwise statements in U into their localized analogues around z.

Therefore,
tzxQ) < ptzx) < pitzX) < mtzxQ), (H.109)

such that the CAPO interval is valid (though not necessarily sharp). The APO

claim follows by taking expectations over X.

Step 2: Convergence to the induced (conservative) localized bounds The
convergence argument follows Step 2 of the discrete-Z proof, with the single
change that kernel-weighted terms are controlled using the bound in Eq. (H.97)
(hence the extra factor h-2/2 in intermediate inequalities). Under Q* — Q in L,
and either (i) (7', 7%) consistent or (ii) (¥, 7;") consistent for the targets induced

by Q" the same decomposition yields

[El¢t.n(s:7) 1X] - 6. 2. X, Q)| = 0p(0). (H.110)

With Assumption 9.15 and 6, = 0,(1), the second-stage regression therefore im-
plies [ (t,z,-) — mn(t, z, - Q). = 0p(1), and the sample-average estimator yields
fiﬁ (t,2) » Jﬁ (t,z; ai). Thus the estimated intervals converge to the induced (con-
servative) localized intervals and remain asymptotically valid. If Q = Q*, these

limits coincide with the sharp localized bounds. |
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